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Who with?
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Preliminaries Our Work Closing

Overview

We investigate how lower-order terms (O(log−4 N) error) of
weighted first- and second-level densities over H∗

k (N) vary
depending on how the prime factors of N approach infinity.

By doing this, we break the universality of the main term
behavior suggested by the Katz-Sarnak Conjecture.
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Hecke Eigenforms

We care about associating L-functions to certain modular
forms.
We define H∗

k (N) to be the space of all holomorphic cusp
newforms of weight k and level N.

For every f ∈ H∗
k (N), we call its nth Hecke eigenvalue λf (n)

λf (p) ∈ [−2,2] for primes p.
For Fourier coefficients af (n) of f (normalized so that
af (1) = 1), af (n) = λf (n)n(k−1)/2.

Multiplicative property:

λf (m)λf (n) =
∑

d|(m,n)
(d,N)=1

λf

(mn
d2

)
.

In particular, if (m,n) = 1, λf (mn) = λf (m)λf (n).
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Hecke Eigenforms

The Satake parameters of f at n, αf (n) and βf (n), are
related to the Hecke-eigenvalues λf (n). They satisfy the
following:

λf (n) = αf (n) + βf (n).
αf (n)βf (n) = 1.
λf (pν) = αf (p)ν + βf (p)ν

For f ∈ H∗
k (N), we define the L-function associated to f as

L(s, f ) :=
∞∑

n=1

λf (n)
ns =

∏
p

(
1 − αf (p)p−s)−1 (1 − βf (p)p−s)−1

,

Re(s) > 1.
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n-Level Density

For f ∈ H∗
k (N), we define the L-function associated to f as

L(s, f ) :=
∞∑

n=1

λf (n)
ns =

∏
p

(
1 − αf (p)p−s)−1 (1 − βf (p)p−s)−1

,

Re(s) > 1.
GRH: all non-trivial zeros of L(s, f ) are of the form
ρf = 1/2 + iγf , γf ∈ R.

We wish to find a way to study the zeroes near the central
point (s = 1

2 ). Thus, we associate an n-level density to a
modular form.
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n-Level Density

Definition (n-Level Density)

Let L(s, f ) be an L-function associated to a modular form f . Let
Φ : Rn → R be a vector of even Schwartz function whose
Fourier transforms have compact support. Then, its n-level
density is given by:

Dn(f ; Φ) :=
∑

j1,...,jn
ji ̸=±jk

ϕ1

(
γ
(j1)
f

log(R)

2π

)
· · ·ϕn

(
γ
(jn)
f

log(R)

2π

)
,

where we enumerate the imaginary part 0 ≤ γ
(1)
f ≤ γ

(2)
f ≤ . . . of

the zeros of L(s, f ) with γ
(−j)
f = −γ

(j)
f by symmetry and R is the

analytic conductor of f (it measures the size of the gaps
between zeroes near the central point).

11
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Weighted densities averaged over families

Definition

For non-negative weights wR(f ), we can define the weighted
n-level density of the space over holomorphic cusp newforms
H∗

k (N) by

Dn(H∗
k (N)) := lim

N→∞

1∑
f∈H∗

k (N) wR(f )

∑
f∈H∗

k (N)

wR(f )Dn(f ,Φ).

We use harmonic weights.
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Katz-Sarnak Conjecture

Conjecture (Katz-Sarnak)

As we average over F = ∪FN , a family of L-functions ordered by
conductors N, and take N → ∞, n-level density converges to a scaled
distribution of eigenvalues near 1 of a classical compact group, i.e.

lim
N→∞

1
|FN |

∑
f∈FN

Dn(f , ϕ) =
∫

Φ(
−→x )Wn,G(F)(

−→x )d−→x ,

where WG(F) represents the limiting distribution of a similar statistic
for the eigenvalues of random matrices in some classical compact
group as their rank goes to infinity.

While the main terms of the n-level density with the family H∗
k (N)

have been shown to agree with random matrix theory, lower
order terms break this universality.
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Katz-Sarnak Conjecture

In 2009, S.J. Miller studied 1-parameter families of elliptic curves
and compared the lower order terms with newforms of prime
level[Mil09].

We investigate how lower-order terms (O(log−4 N) error) of
weighted first- and second-level densities over H∗

k (N) vary
depending on how the prime factors of N approach infinity.
We consider four different scenarios in which the level
approaches infinity.

N = q prime.
N = q1q2, q1 ̸= q2 primes, q1 fixed, q2 → ∞.
N = q1q2, q1 ̸= q2 primes with q1 ∼ Nδ, q2 ∼ N1−δ where
δ ∈ (0,1/2].
N = p2.
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Explicit Formula for 1-level

Our main tool is the following explict formula for the 1-level
density.

Theorem (Iwaniec, Luo, and Sarnak [ILS00])
Given the same conditions,

D1(f ;ϕ) =
A

logR
− 2

∑
p

∞∑
m=1

(
αf (p)m + βf (p)m

pm/2

)
ϕ̂

(
m

log p
logR

)
log p
logR

where A represents a sum of digamma (Γ′(s)/Γ(s)) factors.

Higher level densities can be obtained from this using
inclusion-exclusion.
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Trace Formulae

Harmonic weights lead to sums

∆∗
k ,N(m,n) =

∑
f∈H∗

k (M)

ZN(1, f )
Z (1, f )

λf (m)λf (n).

For N square-free, we use:

Theorem (Iwaniec, Luo, Sarnak 2000)

Let N be squarefree, (m,N) = 1, and (n,N2)|N. Then

∆∗
k ,N(m,n) =

k − 1
12

∑
ML=N

µ(L)M
ν((n,L))

∑
ℓ|L∞

ℓ−1∆k ,M(mℓ2,n). (1)
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Trace Formulae

For N not square-free, we use:

Theorem (Barrett et al. 2016)

Let (m,N) = 1 and (n,N) = 1. Then

∆∗
k,N(m,n) =

k − 1
12

∑
ML=N

∏
p2|M

(
p2

p2 − 1

)−1 ∑
ℓ|L∞

(ℓ,M)=1

ℓ−1∆k,M(mℓ2,n).

(2)
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Our Work
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Our Work

Theorem (DHKLMMRSZ 25+)

Consider the Weighted First and Second Level Density,
D1(H∗

k (N)) and D2(H∗
k (N)), computed with the level N going to

infinity through
N = q prime.
N = q1q2, q1 ̸= q2 primes with q1 ∼ Nδ, q2 ∼ N1−δ where
δ ∈ (0,1/2].
N = p2.
N = q1q2, q1 ̸= q2 primes, q1 fixed, q2 → ∞.

The first three cases are the same up to error of O
(

1
log4(R)

)
while, when N = q1q2 for q1 fixed, new terms dependent on q1
come out.
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Coming up with Formulas - Weighted 1st Level Density

We can use the Explicit Formula of [ILS00] to write
D1(H∗

k (N)), the weighted 1-level density, in terms of
S1(H∗

k (N), ϕ) where

S1(H∗
k (N), ϕ)

:= −2
∑

p

∞∑
m=1

1
WR(H∗

k (N))

∑
f∈H∗

k (N)

wR(f )
αf (p)m + βf (p)m

pm/2

log(p)
log(R)

ϕ̂

(
m

log(p)
log(R)

)
.
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Coming up with Formulas - Weighted 1st Level Density

Lemma (DHKLMMRSZ 25+)

Let S1(H∗
k (N), ϕ) :=

∑
p

∞∑
m=1

−2
WR(H∗

k (N))

∑
f∈H∗

k (N)

wR(f )
αf (p)m + βf (p)m

pm/2

log(p)
log(R)

ϕ̂

(
m

log(p)
log(R)

)
,

then

S1(H∗
k (N), ϕ) = SA′(H∗

k (N)) + SA(H∗
k (N))

where
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Coming up with Formulas - Weighted 1st Level Density

SA′ (H
∗
k (N)) := − 2

∑
p

∞∑
m=1

A′
m,H∗

k (N)
(p)

pm/2

log(p)

log(R)
ϕ̂

(
m

log(p)

log(R)

)

SA(H
∗
k (N)) := − 2ϕ̂ (0)

∑
p

2A0,H∗
k (N)(p) log(p)

p(p + 1) log(R)
+ 2

∑
p

2A0,H∗
k (N)(p) log(p)

p log(R)
ϕ̂

(
2
log(p)

log(R)

)

− 2
∑

p

A1,H∗
k (N)(p) log(p)

p1/2 log(R)
ϕ̂

(
log(p)

log(R)

)
+ 2ϕ̂ (0)

∑
p

A1,H∗
k (N)(p)(3p + 1) log(p)

p1/2(p + 1)2 log(R)

− 2
∑

p

A2,H∗
k (N)(p) log(p)

p log(R)
ϕ̂

(
2
log(p)

log(R)

)
+ 2ϕ̂ (0)

∑
p

A2,H∗
k (N)(p)(p

2 + 3p + 1) log(p)

p(p + 1)3 log(R)

+ ϕ̂
′′(0)

∑
p

A0,H∗
k (N)(p)(32p2 + 24p + 8) log3(p)

p(p + 1)3 log(R)
− ϕ̂

′′(0)
∑

p

A1,H∗
k (N)(p)(27p3 − 17p2 + 5p + 1) log3(p)

p1/2(p + 1)4

− ϕ̂
′′(0)

∑
p

A2,H∗
k (N)(p)(64p4 − 4p3 + 44p2 + 20p + 4) log3(p)

p(p + 1)5 log3(R)

− 2ϕ̂ (0)
∑

p

∞∑
r=3

Ar,H∗
k (N)(p)p

r/2(p − 1) log(p)

(p + 1)r+1 log(R)

+ ϕ̂
′′ (0)

∑
p

∞∑
r=3

Ar,H∗
k (N)(p − 1)(r2(p − 1)2 − 12rp − 8p)pr/2 log3(p)

(p + 1)r+3 log(R)
+ O

(
1

log4(R)

)
.
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Coming up with Formulas - Weighted 1st Level Density
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Coming up with Formulas - Weighted 1st Level Density

Above, we define

A′
r ,H∗

k (N)(p) :=
1

WR(H∗
k (N))

∑
f∈H∗

k (N)
p|N

wR(f )λf (p)r

Ar ,H∗
k (N)(p) :=

1
WR(H∗

k (N))

∑
f∈H∗

k (N)
p∤N

wR(f )λf (p)r .

We can compute A′ and A to see behaviors dependent on
factorization of N on D1(H∗

k (N)).
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Coming up with Formulas - Weighted 1st Level Density

Above, we define

A′
r ,H∗

k (N)(p) :=
1

WR(H∗
k (N))

∑
f∈H∗

k (N)
p|N

wR(f )λf (p)r

Ar ,H∗
k (N)(p) :=

1
WR(H∗

k (N))

∑
f∈H∗

k (N)
p∤N

wR(f )λf (p)r .

We can compute A′ and A to see behaviors dependent on
factorization of N on D1(H∗

k (N)).

27



Preliminaries Our Work Closing

Coming up with Formulas - Weighted 2nd Level Density

We used inclusion-exclusion to write D2(H∗
k (N)) followed

by the Explicit Formula, the weighted 2-level density, in
terms of S2(H∗

k (N), ϕ)

where S2(H∗
k (N), ϕ) is defined as
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Coming up with Formulas - Weighted 2nd Level Density

S2(H∗
k (N), ϕ1, ϕ2) =

1
WR(H∗

k (N))

∑
p1,p2

∑
m1∈N
m2∈N

∑
f∈H∗

k (N)
p1|Nf
p2|Nf

wR(f )
λf (p1)

m1

pm1/2
1

λf (p2)
m2

pm2/2
2

log(p1) log(p2)

log2(R)
ϕ̂1

(
m1

log(p1)

log(R)

)
ϕ̂2

(
m2

log(p2)

log(R)

)

+
1

WR(H∗
k (N))

∑
p1,p2

∑
m1∈N
m2∈N

∑
f∈H∗

k (N)
p1|Nf
p2∤Nf

wR(f )
λf (p1)

m1

pm1/2
1

αf (p2)
m2 + βf (p2)

m2

pm2/2
2

log(p1) log(p2)

log2(R)
ϕ̂1

(
m1

log(p1)

log(R)

)
ϕ̂2

(
m2

log(p2)

log(R)

)

+
1

WR(H∗
k (N))

∑
p1,p2

∑
m1∈N
m2∈N

∑
f∈H∗

k (N)
p1∤Nf
p2|Nf

wR(f )
αf (p1)

m1 + βf (p1)
m1

pm1/2
1

λf (p2)
m2

pm2/2
2

log(p1) log(p2)

log2(R)
ϕ̂1

(
m1

log(p1)

log(R)

)
ϕ̂2

(
m2

log(p2))

log(R)

)

+
1

WR(H∗
k (N))

∑
p1,p2

∑
m1∈N
m2∈N

∑
f∈H∗

k (N)
p1∤Nf
p2∤Nf

wR(f )
αf (p1)

m1 + βf (p1)
m1

pm1/2
1

αf (p2)
m2 + βf (p2)

m2

pm2/2
2

· log(p1) log(p2)

log2(R)
ϕ̂1

(
m1

log(p1)

log(R)

)
ϕ̂2

(
m2

log(p2)

log(R)

)
.
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Coming up with Formulas - Weighted 2nd Level Density

Lemma (DHKLMMRSZ 25+)

Let S2(H∗
k (N), ϕ1, ϕ2) be defined as above. Then, we have

S2(H∗
k (N), ϕ1, ϕ2) = SB′′(H∗

k (N)) + SB′(H∗
k (N))

+ SBf (H
∗
k (N)) + SB∞(H∗

k (N)) + O
(

1
log4(R)

)
.
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Coming up with Formulas - Weighted 2nd Level Density

SB′′(H∗
k (N)) =

∑
p1,p2

∞∑
m1,m2=1

B′′
m1,m2

(p1,p2)
log(p1) log(p2)

pm1/2
1 pm2/2

2 log2(R)
ϕ̂1

(
m1

log(p1)

log(R)

)
ϕ̂2

(
m2

log(p2)

log(R)

)
,

SB′(H∗
k (N)) =

∑
p1,p2

∞∑
m1=1

B′
m1,1(p1,p2)

log(p1) log(p2)

pm1/2
1

√
p2 log

2(R)

 ∑
(i,j)∈A

ϕ̂i

(
m1 log(p1)

log(R)

)
ϕ̂j

(
log(p2)

log(R)

)
+
∑
p1,p2

∞∑
m1=1

(B′
m1,2(p1,p2)− 2B′

m1,0(p1,p2))
log(p1) log(p2)

pm1/2
1 p2 log

2(R)

 ∑
(i,j)∈A

ϕ̂i

(
m1

log(p1)

log(R)

)
ϕ̂j

(
2
log(p2)

log(R)

)
+
∑
p1,p2

∞∑
m1=1,m2=0

B′
m1,m2

(p1,p2)
Pm2(p2)

pm1/2
1

log(p1) log(p2)

log2(R)

 ∑
(i,j)∈A

ϕ̂i

(
m1 log(p1)

log(R)

)
ϕ̂j (0)

 ,
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Coming up with Formulas - Weighted 2nd Level Density

SBf (H
∗
k (N)) =

∑
p1,p2

B1,1(p1,p2)
log(p1) log(p2)
√

p1
√

p2 log
2(R)

ϕ̂1

(
log(p1)

log(R)

)
ϕ̂2

(
log(p2)

log(R)

)
+
∑
p1,p2

(B1,2(p1,p2)− 2B1,0(p1))
log(p1) log(p2)
√

p1p2 log
2(R)

ϕ̂1

(
log(p1)

log(R)

)
ϕ̂2

(
2 log(p2)

log(R)

)
+
∑
p1,p2

(B2,1(p1,p2)− 2B0,1(p2))
log(p1) log(p2)

p1
√

p2 log
2(R)

ϕ̂1

(
2 log(p1)

log(R)

)
ϕ̂2

(
log(p2)

log(R)

)
+
∑
p1,p2

(B2,2(p1,p2)− 2B2,0(p1)− 2B0,2(p2) + 4)
log(p1) log(p2)

p1p2 log
2(R)

ϕ̂1

(
2 log(p1)

log(R)

)
ϕ̂2

(
2 log(p2)

log(R)

)
,

SB∞(H∗
k (N)) = ϕ̂1(0)

∑
p1,p2

∞∑
m1=0

log(p1) log(p2)

log2(R)
ϕ̂2

(
2 log(p2)

log(R)

)
(Bm1,2(p1,p2)− 2Bm1,0(p1,p2))

Pm1(p1)

p2

+ ϕ̂1(0)
∑
p1,p1

∞∑
m1=0

ϕ̂2

(
log(p2)

log(R)

)
log(p1) log(p2)

log2(R)
Bm1,1(p1,p2)

Pm1(p1)√
p2

+ ϕ̂2(0)
∑
p1,p1

∞∑
m1=0

ϕ̂1

(
log(p1)

log(R)

)
log(p1) log(p2)

log2(R)
B1,m1(p1,p2)

Pm1(p2)√
p1

+ ϕ̂2(0)
∑
p1,p2

∞∑
m1=0

log(p1) log(p2)

log2(R)
ϕ̂1

(
2 log(p1)

log(R)

)
(B2,m1(p1,p2)− 2B0,m1(p1,p2))

Pm1(p2)

p1

+ ϕ̂1(0)ϕ̂2(0)
∑
p1,p2

∞∑
m1,m2=0

log(p1) log(p2)

log2(R)
Bm1,m2(p1,p2)Pm1(p1)Pm2(p2)
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Coming up with Formulas - Weighted 2nd Level Density

Above, we define

B′′
r1,r2,H∗

k (N)(p1, p2) :=
1

WR(H∗
k (N))

∑
f∈H∗

k (N), p1|Nf , p2|Nf

wR(f )λf (p1)
r1λf (p2)

r2

B′
r1,r2,H∗

k (N)(p1, p2) :=
1

WR(H∗
k (N))

∑
f∈H∗

k (N), p1|Nf , p2∤Nf

wR(f )λf (p1)
r1λf (p2)

r2

Br1,r2,H∗
k (N)(p1, p2) :=

1
WR(H∗

k (N))

∑
f∈H∗

k (N), p1∤Nf , p2∤Nf

wR(f )λf (p1)
r1λf (p2)

r2 .
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Sum of the weights

Goal: A′
r (p),Ar (p),B′′

r1,r2
(p1,p2),B′

r1,r2
(p1,p2), and

Br1,r2(p1,p2), which determine the values of
S1(H∗

k (N), ϕ1, ϕ2) and S2(H∗
k (N), ϕ1, ϕ2).

The definition of all above terms involve the sum of the
weights WR(H∗

k (N)) :=
∑

f∈H∗
k (N) wR(f ).
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Harmonic weights

A′
r,H∗

k (N)(p) :=
1

WR(H∗
k (N))

∑
f∈H∗

k (N)

p|N

wR(f )λf (p)
r

Ar,H∗
k (N)(p) :=

1
WR(H∗

k (N))

∑
f∈H∗

k (N)

p∤N

wR(f )λf (p)
r .

B′′
r1,r2,H∗

k (N)(p1, p2) :=
1

WR(H∗
k (N))

∑
f∈H∗

k (N), p1|Nf , p2|Nf

wR(f )λf (p1)
r1λf (p2)

r2

B′
r1,r2,H∗

k (N)(p1, p2) :=
1

WR(H∗
k (N))

∑
f∈H∗

k (N), p1|Nf , p2∤Nf

wR(f )λf (p1)
r1λf (p2)

r2

Br1,r2,H∗
k (N)(p1, p2) :=

1
WR(H∗

k (N))

∑
f∈H∗

k (N), p1∤Nf , p2∤Nf

wR(f )λf (p1)
r1λf (p2)

r2 .
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Harmonic weights

We use the harmonic weights to compute the asymptotic
explicitly

wR(f ) =
ZN(1, f )
Z (1, f )

.

F = H∗
k (N): the family of holomorphic cusp newforms with

weight k and level N.
Scenarios (N → ∞):

N is prime.
N = q1q2 for two primes q1,q2, with q1 ̸= q2 and q1 fixed.
N = q1q2 for two primes with q1 ∼ Nδ and q2 ∼ N1−δ

where δ ∈ (0,1/2].
N = p2 where p is prime.
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Two cases for sum of weights

Square-free cases: use Petersson trace formula as in [ILS00]
N is prime.
N = q1q2 for two primes q1,q2, with q1 ̸= q2 and q1 fixed.
N = q1q2 for two primes with q1 ∼ Nδ and q2 ∼ N1−δ

where δ ∈ (0,1/2].

Non-square-free case: use [BBD+16]
N = p2 where p is prime.
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N square-free

Lemma (DHKLMMRSZ 25+)

Let N = q1q2 be square-free with q1,q2 being distinct primes
with

q1 ∼ C1Nδ,q2 ∼ C2N1−δ.

Here, δ ∈ [0,1/2] while C1,C2 can be both prime constants if
δ ̸= 0, or C1 = 1 or prime and C2 prime if δ = 0. Then

WR(H∗
k (N)) :=

∑
f∈H∗

k (N)

wr (f ) =
k − 1

12
φ(N) + O(E(N, δ)),

where

E(N, δ) =


log(N)

N
1−δ

2
if 0 < δ ≤ 1

2 or δ = 0,C1 = 1

log2(N)

N1/2 if δ = 0 and C1 prime.
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N square-free

Using [ILS00]

WR(H∗
k (N)) = ∆∗

k,N(1, 1) =
k − 1

12

∑
LM=N

µ(L)M
∑
ℓ|L∞

ℓ−1∆k,M(ℓ2, 1).

If C1 = 1, then N is a prime and

WR(H∗
k (N)) =

k − 1
12

N∆k,N(1, 1)−
∑
ℓ|N∞

ℓ−1∆k,q1 (ℓ
2, 1)

 .

If C1 ̸= 1, N is product of 2 distinct primes and
WR(H∗

k () =
k − 1

12

N∆k ,N(1,1)− q1
∑
ℓ|q∞

2

ℓ−1∆k ,q1(ℓ
2,1)− q2

∑
ℓ|q∞

1

ℓ−1∆k ,q2(ℓ
2,1) +

∑
ℓ|N∞

ℓ−1∆k ,1(ℓ
2,1)

 .

N∆k ,N(1,1) = N + Ok

(
1

N1/2

)
,

∑
ℓ|N∞

ℓ−1∆k ,1(ℓ
2,1) = 1 + Ok

(
log(N)

N1/2

)
,

q1
∑
ℓ|q∞

2

ℓ−1∆k ,q1(ℓ
2,1) = q1 + O

(
log(N)

N(1−δ)/2

)
, q2

∑
ℓ|q∞

1

ℓ−1∆k ,q2(ℓ
2,1) = q2 + Ok

( ∞∑
m=0

log(2q2m
1 )

(qm
1 + kq2)1/2

)
.
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N prime square

Lemma (DHKLMMRSZ 25+)

Let N = p2 for some prime p, then

WR(H∗
k (N)) =

k − 1
12

(φ(N)− 1) + O
(

1
N1/4

)
.

We appeal [BBD+16].
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N is prime

Lemma (DHKLMMRSZ 25+)
For H∗

k (= H∗
k (N) where N is a prime, the following holds:

A′
r (p) = O(N−r/2)

Ar (p) =

Cr/2 + O
(

r2r pr/4 log(pr N)
N

)
if r even,

O
(

r2r pr/4 log(pr N)
N

)
if r odd.

B′′
r1,r2(p1, p2) = O

(
N−(r1+r2)/2

)
B′

r1,r2(p1, p2) = O
(

2r2 N−r1/2
)

* Cr is the r th Catalan number.
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N is prime

Lemma (DHKLMMRSZ 25+)
[cont.]

Br1,r2(p1, p2) =



C(r1+r2)/2 + O
(

2r1+r2(pr1
1 pr2

2 )
1/4 log(2p

r1
1 p

r2
2 N) log(N)

k5/6N

)
if p1 = p2 and (r1 − r2 mod 2) = 0,

Cr1/2Cr2/2 + O
(

2r1+r2(pr1
1 pr2

2 )
1/4 log(2p

r1
1 p

r2
2 N) log(N)

k5/6N

)
if p1 ̸= p2 and r1, r2 even,

O
(

2r1+r2(pr1
1 pr2

2 )
1/4 log(2p

r1
1 p

r2
2 N) log(N)

k5/6N

)
otherwise.
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Proof

For p = N, λf (N)2 = 1
N

A′
r (N) = O(N−r/2).

For p ̸= N

Ar (p) =
1

WR(H∗
k ()

∑
f∗N

wR(f )λf (p)
r

=
1

WR(H∗
N)

∑
f∗N

wR(f )
⌊r/2⌋∑
k=0

br,r−2kλf (p
r−2k )

=

⌊r/2⌋∑
ℓ=0

br,r−2ℓ

(
δ
(

pr−2ℓ, 1
)
+ O

(
p

r−2ℓ
4

log(2pr−2ℓN)

N

))

=

Cr/2 + O
(

r2r pr/4 log(pr N)
N

)
if r even,

O
(

r2r pr/4 log(pr N)
N

)
if r odd.
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Proof (cont.)

N is prime. If a prime p divides N, then p = N.

For all primes p | N, we have λf (p)2 = 1
p .

B′′
r1,r2,∗k (N)(N,N) ≲

1
N(r1+r2)/2 .

For p2 ∤ N, we have

B′
r1,r2,∗k (N)(N, p2) =

1
WR(H∗

N)

∑
f∈H∗

N

wR(f )λf (N)r1λf (p2)
r2

≲
1

N r1/2

 1
WR(H∗

k (N))

∑
f∈H∗

k (N)

wR(f )λf (p2)
r2

 ≲
2r2

N r1/2 .
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Proof (cont.)

For p1 ∤ N and p2 ∤ N

Br1,r2,H∗
k (N)(p1, p2)

=

⌊r1/2⌋∑
k1=0

⌊r2/2⌋∑
k2=0

br1,r1−2k1 br2,r2−2k2δ(p
r1−2k1
1 , pr2−2k2

2 ) + O

(
(pr1

1 pr2
2 )1/4 log(2pr1

1 pr2
2 N)

k5/6N

)

=



O
(

2r1+r2 (pr1
1 pr2

2 )1/4 log(2p
r1
1 p

r2
2 N)

k5/6N

)
if p1 = p2 and (r1 − r2 mod 2) = 1

C(r1+r2)/2 + O
(

2r1+r2 (pr1
1 pr2

2 )1/4 log(2p
r1
1 p

r2
2 N)

k5/6N

)
if p1 = p2 and (r1 − r2 mod 2) = 0

O
(

2r1+r2 (pr1
1 pr2

2 )1/4 log(2p
r1
1 p

r2
2 N)

k5/6N

)
if p1 ̸= p2 and (r1 − r2 mod 2) = 1

or p1 ̸= p2 and r1, r2 odd

Cr1/2Cr2/2 + O
(

2r1+r2 (pr1
1 pr2

2 )1/4 log(2p
r1
1 p

r2
2 N)

k5/6N

)
if p1 ̸= p2 and r1, r2 both even.
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N = q1 · q2, q1 fixed, q2 → ∞.

Lemma (DHKLMMRSZ 25+)
Suppose H∗

k (N) = H∗
k (N) where N = q1 · q2 for fixed prime q1

and q2 → ∞. Then

A′
r,H∗

k (N)(p) =


q−r/2

1 if p = q1 and r even,

O
(

log(N)
N

)
if p = q1 and r odd,

O
(

N−r/2
)

if p = q2.

Ar,H∗
k (N)(p) =


Cr/2 + Ok

(
2r pr/4 log(pr N) log(N)

N

)
if r even,

Ok

(
2r pr/4 log(pr N) log(N)

N

)
if r odd.
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N = q1 · q2, q1 fixed, q2 → ∞.

B′′
r1,r2,H∗

k (N)(p1, p2) =


q−(r1+r2)/2

1 if p1 = p2 = q1, r1 ≡ r2 (mod 2),

O
(

log2(N)
N

)
if p1 = p2 = q1, r1 ̸≡ r2 (mod 2),

O
(

N−⌊min(r1,r2)/2⌋
)

if p1 = q2 or p2 = q2.

B′
r1,r2,H∗

k (N)(p1, p2) =



Cr2/2

q
r1/2
1

+ Ok,q1

(
2r2 p

r2/4
2 log(p

r2
2 N)

N

)
if p1 = q2, r1 even, r2 even,

Ok,q1

(
2r2 p

r2/4
2 log(p

r2
2 N)

N

)
if p1 = q2, r1 even, r2 odd,

Oq1,k

(
2r2 p

r2/4
2 log(p

r2
2 )

N

)
if p1 = q1 and r1 odd,

O
(

2r2 p
r2/4
2 log(p

r2
2 N)

N⌊r1/2⌋+1

)
if p1 = q2.
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N = q1 · q2, q1 fixed, q2 → ∞.

Lemma (DHKLMMRSZ 25+)
[cont.]

Br1,r2(p1, p2) =



C(r1+r2)/2 + O
(

2r1+r2(pr1
1 pr2

2 )
1/4 log(2p

r1
1 p

r2
2 N) log(N)

k5/6N

)
if p1 = p2 and (r1 − r2 mod 2) = 0,

Cr1/2Cr2/2 + O
(

2r1+r2(pr1
1 pr2

2 )
1/4 log(2p

r1
1 p

r2
2 N) log(N)

k5/6N

)
if p1 ̸= p2 and r1, r2 even,

O
(

2r1+r2(pr1
1 pr2

2 )
1/4 log(2p

r1
1 p

r2
2 N) log(N)

k5/6N

)
otherwise.
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N = q1q2, q1 ∼ Nδ,q2 ∼ N1−δ

Lemma (DHKLMMRSZ 25+)
Let H∗

k (N) = H∗
k (N) and N = q1q2 with q1,q2 prime and

q1 ∼ Nδ,q2 ∼ N1−δ, where δ ∈ (0,1/2]. Then

A′
r (p) = O

(
1

Nrδ/2

)

Ar,H∗
k (N)(p) =


Cr/2 + Ok

(
2r pr/4 log(pr N)

N

)
if r even,

Ok

(
2r pr/4 log(pr N)

N

)
if r odd.

B′′
r1,r2(p1, p2) = O

(
1

N(r1+r2)δ/2

)
B′

r1,r2(p1, p2) = O
(

2r2

Nr1δ/2

)
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N = q1q2, q1 ∼ Nδ,q2 ∼ N1−δ

Lemma (DHKLMMRSZ 25+)
[cont.]

Br1,r2(p1, p2) =



Cr1/2Cr2/2 + O
(

2r1+r2 pr1/4
1 pr2/4

2 N−1 log
(
2pr1/4

1 pr2/4
2 N

))
if r1, r2 even and p1 ̸= p2,

C(r1+r2)/2 + O
(

2r1+r2 pr1/4
1 pr2/4

2 N−1 log
(
2pr1/4

1 pr2/4
2 N

))
if r1 − r2 ≡ 0 (mod 2) and p1 = p2,

O
(

2r1+r2 pr1/4
1 pr2/4

2 N−1 log
(
2pr1/4

1 pr2/4
2 N

))
otherwise.
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Lemma (DHKLMMRSZ 25+)
Let H∗

k (N) = H∗
k (N) and N = p2 with p → ∞. Then

A′
r,H∗

k (N)(q) = 0

Ar,H∗
k (N)(q) =

Cr/2 + Ok

(
2r q

r
4 log(2qr )

N

)
r even

Ok

(
2r q

r
4 log(2qr )

N

)
r odd
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N = p2

Lemma (DHKLMMRSZ 25+)
[cont.]

B′
r1,r2,H∗

k (N)(p1, p2) = 0

Br1,r2,H∗
k (N)(p1, p2) =



Cr1/2Cr2/2 + Ok

(
1
N 2r1+r2 pr1/4

1 pr2/4
2 log

(
2pr1

1 pr2
2

))
if p1 ̸= p2 and r1, r2 even

Ok

(
1
N 2r1+r2 pr1/4

1 pr2/4
2 log

(
2pr1

1 pr2
2

))
if p1 ̸= p2 and r1, r2 odd

C r1+r2
2

+ Ok

(
1
N 2r1+r2 pr1/4

1 pr2/4
2 log

(
2pr1

1 pr2
2

))
if p1 = p2 and r1 − r2 ≡ 0 mod 2

Ok

(
1
N 2r1+r2 pr1/4

1 pr2/4
2 log

(
2pr1

1 pr2
2

))
if p1 = p2 and r1 − r2 ≡ 1 mod 2.
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Important remark

For the three cases where N prime, N product of two primes
with both factors going to infinity, and N square, the terms
A′,B′′, and B′ do not admit a main term.

On the other hand, for N = q1q2 where q1 is fixed, A′,B′′, and
B′ have main terms.

Moreover, in all four cases depending on N, even up to the
error terms, the A and B terms are equal.
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Lower order terms

We then substitute the results into the formula of S1(H∗
k (N), ϕ)

and S2(H∗
k (N), ϕ1, ϕ2) in order to evaluate the lower order

terms.
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Closing
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Future work

Conjecture (DHKLMMRSZ 25+)

Given N, as long as the prime factors of N go to infinity fast
enough relative to the error we are computing up to, the lower
order terms of the n level density are the same as the N prime
case.

Interesting new factors emerge when one of the factors goes to
infinity slower than the reciprocal of the error term, say at the
rate of log(N), log2(N), or log3(N).
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