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Overview

m We investigate how lower-order terms (O(log ™ N) error) of
weighted first- and second-level densities over H;;(N) vary
depending on how the prime factors of N approach infinity.
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Overview

m We investigate how lower-order terms (O(log ™ N) error) of
weighted first- and second-level densities over H;;(N) vary
depending on how the prime factors of N approach infinity.

m By doing this, we break the universality of the main term
behavior suggested by the Katz-Sarnak Conjecture.
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Hecke Eigenforms

m We care about associating L-functions to certain modular
forms.

m We define H;(N) to be the space of all holomorphic cusp
newforms of weight k and level N.

m For every f € H;(N), we call its n' Hecke eigenvalue A¢(n)
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Hecke Eigenforms

m We care about associating L-functions to certain modular
forms.

m We define H;(N) to be the space of all holomorphic cusp
newforms of weight k and level N.

m For every f € H;(N), we call its n' Hecke eigenvalue A¢(n)
B \(p) € [-2,2] for primes p.
m For Fourier coefficients a¢(n) of f (normalized so that

m Multiplicative property:

mx(n) = 3 /\,( )

d|( mn
(d,N)=

m In particular, if (m, n) =1, A((mn) = Ae(M)A¢(n).
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Hecke Eigenforms

m The Satake parameters of f at n, a¢(n) and p¢(n), are
related to the Hecke-eigenvalues \¢(n). They satisfy the
following:

B \i(n) = ar(n) + Br(n).
B of(n)Be(n) =1.
B A(p”) = ar(p)” + Bi(p)”

TS SHE
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Hecke Eigenforms

m The Satake parameters of f at n, a¢(n) and p¢(n), are
related to the Hecke-eigenvalues \¢(n). They satisfy the
following:

B \¢(n) = ag(n) + Br(n).
B of(n)Be(n) =1.
B A(p”) = ar(p)” + Bi(p)”
m For f € H;(N), we define the L-function associated to f as

Ls =D ) [T(=ap)p=)~" (1 = Brlp)p~) ",

nS
n=1 P

Re(s) > 1.
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n-Level Density

m For f € H;(N), we define the L-function associated to f as

— Ar(n _gy 1 _sy—1
L(s,f):= ’,fs) =TI —arp)p™) " (1= Bi(P)p™°) ",
n=1 p
Re(s) > 1.
m GRH: all non-trivial zeros of L(s, f) are of the form
pr=1/2+ Iy, s € R
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n-Level Density

m For f € H;(N), we define the L-function associated to f as

L(s,f)=>" A’,fs” Vo TT (- aodo) ™ (1 Bilpp)
n=1 P

Re(s) > 1.

m GRH: all non-trivial zeros of L(s, f) are of the form
pf = 1/2+i’}/f,’)/f€R.

m We wish to find a way to study the zeroes near the central
point (s = %). Thus, we associate an n-level density to a
modular form.
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n-Level Density

Definition (n-Level Density)

Let L(s, f) be an L-function associated to a modular form f. Let
® : R” — R be a vector of even Schwartz function whose
Fourier transforms have compact support. Then, its n-level
density is given by:

Z " ( () log( F*’)) ”%( yn)logz(f)»

Jts
]/#i]k

where we enumerate the imaginary part 0 < 7(1) < 7#2) <...of

the zeros of L(s, f) with fyﬁ 3= V¢ 0 by symmetry and R is the
analytic conductor of f (it measures the size of the gaps
between zeroes near the central point).



1D

Preliminaries
00000800000

Weighted densities averaged over families

Definition
For non-negative weights wg(f), we can define the weighted

n-level density of the space over holomorphic cusp newforms
Hi(N) by

Dn(Hg(N)) == lim waDOn(1 )
n{ Mk N—oco ZfeH;(N) wa(f) fE%N) n

m We use harmonic weights.
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Katz-Sarnak Conjecture

Conjecture (Katz-Sarnak)

As we average over F = UFy, a family of L-functions ordered by
conductors N, and take N — oo, n-level density converges to a scaled
distribution of eigenvalues near 1 of a classical compact group, i.e.

1
lim = > Du(f,¢) = /cb(?)wn,e(f)(?)d?,

N—oo
feFn

where Wg(F) represents the limiting distribution of a similar statistic
for the eigenvalues of random matrices in some classical compact
group as their rank goes to infinity.

m While the main terms of the n-level density with the family H;(N)
have been shown to agree with random matrix theory, lower
order terms break this universality.
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Katz-Sarnak Conjecture

m In 2009, S.J. Miller studied 1-parameter families of elliptic curves
and compared the lower order terms with newforms of prime
level[Mil09].

T4
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Katz-Sarnak Conjecture

m In 2009, S.J. Miller studied 1-parameter families of elliptic curves
and compared the lower order terms with newforms of prime
level[Mil09].

m We investigate how lower-order terms (O(log~* N) error) of
weighted first- and second-level densities over H;(N) vary
depending on how the prime factors of N approach infinity.
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Katz-Sarnak Conjecture

m In 2009, S.J. Miller studied 1-parameter families of elliptic curves
and compared the lower order terms with newforms of prime
level[Mil09].

m We investigate how lower-order terms (O(log~* N) error) of
weighted first- and second-level densities over H;(N) vary
depending on how the prime factors of N approach infinity.

m We consider four different scenarios in which the level
approaches infinity.

m N = g prime.

B N=qgiq, q1 # g primes, g fixed, go — .

m N=qQq, g # q primes with g; ~ N°, go ~ N'~% where
5 €(0,1/2].

m N=p2
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Explicit Formula for 1-level

m Our main tool is the following explict formula for the 1-level
density.

Theorem (lwaniec, Luo, and Sarnak [ILS00

Given the same conditions,

ar(P)™ + Be(P)™\ 2 ( logp\ logp
01(1:0) = g =23 (O g (sl ) a2

P m=1

where A represents a sum of digamma (I''(s)/I'(s)) factors.

m Higher level densities can be obtained from this using
inclusion-exclusion.

A7
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Trace Formulae

m Harmonic weights lead to sums

Zn(1,1)

A’I;,N(m7 n) = Z Af(m)A¢(n).

feH; (M) (1.1)

m For N square-free, we use:

Theorem (lwaniec, Luo, Sarnak 2000)

Let N be squarefree, (m,N) = 1, and (n, N?)|N. Then

Ak n(m,n) = 12 Z Vlz(i D) Z%;oﬁ " Ay m(me,n).
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Trace Formulae

m For N not square-free, we use:

Theorem (Barrett et al. 2016)

Let(m,N) =1 and(n,N) =1. Then

1

k—1 2\ B
Ag n(m,n) = ETH Z H <I%> Z ¢ D m(meE, n).

ML=N p2|M oL
(e,M)=1

(2)
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Our Work
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Our Work

Theorem (DHKLMMRSZ 25+)

Consider the Weighted First and Second Level Density,
Di(H;(N)) and D>(H;;(N)), computed with the level N going to
infinity through

m N = g prime.

m N=q G, g1 # qo primes with g; ~ N°, go ~ N'~% where

5 €(0,1/2].
m N=p2
m N=q19, g1 # g primes, g fixed, go — .

The first three cases are the same up to error of O (Iog} ( R))
while, when N = q;qo for g fixed, new terms dependent on g

come out.

O
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Coming up with Formulas - Weighted 1st Level Density

m We can use the Explicit Formula of [ILS00] to write
D1 (H;(N)), the weighted 1-level density, in terms of

S1(HE(N), ¢) where

Si(HE(N), 6)
af(p + Br(p)" log(p) » (. log(p)
222 WR(H* )Z 72 log(R)¢(’"log(R))‘

feH; (N

29
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Coming up with Formulas - Weighted 1st Level Density

Lemma (DHKLMMRSZ 25+)
Let S1(Hy(N), 6) ==

ar(p)™ + Br(p)™ log(p) log(p)
S5 v TRy . o (mess)

p m=1 feHz (N)
then

S1(Hk(N), ¢) = Sa(Hi(N)) + Sa(Hk(N))
where
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Coming up with Formulas - Weighted 1st Level Density

o Al (P)
SwHE () = 25 3 m, Hi (N) Iog(p)$( Iog(p)>
P

2oz iog(R) * \Miog(R)
. N ZAO,H;«(N)(P) log(p) ZAo,H’:(N)(P) log(p) 7 1og(p)
S = =28 00 A 2% T g’ ( Iog(ﬂ))

ALk ) (P)198(P) -/ 1og(p) R A1 He () (P)(3p + 1) log(p)
72%: p‘/2 log(R) (log(ﬁ)> Al )ZP: p'/2(p + 1)2 log(R)

23 Ao,z ) (P)108(P) ( tog(p) 2 Ao, () (P)(PP +3p + 1) log(p)
- —_— +
5 plog(R) ( log(R)) : 5 p(p +1)2 log(R)
0 Ao e () (P)(320° + 24 +8) log®(p) . Al () (P)(@7P° = 1757 + 5p + 1) log® ()
3 p(p 1 1) log(R) D> D2p 1)
. Ao 1 vy (P)(64p* — 4p° + 44p? + 20p + 4) log®(p)
_ 30 Z & (N) i
p(p + 1) log3(R)
o, Ar iz () ()P 2(p — 1) log(p)
—2% zp: ,22 (o + 1)1 log(R)
. o Ar vy (P — 1)(r(p — 1)2 — 12rp — 8p)p"/2 l0g® (p) 1
1" ’
O35, (b + D log(R) (log“(ﬁ)>

DA
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Coming up with Formulas - Weighted 1st Level Density

oo A 1 ()P log(p) log(p)
* — k 2
St = 235 L A (mlog(m>
. R 2A0, () (P) log(p) 240 1 () (P) 108(P) _ / log(p)
ARG = _2¢(°)Zp: o+ NiogR) T2 plog(R) ( log(R))

A1_H;(N)(P) 108(P)  / log(p) N A1,H;(N)(P)(3P+ 1) log(p)
72; p'/Z log(R) (.ogm)> el @ p'/2(p +1)2 log(R)

Loy Ao 0 (P)1BE) - (togp) ) Ao, () (P)(PP +3p + 1) log(p)
i plog(R) log(R) B p(p + 1)3 log(R)
Ao, 1 () (P)(32P% + 24p + 8) log® (p) Aq 1 () (P)(27P° — 17p% + 5p + 1) log® (p)
21 k _an k
+¥O3 p(o+ 12 log(F) AL P2+ 1)*
o A2, H (N) (p)(64p* — 4p> + 44p? + 20p + 4) log®(p)
o ; p(p+1)8 og3(R)

. oo Ar = (ny(P)P2(p — 1) log(p)
_ k
2O o s

o Ay (wy(P — 1)(r2(p — 1)2 — 12rp — 8p)p"/2 0g® (p) 1
O3 (0 + 1) log(R) ( log4(n>> :
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Coming up with Formulas - Weighted 1st Level Density

Above, we define

/ I 1 r
AI’,H;(N)(p) T WR(H;:(N)) feHZ*(N) WFl‘(f))‘f(p)
plkN
S r
AI’,H;(N)(p) T WR(HZ(N)) fGHZ*(N) WH(f))\f(p) :
k
PN
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Coming up with Formulas - Weighted 1st Level Density

Above, we define

1

/ I r
AI’,H;(N)(p) T WR(H;:(N)) feHZ*(N) WFl‘(f))‘f(p)
plkN
S r
AI’,H;(N)(p) T WR(HZ(N)) fGHZ*(N) WH(f))\f(p) :
k
PN

m We can compute A’ and A to see behaviors dependent on
factorization of N on D;(Hj(N)).

D7
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Coming up with Formulas - Weighted 2nd Level Density

m We used inclusion-exclusion to write D>(H;;(N)) followed
by the Explicit Formula, the weighted 2-level density, in
terms of Sy(H;(N), ¢)
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Coming up with Formulas - Weighted 2nd Level Density

m We used inclusion-exclusion to write D>(H;;(N)) followed
by the Explicit Formula, the weighted 2-level density, in
terms of Sy(H;(N), ¢) where Sx(H;(N), ¢) is defined as
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Coming up with Formulas - Weighted 2nd Level Density

(Hk(N) b1,¢2) =
Ar(P1)™ Ar(p2)™ log(p1) log(p2) - log(p1) 2 log(p2)
”*(N %mgmeg%m P g of(R) (m‘ |0g(,:,))¢ <m2 '°g(5’>>
el
1(P1)™ ar(p2)™ + Br(p2)™ log(p1) log(p2) - log(p1) \ - log(p2)
gmzemg%m ‘m/z o2 log?(R) A (m Iog(F?))q52 (m |°€(H)>
" o
1(P1)™ + Br(p1)™ Ar(P2)™ log(p1) log(p2) 4 log(p1) ) 4 log(p2))
Z Z Z pm|/2 pmz/2 log?(R) ! <m| Iog(H1) ) 2 (m log(R)

p‘ P2 myEN feH; (N)
MmN piiN
Pa|Ny

™ + Br(p1)™ ar(p2)™ + Br(p2)™

W) 2 2 2 W e e
p‘ P2 myEN feHj (N) Py P2
MmN piiN,
PatNy

log(p1) log(p2) ~ log(p1) 2 log(p2)
@R (”" Iog(R)) %2 (’"2 Iog(R)) :

)
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Coming up with Formulas - Weighted 2nd Level Density

Lemma (DHKLMMRSZ 25+)

Let So(H;(N), 1, ¢2) be defined as above. Then, we have
S2(Hk(N), ¢1,¢2) = Spr(Hg(N)) + Sp/(Hk(N))

+ 8g,(Hi(N)) + S (Hi(N)) + O <Iog:(Fx')) .
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Coming up with Formulas - Weighted 2nd Level Density

log(p1) log(p2) 1 log(p1) log(p2
So IJZM; Fmm Pe) e e () (m log(R) ) ( *Tog(R )
'og(pw ) log(p2) o (i log(p, log(p2)
S Tm/2 —, 2, i
s (Hi (N p‘z';zr; By, m‘/z\/—log( ) (X):A¢ ( og(R ) (Iog )

+ (B 2(P1, P2) = 2By, o(P1. p2))
pz,;mz:: " " P ps log?(R)

Prmy(P2) log(p1) Io

P3Pz my=1,mp=0

log(p1) log(pz) (

(i))eA

T 6 (m;olgg'g;ﬂ) 5 (O)) ‘

(ij)eA

> o (mic) 4 (2

log(p2)
log(R)

)
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Coming up with Formulas - Weighted 2nd Level Density

log(p1) log(p2) » (log(p1)\ » (log(p2)
Sg,(Hi(N)) = ZBH P1, P2 ﬁmlogz(.‘?)(m (Iog(H))¢2(log(H)>

B 2) ; (log(p1) » (2log(p2)
+WZ;2 Bi 2(p1,p2) — 2B1 0(p1)) Jpipa og%(R) (Iog(R)>¢2( og(R) >

log(p1) log(p2) » (2log(p1) » ( log(p2)
3 (Bu(pr.pe) - 280 (p2)) EEEEELS ( ol >®2<|0g(n)>

p1+/Pz log?(R
log(p1) log(p2) » (2log(p1) - (2log(p2)
i 2(Bz’z(p"p?)izBM(m7250'2@2“4) P12 log?(R) 1( |°g(Ff; )oz( log(R) >

log(p1) log(p:

log(p1) log(p2) » (2 log(p2) B P, (P1)
Se.. (H{(N) = O)EMZO L (T ) (Bl p2) 28 olpr o)) o)
(

log(p2) '\ log(p1) log(p2) Prm, (p1)
+ 61 (0 g;;‘n;oa (Iog ) og(R) B, 1(p1. p2) B

X 3 b () el sl g, P

P1.p1 m=0 log?(R) v/
log(pp1) log(p2) » (2 log(p1) Pum, (p2)
+2(0 Z Z Io‘g 2(R) ?1 ( log(R ; )(52 m, (P1,P2) — 2Bo,m, (P1-P2))T

Pi1:P2 m;=0

= )
+hOkOY Y ECLER) s o e 6)Pm(p:)
P1,P2 my,mp=0 g (R)

V
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Coming up with Formulas - Weighted 2nd Level Density

Above, we define

/! 1
By ry 1z vy (P1, P2) = Wa(H:(N)) Z wr(H)Ae(p1)" Ar(p2)"2

feH (N), p1|Ns, p2|Ny

1
B/ * s : —_— wge(f)\ r1)\ r2
ry o, Hy (N)(p1 p2) WF{(H;(N)) fEHI(N),Ep”Nh ot R( ) f(p1) f(p2)

1
By iy ) (P1, P2) = oy wr(H)Ar(p1)" Ar(p2)"2.
r,rp k( ) ) WF:’(Hk( )) fEHI(N)%N/Y - F\'( ) f( 1) f( 2)
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Sum of the weights

m Goal: Ai(p), Ar(p). B, 1, (1, P2), By, 1,(P1, P2), and
B, r,(p1,p2), which determine the values of

S1(HE(N), 91, ¢2) and Sa(Hi(N), 1, d2).

m The definition of all above terms involve the sum of the
weights Wr(H;(N)) = ZfeH;(N) wpg(f).




Harmonic weights

A;,H,j wP) =

r H* (,D)

B;:,rz,H;(N)(PhPZ) =
B;Mz,H;(N)(PhPZ) =

By, rp Hz () (P15 P2) =

WalH; (N)) ;4.

Our Work
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]
—_— wr(f)Ar(p)"
Wr(H; (N)) ,6; )
pIN
]
YRATTYIVYY wr(f) i(p)".
Wr(H; (N)) ,E; )
p’[N
|
YRITEITYO > wr(F)Ar(p1)" Ar(p2)™
Wa(Hc (V) feH (N), py Ny, pal Ny
|
TRITEYIVRY > wr(F)Ar(p1)" Ar(p2)™
Wa(Hc (N)) feHE (N), by INy. Patiy
|

> wr(F)Ar(P1)" Ar(p2)"2.

(N), p1{Ng, potNg
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Harmonic weights

We use the harmonic weights to compute the asymptotic
explicitly
ZN(1 ) f)
fy = —0—2.

" = 71
F = H;(N): the family of holomorphic cusp newforms with
weight k and level N.
Scenarios (N — ~0):

m Nis prime.
m N = g;q for two primes gy, g2, with g1 # g» and gy fixed.

m N = g for two primes with g; ~ N° and go ~ N'~°
where § € (0,1/2].

m N = p? where pis prime.
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Two cases for sum of weights

Square-free cases: use Petersson trace formula as in [ILS00]
m Nis prime.
m N = q;q fortwo primes gy, go, with g1 # g» and gy fixed.

m N = g for two primes with g; ~ N® and g ~ N'~¢
where ¢ € (0,1/2].

Non-square-free case: use [BBD16]
m N = p? where pis prime.
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N square-free

Lemma (DHKLMMRSZ 25+)

Let N = qy1q» be square-free with g1, go being distinct primes
with
g1 ~ CiN°, o ~ CoN'°.

Here, 6 € [0,1/2] while Cy, C,> can be both prime constants if
0 #0, or C; =1 or prime and C, prime if6 = 0. Then

WalHi(N)) == Y2 wil) = " o) + O(E(W, ).

feH; (N)

where

NZ
log?(N)
N1/2

e jffo<§<lord = 0,C =1
E(N,0) =

if6 = 0 and Cy prime.
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N square-free

Using [ILS00]
k—1

Wr(Hg (N)) = Ag v(1,1) = ETE (DM > e Dy m(£2,1).
LM=N e

If C4 = 1,then N is a prime and

Wr(Hi (N)) = L (NAk N1 1) = D0 T Ak g (2 ))

£|N>

If C; # 1, N is product of 2 distinct primes and

k-1
Wa(H() = 7{NAM1 N=qr > Bk (B =G > T Dy (B 1)+ Y 7 Ag1(21) }
oz fa5e (N>

1 log(N
NAgn(1,1) = N+Ok(m). S Ak 1) = 1+ok<°’\gl1(/2)>,
[N
_ log(N) o~ log(2g%™)
G Y T B (1) = o +O<W s ®Y T Big(1) = 62+ Ok ZT)W
fag® o — (a7 + kae

v

A
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N prime square

Lemma (DHKLMMRSZ 25+)

Let N = p? for some prime p, then

Wa(Hi (W) = 51 = 1) + O (i )

We appeal [BBD"16].

A1
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N is prime

Lemma (DHKLMMRSZ 25+)

For H;(= H;(N) where N is a prime, the following holds:

Ap) = O(N™"")

o C,/2+O(L,{fg(prm) if r even,
r(p) = O(W) if r odd.

B! (b1, p2) = O(N—(r1+r2)/2)

5;1 2 (b1,p2) = 0(2’2 N /2)

* C, is the r'h Catalan number.

AD
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Lemma (DHKLMMRSZ 25+)

[cont.]

Bﬁ Jz(php?) =

log(2p]! p2 N log(N
Clr+m) /2 + O<2"”2 (py'p2)" 4%)

ifp1 = po and (ry — r, mod 2) = 0,

log(2p’" p2 N) log(N.
Crij2Coyz + o<2'1+’2(p§‘p£2)‘/47g( L ))

ifp1 # p2 and ry, ro even,

o) (2’1 2 (o i) 1/4 BB £ M) st )

otherwise.
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A (N) = O(N~"/3).
AP) = Gy 2 W OMEY

Lr/2]
_ 1 r—2k
~ Wa(Hy) ZfNI wr(f) ;:0 by r—2kAr(P"™)

Lr/2]

= r—2¢ log(2p" % N)
= Z br,r—ZZ ((S ,Or 2271 A (0] (p 4 ===
(1) N

- Crja+ O(rz’p’/ 4’{7g(p’N)) if r even,
O( r2lp'/ 4/{;:g(p’N)) if r odd.

44
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Proof (cont.)

N is prime. If a prime p divides N, then p = N.

For all primes p | N, we have As(p)? = 1.
B/ N,N) < !
r1,r2,;‘(N)( ’ ) ~ W
For p> ¢ N, we have

/ 1
Br (N Pe) = s > wa(HA(N) Ar(p2)"

feHy,

A

1 1 " or
Nri/2 (WR(H;(N)) Z WR(f))\f(p2) ) 5 N2

feH; (N)
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Proof (cont.)

For p; t Nand po N

By, 1y, Hz () (P15 P2)

Llrn/2] [r/2]
_ _ log(2p7' P35
Z Z br1,r1 —2kq bfz,fz 2kp (p:1 2 7p£2 2k2) +0 <(pr p2 )1/4(1)>

=0 i K5/6 N
O(Z“*’%p?péﬂ”“% ifp; = ppand(f — rp mod 2) = 1
Clry+r)/2 + O 2r1+r2( f r2)1/4%) ifpy = ppand(ry — ra mod2) = 0

= O(2r1+’2( i r2)1/4%) it p1 # pp and (r{ — r> mod 2) = 1

orpy # po and rq, rp; odd

ror log(2p}! P2 N) )
Cr,/2Cr 2 + 0(2'1 T2 (py' PZ )1/4W if p1 # po and rq, rp both even.
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N = g1 - g2, g1 fixed, go — oc.

Lemma (DHKLMMRSZ 25+)

Suppose H;;(N) = H;(N) where N = g1 - q» for fixed prime g4
and qo — oo. Then

q,""* ifp = gy and r even,
o (P) = O(%) ifp = g1 andr odd,

O(N*’/z) ifp = o

Cr2 + Ok (—zr"r/4 '°g(ﬁ’N) '°g(N)) if r even,
Ar,H;(N)(P) =

o) (%ﬁmlg(m) if r odd.

A7
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N = g1 - g2, g1 fixed, go — oc.

q;(r1+r2)/2 ifpy = po = g = 1o (mod 2),
2 .
B e (1, 2) = O(LN(N)) ifpr = po = q.n £ n (mod2),

O(N*Lmi"(’h’z)/ﬂ) ifpr = georps = Qe.

Cry/2 2p2’" log(p2 N) .
q[ffz + Ok, | —2—F772— if p1 = qo, i1 even, r» even,
y

0 22p? 2/4 log(p2 N)
T B

if p1 = qo, 11 even, r, odd,
B, .tz m(P1,p2) =
1,2, Hy ( Om,k(%) if o1 = g and ry odd,
272p2/% 1og(p2 N .
O(%T%) ifp = G
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N = g1 - g2, g1 fixed, go — oc.

Lemma (DHKLMMRSZ 25+)

[cont.]
log(2p;' pZ N) log(N)
Clr+n)/2 + O<2r1+r2 (py'pz)'/* == T = )
if p1 = po and (r; — r. mod 2) = 0,
1 PZN) log(N)
C. »C +O<2’1+’2 r1 2 \1/4 log(2p;' p3 )
By, (P p2) = 4 /272 (P'py) K/ON

ifp1 # p2 and ry, ro even,

Al 552
0 (2r1 +rp (p1’1 ,0;2 )1 /4 log(2p; kfs’z/el\lg log(N) )

otherwise.
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N = 9192, G ~ N65q2 ~ N'=°

Lemma (DHKLMMRSZ 25+)

Let Hi(N) = H;(N) and N = qyq with g1, g> prime and
g1 ~ N, go ~ N'=9, where § € (0,1/2]. Then

Alp) = O(W)

Crj2 + Ok (72,#/4 ﬁg(prN)) if r even,
) (P) O« (z’p’/“ ;\c;g(P'N) ) ifr odd.

B 1, (p1,p2) = O(W)

B, ., (p1,p2) = O(%)



Our Work
0000000000000 0O000O000000000000e0000

N = 9192, G ~ N65q2 ~ N'=°

Lemma (DHKLMMRSZ 25+)

[cont.]
C,1 /ZCr2/2 L O(2r1+fzpf1 /4pr2/4 —1 Iog(2p" /4pr2/4 ))
ifri, r2 even and py # pe,
Ciriir + Of21tr /4024 N1 loa (2014 p2/* N
Br1,r2(P1,P2) _ (r1+r2)/2 ( Py Ps g( Py’ Ps ))

ifr —rn=0 (mod 2) and py = p2,

o(2f1+rz P/ p2/“N=" log (2p}/*p2/*N ))
otherwise.
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Lemma (DHKLMMRSZ 25+)

Let H;(N) = H;(N) and N = p? with p — co. Then

A rewv(q) = 0
Cr2 + Ok (2’q5 %) r even

Arp (@) = ¢ os(2d
Hr(9) {Ok (2rqz %) r odd
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Lemma (DHKLMMRSZ 25+)

[cont.]

Bl ro.hz (P p2) = 0

By iy hz ) (P1, P2) =

Cr/2Cry2 + Ok( 212 plt/*p2/* log (2P§‘P£2))
ifp1 # p2 and ry, r. even

O« ( 2r1+r2p’1/4pf2/4|0g (2p pgz))
ifp1 # p2 and ry, r. odd

Can + Oc (72772 *pE/ log (207 P) )
2
ifpr =p2andry —r, =0 mod2

O« ( 2r1+r2p’1/4p’2/4 log (2p pgz))
ifpr =p2andri —r, =1 mod2.
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Important remark

For the three cases where N prime, N product of two primes
with both factors going to infinity, and N square, the terms
A, B", and B' do not admit a main term.

On the other hand, for N = q1g» where g, is fixed, A", B”, and
B' have main terms.

Moreover, in all four cases depending on N, even up to the
error terms, the A and B terms are equal.



Our Work
0000000000000 0O000O00O00000000000000e

Lower order terms

We then substitute the results into the formula of Sy(H;(N), ¢)
and Sy(H;(N), ¢4, ¢2) in order to evaluate the lower order
terms.

-3
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Future work

Conjecture (DHKLMMRSZ 25+)

Given N, as long as the prime factors of N go to infinity fast
enough relative to the error we are computing up to, the lower
order terms of the n level density are the same as the N prime
case.

>y
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Future work

Conjecture (DHKLMMRSZ 25+)

Given N, as long as the prime factors of N go to infinity fast
enough relative to the error we are computing up to, the lower
order terms of the n level density are the same as the N prime
case.

Interesting new factors emerge when one of the factors goes to
infinity slower than the reciprocal of the error term, say at the
rate of log(N), log?(N), or log®(N).
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