& The Quadratic Formula:
@From Baseball to Gambling
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»/flight paths of baseballs, cannonballs, and planes with no engines,

* gambling (roulette)
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. As always, we start simple and build up.
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Linear Equations

We start with linear equations: f(x) = a x + b, often writteny =a x + b.

For example, if we havey=3 x+ 11, whenx=2theny=3«2+11=17.

The plots of these are straight lines. d
- ///"
@ Will every straight line cross the x-axis? -
Pause and think about this. ;ﬂ{
,-"if,ff
e




Linear Equations

Not every line hits the x-axis: Consider y = 2 (or anything!)
However, if y = a x + b and a is not zero, it will cross the x-axis.

Where will y = a x + b hit the x-axis? In other words, what value of x yields y
equals zero? Trytodo y = 3 x + 11 first, then do the more generaly=a x + b.

STOP! PAUSE THE VIDEO NOW TO
THINK ABOUT THE QUESTION.




Linear Equations

Not every line hits the x-axis: Consider y = 2 (or anything!)
However, if y = a x + b and a is not zero, it will cross the x-axis.

Where will y = a x + b hit the x-axis? In other words, what value of x yields y
equals zero? Trytodo y = 3 x + 11 first, then do the more generaly=a x + b.

Fory=3x+11:Want3x+11=0s03x=-11orx=-11/3.

Fory=ax+b:Wantax+b=0so0ax=-bsox=-b/a(see now why need a to be
non-zero).



Linear Equations

Imagine we know where a linear equation hits the x-axis; does that uniquely
determine the line, or could there be multiple lines that hit the x-axis in the

same spot?

O

STOP! PAUSE THE VIDEO NOW TO
THINK ABOUT THE QUESTION.
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Linear Equations

Imagine we know where a linear equation hits the x-axis; does that uniquely
determine the line, or could there be multiple lines that hit the x-axis in the

same spot?

We can factor!

y:ax+b 2 — "w/;i;
is the same as

y = a(x + b/a), so the root is at x =-b/a. Here are several of the form y = a(x-1).
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Linear Equations

Two points determine a line.

Here have (2,1) and (3,4)

Slope m = (change iny) / (change in x)

Som =(4-1) / (3-2) = 3.

If (x,y) on the line must give the same
slope, so (y-1) / (x-2) = 3. Thus
y-1 = 3(x-2) or y-1 = 3x-6 or y = 3x-5.

The y-intercept is -5; this is where the line
crosses the y-axis. r




Linear-tquations
We often say two poi«nt\s‘determine .

) line.
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Quadratic Equations

A quadratic equation is of the form f(x) = ax* + bx + ¢, or y = ax? + bx + c.
If y = 3x?—5x + 7,,then when x=2, y ecruals 3+22-5+2+7=12-10+7 =09.

We say this is a polynomial of degree|2 as 2 is the highest power of x; a cubic
would have its highest power 3, and sojon.

How many points are needed to uniquely determine a quadratic?

STOP! PAUSE THE
VIDEO NOW TO THINK
ABOUT THE QUESTION.

12 3




Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + c, or

:bx + C.

A line needed two points, a quadratic needs three.

Note there are three coefficients: a, b, c; by having three points we can figure
out those three values. How would you do that?

@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @
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Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.

Imagine know (0, 7), (1, 5) and (2,9) are on the quadratic. Then
*7=a+0%+b+0+c.
*5=ax1°+b+*1+c.

*9=ax*2’+b+2+c.



Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.

Imagine know (0, 7), (1, 5) and (2,9) are on the quadratic. Then
e7=a*0%2+b*0+c,so7=c.
e5=a+12+b+*1+c,so5=a+b+c, butsince c=7 we get -2 = a+b.

*9=3+22+b=*2+c,s09=4a+2b+c, butsince c=7 we get 2 = 4a+2b.

15



Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.

Imagine know (0, 7), (1, 5) and (2,9) are on the quadratic. Then
e7=a+*0%2+b*0+c,s0o7=c.

e5=a+*1?+b+*1+c,so5=a+b+c, butsince c=7 we get -2 = a+b.
*9=3*22+b*2+c,s09=4a+2b+c, butsince c=7 we get 2 = 4a+2b.

We have two equations in two unknowns: we can solve! If we subtract two copies of
the second from the first, the b-terms vanish:

2=4a+2b
-4=2a+2b
So6=2ao0ora=3;since-2=a+bwefindb=-2-a=-5.

We could also have used -2 = a+b to say b = -2-a, and substitute that into 2 = 4a+2b,
which would give 2 =4a + 2(-2-a),or 2=4a—-4—-2a. Thus 6 =2a and againa=3. .



Plotting Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.

* What does a do?
* What'’s the difference between x2, 2x?, 4x? and —x?, -2x% and -4x?2?

@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @
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Plotting Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.

e What does a do?

* What’s the difference between x2, 2x2, 4x? and —x2, -2x% and -4x?2?
Plot[{-4x"2, -2x"2, -x"2, x*2, 2x"2, 4x"2}, {x, -10, 10}, PlotLegends - "Expressions"]

18



Plotting Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.

* What does c do? What’s the difference between 2x%2 and 2x2 + 1 and 2x?- 17

@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @

19



Plotting Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.

 What does c do? What’s the difference between 2x2 and 2x?2 + 1 and 2x2- 17
Plot[{2x*2-1, 2x"2, 2x*2+ 1}, {x, -1.5, 1.5}, PlotLegends -+ "Expressions”]

—
2 x?

2x%+1

20




Plotting Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.

e What does b do?
* This is a bit harder to see.

* Later will see can rewrite as a(x — h)? + d for some d. Now what does h do?
 Compare (x-2)2+1, (x-0)2+1, (x+2)2+1.....

@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @

21



Plotting Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.

* What does b do? Harder to see.

* Rewrite as a(x — h)? + d for some d. Compare (x-2)? + 1, (x-0)2 + 1, (x+2)? + 1.....
(this is called vertex form)

Plot[{(x-2)"*2+1, (x-0)"2+1, (x+2)"24+1)}, {x, -10, 10}, PlotLegends -» "Expressions"”]

\\ ‘j:? — T P

\ - p (X+0)2+1

\ 50 |- (x+2)2+1
|

»\‘\ /
X A . ey 4 L A A1 A A A
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Roots of Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.

How do we find where a quadratic equation is zero, in other words, where it hits
the x-axis?

Thus we want to solve ax? + bx + ¢ = 0.

Before doing the general case, let’s try a simpler quadratic. What’s the simplest
qguadratic you can think of? What would its roots be? How many might it have?

@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @
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Roots of Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.
Simplest is y = x%, so solving y = 0 means solving x? = 0; the only solution is x=0.

We should really view this as a double root; a polynomial of degree n has n
roots (not necessarily distinct); thus a linear equation has one root, a quadratic

has two roots, and so on. This is the Fundamental Theorem of Algebra, and is
beyond the scope of this lecture.

Building on the success of studying y = x2, what is the next simplest?

@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @

24



Roots of Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.
Simplest is y = x2, next would be either y = ax? ory = x?+c.

If want ax? = 0 we see again it’s just a double root at x = 0. The other is more
interesting. If y = x? + ¢, then when does y = 0?

@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @

25



Roots of Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.
Simplest is y = x2, next would be either y = ax? ory = x?+c.

If want ax? = 0 we see again it’s just a double root at x = 0. The other is more
interesting. If y = x? + ¢, then when doesy =07?

Sox?+c=0,thusx?=-csox=+—c or —+/—c.

For what values of c will this have “interesting” solutions?

@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @
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Roots of Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.
Simplest is y = x2, next would be either y = ax? ory = x?+c.

If want ax? = 0 we see again it’s just a double root at x = 0. The other is more
interesting. If y = x? + ¢, then when doesy =07?

Sox?+c=0,thusx?=-csox=+—c or —+/—c.

For what values of c will this have “interesting” solutions? If ¢ > 0 then we have
to take the square-root of a negative number! There is no real number that

squares to -1; we introduce a new number i (for imaginary) and say i* = v—1

27 —°



Roots of Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.
Simplest is y = x2, next would be either y = ax? ory = x?+c.

We can combine these two cases and consider y = ax? + ¢; when does this equal

0?
@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @

28



Roots of Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax?> + bx + c.
Simplest is y = x?, next would be either y = ax? ory = x*+c.

We can combine these cases and consider y = ax? + ¢; when does this equal 0?
We wantax?2+c=0 so ax? =-c so x? =-c/a.

We now take the square-root and find x = —2 or — —2.

p
What should we study next: @ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION.
y -



Roots of Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.

We can look at y = a(x — h)? + c. Note this is not in the same form as above, but we can solve it
VERY easily; we will then reduce the above general case to this.

We want a(x-h)?+ c=0 so a(x-h)? =-c so (x-h)? =-c/a.

We now take the square-root, and find x — h = —% or — —2. We often write this as

x—h=+ /—2 The * indicates there are two terms, one with a positive and one with a
negative.

Thusx = h + —2 or x =h — —2. Or, equivalently, x = h + /—2
We see it is easy if there is no x term.

30



Roots of Quadratic Equations: Completing the Square

A quadratic equation is of the form f(x) = ax?> + bx + ¢, or y = ax? + bx + c.

b
ax?+ bx + ¢ =a<x2+ax>+c

B 2+b +b2 b? N
-4 ax 4q? 4q? ¢

We have done one of the most powerful things a mathematician can do:
NOTHING!

But we did nothing in a clever way — we added zero, which doesn’t change
anything, but will allow us to re-write much of the above.

Trying to make it look like a(x-h)? + d. We saw that is easy to understand



Roots of Quadratic Equations: Completing the Square

A quadratic equation is of the form f(x) = ax?> + bx + ¢, or y = ax? + bx + c.

b
ax?+ bx + ¢ =a<x2+—x>+c

a

B 2+b N b2 b2 N
-4 ax 4q? 4a? ¢
B 2+b N b2 b2 N
-4\ ax 4q? 4a ¢

We can simplify the above — note (x + h)? = x2+ 2hx + h2. Trying to make it look like a(x-h)? + d.
Can we find h such that 2h = b/a and h? = b%2/4a2? Yes — take h = b/2a.

You’'ve probably guessed — this is why we added 0 = 4b—cﬂ — 4b—cﬁ.

32



Roots of Quadratic Equations: Completing the Square

A quadratic equation is of the form f(x) = ax?> + bx + ¢, or y = ax? + bx + c.

b
ax?+ bx + ¢ =a<x2+—x>+c

a

B 2+b N b2 b2 N
-4 ax 4q? 4a? ¢
B 2+b N b2 b2 N
-4\ ax 4q? 4a ¢

2
b b?
=aqa (x + %> ~a + ¢ (how should we group to make this look like what we studied?)

33



Roots of Quadratic Equations: Completing the Square

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c. Let’s solve f(x) = 0....

b
ax?+ bx + ¢ =a<x2+—x>+c

a
3 2+b N b2 b2 N
-4\ ax 4q? 4a? ¢
3 2+b N b2 b2 N
-4 ax 4q? 4a ¢

- +b2 bt +b2 b? ~ +b2 b —4ac _
—4\* " 2a 4 " T\ 2a aa ) T \" T2 4a

We now leave it to you to use what you have learned to solve this —it is in the form from before! You'll
—b+Vb2-4ac

get X = . Remember a(x-h)?+c=0meantx = h + /—2.34
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Roots of Quadratic Equations: Completing the Square

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c. Let’s solve f(x) = 0....

—b+Vb2—-4ac c
The roots are X = . We used a(x-h)2+c=0meantx = h + /_E'

2a

Why did this work?

@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @
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Roots of Quadratic Equations: Completing the Square

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c. Let’s solve f(x) = 0....

—b+Vb2—-4ac c
The rootsare X = . We used a(x-h)2+c=0meantx = h + /_Z'

2a

Why did this work?

We know how to solve linear equations, we know how to solve simple
quadratic equations like x2 = 0. We are thus combining these two
ideas, replacing one hard problem with two easier ones. Let t2=(x-h)?,

b* b*—4
then we have at? ( c) = 0,s0t? = ( - ) We can take

4a 4q*
the square root, and then as t = x-h we get x is h plus the two

solutions.

36



Solving Quadratic Equations

If f(x) = ax? + bx + ¢, or y = ax? + bx + ¢, the solutions to f(x) =0 ory =0 are
_—bt Vb2 — 4ac

X 2a

This formula allows us to mechanically solve any quadratic! If we have

y=3x2—5x+7 =0, the roots are just....

= [ EH""‘-\.\, ’
B |- ~— -
@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @ "'“a-____ d__.r—"'f-

::::::
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Solving Quadratic Equations

If f(x) = ax? + bx + ¢, or y = ax? + bx + ¢, the solutions to f(x) =0 ory =0 are
_—bt Vb2 — 4ac

X 2a

This formula allows us to mechanically solve any quadratic! If we have
y=3x>=5x+7=0, the roots are just
_ —(=5)%/(-5)2—4%3x7 _ 5+y25-4#3%7 _ 54+/25-84 5+v-59

X
2%3 2%3 6 6

So our first example gives non-real roots, but
looking at the plot, this isn’t surprising....




Solving Quadratic Equations

If f(x) = ax? + bx + ¢, or y = ax? + bx + ¢, the solutions to f(x) =0 ory =0 are
_—bt Vb2 — 4ac

X 2a

If we havey =x?—5x+ 6 =0, the roots are just....

@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @

':I-—
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Solving Quadratic Equations

If f(x) = ax? + bx + ¢, or y = ax? + bx + ¢, the solutions to f(x) =0 ory =0 are
—b +Vb? — 4ac

2a

X =

If we havey =x?—5x+ 6 =0, the roots are just

—54V52—4x1x6  5+/25-24 5+\/ 5+1 6
X = -~ = ’ > Tsox—zor—(le 3 or2).
S

Is there another way to find these answers?

They seem so nice!

30 3.5
g 40



Solving Quadratic Equations

If we havey =x2—5x+6=0, if the roots are r; and r, we are looking to
factoritasx?—=5x+6=(x—ry) (x—r,).

Expanding with FOIL, we get X2 =5 x+ 6 =Xx2=r, X —r X + r,r,.
SoX?=5x+6=x2—(r +r, )x+rr,
We need two numbers r, and r, such thatr,+r,=5and r;r,=6.

This is an art, you can often see the answer.....

Here we see one root is 2, one is 3.




Solving Quadratic Equations

If we havey =x2—7x+ 12 =0, if the roots are r, and r, we are looking to
factoritasx?—7x+12=(x—r,) (x—r,).

Expanding with FOIL, we get X2 =7 x+ 12 =x?—=r, X—r X + ryr,.
Sox?=7x+12=x—(r +r,)x+r;r,
We need two numbers r, and r, such thatr,+r,=7and r,;r,=12.

This is an art, you can often see the answer.....

Here we see one rootis ???, one is ???.

42



Solving Quadratic Equations

If we havey =x2—7x+ 12 =0, if the roots are r, and r, we are looking to
factoritasx?—7x+12=(x—r,) (x—r,).

Expanding with FOIL, we get X2 =7 x+ 12 =x?—=r, X—r X + ryr,.
Sox?=7x+12=x—(r +r,)x+r;r,

We need two numbers r, and r, such thatr,+r,=7and r,;r,=12.

This is an art, you can often see the answer.....

12
Here we see one root is 3, one is 4. / N / \ / \
6 2 1

Drawing the factor trees helps.... 4 3
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Solving Quadratic Equations

If we havey =x?+x-12 =0, if the roots are r, and r, we are looking to
factoritas x? +x-12 = (x—r;) (x—r,).

Expanding with FOIL, we get x> + x- 12 = x?—r, X —r X + r,r,.
Sox?+x-12=x2=(ry+r,)x+rr,
We need two numbers r, and r, such thatr;+r,=-1and r;r,=-12.

This is an art, you can often see the answer.....

H tis 2?? ic 227 12
ere we see one rootis ???,oneis 2?7, /\ /\
6 2

44



Solving Quadratic Equations

If we havey =x?+x-12 =0, if the roots are r, and r, we are looking to
factoritas x? +x-12 = (x—r;) (x—r,).

Expanding with FOIL, we get x> + x- 12 = x?—r, X —r X + r,r,.
Sox?+x-12=x2=(ry+r,)x+rr,
We need two numbers r, and r, such thatr;+r,=-1and r;r,=-12.

This is an art, you can often see the answer.....
12

Here we see one root is -4, one is 3. VAN / \

6 2

45



Quadratic Equations

Similar to lines, if we know the two roots of a quadratic we don’t quite
know it.

If the roots are r; and r, then it-could be f(x) = a (x —ry) (x —r,).

Any choice of a will work.

46



Cubic Equations

Amazingly there is a formula for cubics!

Solve[ax”3 + bx*2 + cx + d = @, x]

10

L

r 1 & F

. b 213 (_b?:3ac)
X = —
: 3a ! 3 2 la + R2 v 3 3 24,2 |Y7?
3ai 2b*+9abec-27a*d+ 4 (-b*+3ac)”+ 2b” +9abc - 27a°d |
f \1/3
2b*+9abc-27a’d++/4(-b*+3ac)?+ (-2b'«9abc-27a%d)? |
3 213, 2
_ b (1+i43) (-b*+3ac)
-.)( » D
: 3a 23 _ | 3 2 / 2 1, 3 2 4.2 |1
3 22"a -2b°+9abc-27a"d++/4(-b°+3ac)’+ (-2b°+9abc-27a"d)" |
— f \ 1/3
1-iV3) [-2b’+9abc-27a’d+\/4 (-b*+3ac)’+ (-2b’+9abc-27a%d)? |
6 2134 !
) b 1-i+3) (-b*+3ac)
1M = —_— 4
: 3a 23 _ | 3 2 [ 2 3 3 2 4.2 |1
3 22°a -2b"+9abc-27a"d++4(-b"+3ac)”+ (-2b"+9abc-27a"d)" |
) . . \ 143
'_1-'1*»."?; : 2b*+9abc-27a*d++/4(-b*+3ac)?s (-2b'+9abc 2Tazd2: -
6 2'%a
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Cubic Equations

Amazingly there is a formula for cubics! Little cleaner if adjust to a=1.

Solve[x*3 + bx*2 + cx + d = @, x]

10

n

L e |

L

L

b 213 (-b? + 3¢)

{X =S - M
3 3/ 2b°+9bc 27d+3v3 V b c?.4c’ .4b’d 18bcd-.27d |
' 2b* .9bc-27d+3V3  b'c? . ac’ . ab’d 18bcd.27d |1

3 2173 | 2
b 1+i4/3) (-b?+3¢)

1 . | r 13
3 3 227 2p+9bc-27d+3V3 Vb P ac’ sab’d-18bcd.27d |
1-iy3) [-2b°+9bc-27d+3V3V b’ 4 +4b°d 18bcd+27d |
b 1-i4/3) (-b*+3¢)

{ X

3 3 227/ 2p'.9bc-27d+33 V b’c?.4c .4b°d 18bcd.27d |

1+i3) [-2b*+9bc-27d+3/3 Vb’ +4c +4b°d-18bcd+27d |

6 21]
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Cubic Equations

Amazingly there is a formula for cubics! Better: a=1, translate to b=0.

Solve[x*3 ¢+ cx + d = 0, x]

: ; Y -9d+ V3 ?’W;H.
.x 4 gd.xﬁ .mn ' J11 321 s

[14iv3)c 1-iV3) [-9d 3 Vad o d |
.:n:+213 Slj:gd‘,"lu"B,._;u'm':l] 3 213 3“  y

1-iv3 ) ¢ 1:iy3) [9d«3 Vac . zd |"?
X ’2;.:1 317 | Eld-'u'?“«-'r!#c]-Z?d:':” 2 11 320 ,

10 F

49



Quartic Equations

Amazingly there is a formula for quartics, but not for degree 5 and higher!
Doing x* + cx?+ dx + e = 0. Here is ONE of the four roots....

- 173
1 2 ¢ 213 (2, 1%2e 2c¢? +27d* - 72ce+ 4/ -4 (¢ +12e)% s (2 + 27d* - 72ce)?
=z -5 o -
' s | 5 ) 5 3 | 3 2
1 3 2c¢'+27d*-72ce+ /-4 (c*+12e)? s (2c* +27d* - 72ce)?
| 13
3 ac N3 (2,126 2¢? . 27d* - 72ce /-4t 120t 0 207 1 27d - 72ce)?
2 3 . / . | 1/3 3. 2113
3 2c¢+27d*-72ces -4 (ct+12e)t s (24 27d* -T72ce)?
L
-1
2d
2ia7et 7 afctize)} (2t
2¢ 2/3 12
] 1/3 }_13
3 2632742 7 a(ctize)d 232742 72ce)?




Where does it all go?

* The Fundamental Theorem of Algebra states that if you have a
polynomial of degree d then it has exactly d roots.

* Some roots might be multiple roots: x* — x?=x? (x? — 1) = x x (x-1)(x+1) has
roots 0, 0, 1 and -1; so O is a double root.

* Amazingly, all the roots are complex numbers and can be written in the
form a + ib where a and b are real numbers and i is the square-root of -1;

this means the one number we introduced to solve x2 + 1 = 0 is all we
need to solve any polynomiall
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First Application: Trajectories
The paths of many objects follow a parabola.

e Baseballs.
e Cannonballs.
e \Water foutains.




First Application: Trajectories

The paths of many objects follow a parabola.

Consider a cannonball (or a batted baseball).

If the path is given by f(x) = ax? + bx + ¢, we can find where it hits the ground by
solving for f(x) = 0; we just learned how to do that.

However, just as we saw earlier that there is more than one way to write a
parabola, there’s more than one way used to describe a cannonball’s path.
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First Application: Trajectories

Consider a cannonball (or a batted baseball). =}

We assume a constant force of gravity down, no air friction. ™

Will do the simple case of firing vertically upward.

* |nitial speed is m/sec

* Initial height is 10m

e At time t, cannonball’s height is f(t) = 10 + t—4.9 t2

Can you find the highest point?
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First Application: Trajectories e
F / \

Consider a cannonball (or a batted baseball). fr{? / .

e Initial speed is /22m/sec /
* Initial height is 10m /

40

e At time t, cannonball’s height is f(t) = 10 + t—4.9 t2

Write it as a(t — h)? + d; as a will be negative, greatest height at t=h.

What dare a, h and d? @ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @
y y
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First Application: Trajectories

Consider a cannonball (or a batted baseball).

* Initial speed is m/sec
* Initial height is 10m /
e At time t, cannonball’s height is f(t) = 10 + t—4.9t2

Write it as a(t — h)? + d; as a will be negative, greatest height at t=h. Will
approximate fractions....

f(t)=-49t*+488t+10 = -4.9(t*—99.6t) + 10
=-4.9 (t?- 99.6t + 2480.04 - 2480.04) + 10
=-4.9 (t —49.8)° + 10. Thus maximum height at about 49.8 seconds after launch.
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First Application: Trajectories

Consider a cannonball (or a batted baseball).

* Initial speed is m/sec
* Initial height is 10m /
e At time t, cannonball’s height is f(t) = 10 + t—4.9 t2

f(t)=-4.9t2+488t+10 = -4.9 (2—99.6 t) + 10

=-4.9 (t2- 99.6t + 2480.04 - 2480.04) + 10

=-4.9 (t — 49.8)? + 10. Thus maximum height at about 49.8 seconds after launch.
To find: -4.9(t—h)?+d=-49t*+488t+ 10

Or:-4.9 (t2-2ht+h?)+d=-49t2+488t+ 10

Thus -4.9t% + 9.8ht + (d-4.9h?) + d =-4.9t* + 488 t + 10. How do we find h and d?
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First Application: Trajectories

Consider a cannonball (or a batted baseball).

* |nitial speed is m/sec
* Initial height is 10m 2000
e At time t, cannonball’s height is f(t) = 10 + t—491t2. .

f(t)=-49t2+488t+10 = -49(t?—-99.6t) + 10

=-4.9 (t?- 99.6 t + 2480.04 - 2480.04) + 10

=-4.9 (t — 49.8)? + 10. Thus maximum height at about 49.8 seconds after launch.
To find: -4.9(t—h)?+d=-4.9t2+488t+ 10

Or:-49 (t2-2ht+h2)+d=-4.9t2+488t+ 10

Thus -4.9t? + 9.8ht + (d-4.9h?) + d = -4.9t> + 488 t + 10. How do we find h and d?

First 9.8h =488 so h =488/9.8, then d —4.9h2 =10 and thus d = 10 + 4.9h?.
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First Application: Trajectories

Consider a batted baseball.
https://calculushowto.com/how-to-describe-the-path-of-a-baseball-in-calculus/

Path of a baseball: Steps

Step 1: Define the variables used in both the parametric equations.

e Represent the height in feet by 'h’,
e The angle in degrees by &,
s The initial velocity in feet per second by v’

e The time in seconds by ‘t.

Step 2:Write an equation for the horizontal motion of the baseball as a function of time:

e x(t) =wv * Cos(a) " t.

Step 3:Write an equation to describe the vertical motion of the baseball as a function of time:

e y(M)=h+v*Sin(a) "t—-16 "t

Two steps. We figure out how long it is airborn until the y-coordinate is zero, and that
gives the time to plug in to the formula for x. What do you think is the best angle?
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First Application: Trajectories
Consider a batted baseball. Use 6 ft above ground, 176 ft/sec, 45 degree angle.
https://calculushowto.com/how-to-describe-the-path-of-a-baseball-in-calculus/

Vertical as a function of time: y(t) = 6 + 124t — 16t2.
Horizontal as a function of time: x(t) = 124t.

The time of flight is when y(t) = 0, so solve -16t? + 124t + 6 = 0.

, 31 +/985 . :
Use Quadratic Formula: Get _8 , so time is about 7.8 seconds.

Thus horizontal distance is about 967 feet.
Is this reasonable? If yes why, if not why not?
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First Application: Trajectories
Consider a batted baseball. Use 6 ft above ground, 176 ft/sec, 45 degree angle.
https://calculushowto.com/how-to-describe-the-path-of-a-baseball-in-calculus/

Vertical as a function of time: y(t) = 6 + 124t — 16t~
Horizontal as a function of time: x(t) = 124t.

The time of flight is when y(t) = 0, so solve -16t%2 + 124t + 6 = 0.

. 31 +/985 L
Use Quadratic Formula: Get _8 , SO time is about 7.8 seconds.

Thus horizontal distance is about 967 feet.
Seems high — no air resistance.
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First Application: Trajectories

http://www.schoolphysics.co.uk/agel6-
19/Mechanics/Kinematics/text/Projectiles and air resistance/index.html

Projectiles and air resistance

Objects moving through air are slowed down due to air resistance, sometimes called drag. This air resistance affects a spacecraft when it re-enters the Earth's
atmosphere but also the path of a projectile such as a bullet or a ball. When air resistance is taken into account the trajectory of a projectile is changed. The resistance is
often taken as being proportional to either the velocity of the object or the square of the velocity of the object.

The medieval scientists believed that a projectile went upwards at an angle along a straight path, then went through a short curved section before falling vertically back to
the ground again.

Both the range of a projectile and the maximum height that it reaches are affected by air resistance. The mathematics of the motion is quite complicated (especially if you
consider the change in the shape and/or surface of a projectile and the variation of the density of the air with height) but the following diagrams try to simplify things by
showing generally how air resistance affects both the trajectory and the velocity of a projectile.

The blue lines show the projectile with no air resistance and the red lines show what happens when air resistance is taken into account. The maximum height, the range
and the velocity of the projectile are all reduced.

Height
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Project: Trajectories
Consider a batted baseball. Use 6 ft above ground, 176 ft/sec, angle of 0.
https://calculushowto.com/how-to-describe-the-path-of-a-baseball-in-calculus/

Vertical as a function of time: y(t) = 6 + 176 sin(0) t — 16t2.
Horizontal as a function of time: x(t) = 176 cos(0)t.

Here cos(B) and sin(B) are the sides of a right triangle, so the sum of their
squares is 1.

We have cos(0) goes from 0 to 1, and sin(0) = \/1 — cos(0) .

Project: Use the quadratic formula to find the flight time and horizontal distance
as a function of 8. What 0 gives the furthest horizontal travel?
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The Fibonacci Numbers

There are many ways to define the Fibonacci numbers.

We met them in:

| Love Rectangles Game: https://youtu.be/JHtrzZARHWHU (powerpoint here, pdf
here) (3/24/2020): Aimed for K, should be good for all ages. 13 minutes.

Standard definition:

F. is the n*" Fibonacci number, F,=0,F,=1andF_,, = F. +F_,.

Thus the sequenceis 0, 1, ...7
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The Fibonacci Numbers

There are many ways to define the Fibonacci numbers.

We met them in:

| Love Rectangles Game: https://youtu.be/JHtrzZARHWHU (powerpoint here, pdf
here) (3/24/2020): Aimed for K, should be good for all ages. 13 minutes.

Standard definition:

F. is the n*" Fibonacci number, F,=0,F,=1andF_,, = F. +F_,.

Thus the sequenceis0, 1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, ....
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The Fibonacci Numbers
Look at the Sequence, create some questions: https://oeis.org/A000045

The OEIS Foundation is supported by donations from users of the OEIS and by a grant from the Simons Foundation.

013627 THE ON-LINE ENCYCLOPEDIA
Q‘S(PE%‘B OF INTEGER SEQUENCES ©

10 221121

founded in 1964 by N. J. A. Sloane

Search | Hints

(Greetings from The On-Line Encyclopedia of Integer Sequences!)
A000045 Fibonacci numbers: F(n) = F(n-1) + F(n-2) with F(0) = 0 and F(1) = 1. =L
(Formerly M0692 N0256)
e, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 6l1e, 987, 1597, 2584,
4181, 6765, 10946, 17711, 28657, 46368, 75025, 121393, 196418, 317811, 514229,
832040, 1346269, 2178309, 3524578, 5702887, 9227465, 14930352, 24157817,
39088169, 63245986, 102334155 (list; graph; refs; listen; history; text; internal format)

Ask some questions about them! @ @
STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION.
__4 __4
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The Fibonacci Numbers
Look at the Sequence, create some questions: https://oeis.org/A000045

The OEIS Foundation is supported by donations from users of the OEILS and by a grant from the Simons Foundation.

013627 THE ON-LINE ENCYCLOPEDIA
_RE%S OF INTEGER SEQUENCES®

10221121

founded in 1964 by N. J. A. Sloane

Search | Hints

(Greetings from The On-Line Encyclopedia of Integer Sequences!)
Fibonacci numbers: F(n) = F(n-1) + F(n-2) with F(0) =0 and F(1) = 1. I
(Formerly M0692 N0256)

e, 1, 1, 2, 3, 5, &, 13, 21, 34, 55, 89, 144, 233, 377, ele, 987, 1597, 2584,
4181, 6765, 18946, 17711, 28657, 46368, 75825, 121393, 196418, 317811, 514229,
8320408, 1346269, 2178309, 3524578, 5762887, 9227465, 14938352, 24157817,
39088169, 63245986, 102334155 (list; graph; refs; listen; history; text; internal format)

A000045

Are there infinitely many that are prime? That are perfect squares? Perfect

cubes? How fast do they grow? Could you have a right triangle with all sides
Fibonacci? Where do they arise? Is there a formula for each?

Get in the habit of asking questions!
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The Fibonacci Numbers
F. is the n*" Fibonacci number, F,=0,F,=1andF_,, = F. +F_,.
Thus the sequenceis 0, 1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, ....

Most of the questions are too hard, but we can get their size....

After the double 1’s, we see the Fibonaccis are strictly increasing. Can you
bound their growth rate? Upper bound? Lower bound?

This means find functions U(n) and L(n) such that L(n) < F, < U(n).

@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @



The Fibonacci Numbers
F. is the n*" Fibonacci number, F,=0,F,=1andF_,, = F. +F_,.
Thus the sequenceis 0, 1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, ....

Want functions U(n) and L(n) such that L(n) < F_ < U(n).

, = F. +F_, wehaveF_,,<??? (bound itinterms of F)

n+l — °°

As F

n+

@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @
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The Fibonacci Numbers
F. is the n*" Fibonacci number, F,=0,F,=1andF_,, = F. +F_,.
Thus the sequenceis 0, 1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, ....

Want functions U(n) and L(n) such that L(n) < F_ < U(n).

AsF ., = F +F ,wehaveF <F +F <2F.

What upper bound does this give?

@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @
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The Fibonacci Numbers
F. is the n*" Fibonacci number, F,=0,F,=1andF_,, = F. +F_,.
Thus the sequenceis 0, 1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, ....

Want functions U(n) and L(n) such that L(n) < F_ < U(n).

AsF ., = F +F ,wehaveF <F +F <2F.
F,<2F;<2(2F,) =22F,<2%2(2F)) =23F,.
Similarly F; <2 F, £2(23F,) =2%F,.

What upper bound does this give?

@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @
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The Fibonacci Numbers
F. is the n*" Fibonacci number, F,=0,F,=1andF_,, = F. +F_,.
Thus the sequenceis 0, 1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, ....

Want functions U(n) and L(n) such that L(n) < F_ < U(n).

AsF ., = F +F ,wehaveF <F +F <2F.
F,<2F;<2(2F,)) =22F,<2%(2F,)=23F,.
Similarly F. <2 F, £2(23F,) =2%F,.

What upper bound does this give? F, < 2" F_. So grows at most exponentially
(doubling). Lower bound?

@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @
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The Fibonacci Numbers
F. is the n*" Fibonacci number, F,=0,F,=1andF_,, = F. +F_,.
Thus the sequenceis 0, 1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, ....

Want functions U(n) and L(n) such that L(n) < F_ < U(n).
AsF ., = F +F , wehaveF ,>2F +F ,>2F_ ,(noteindex decreases by 2).
Thus Fg 22 F, > 2 (2F,) =2°F,222(2F,) =23 F,.

Then F, 22 Fg, 22(23F,) =2*F,, and similarly F,, 2 2° F,
So basically get F__ is at least 2(n1)/2 = 2n/2 2-1/2 = 2-1/2 (21/2)n = 2-1/2 (/2 )
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The Fibonacci Numbers

F. is the n*" Fibonacci number, F,=0,F,=1andF_,, = F. +F_,.
Thus the sequenceis 0, 1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, ....
Want functions U(n) and L(n) such that L(n) < F_ < U(n).

Basically have Constant * (/2 )< F o<2"

So maybe there is some constant r such that F, grows like r"? We can try that....

Note such an r must be between ??? and ???.
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The Fibonacci Numbers

F. is the n*" Fibonacci number, F,=0,F,=1andF_,, = F. +F_,.
Thus the sequenceis 0, 1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, ....
Want functions U(n) and L(n) such that L(n) < F_ < U(n).

Basically have Constant * (/2 )< F o<2"

So maybe there is some constant r such that F, grows like r"? We can try that....

Note such an r must be between V2 and 2.
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The Fibonacci Numbers: Finding a Formula
F. is the n*" Fibonacci number, F,=0,F,=1andF_,, = F. +F_,.
Thus the sequenceis 0, 1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, ....

Try F, = r" and substitute in.

ThusF ,,=r, F =1, F ,=r"L

Substituting: r™*! =" + 1,

Algebra: r"tt - - ™1 =0,s0r"(r’=r-1) =0.

We know r=0 is absurd, so r must satisfy r’ —r — 1 = 0; this is a quadratic!

What can we use to solve it?
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The Fibonacci Numbers: Finding a Formula
F. is the nt" Fibonacci number, F,=0,F,=1andF_,, = F +F__.
Thus the sequenceisO, 1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, ....

Try F, = r" and substitute in.

ThusF ,,=rt, F =1, F ,=r"L

Substituting: r"*1 =" + L

Algebra: r"tl -yn - ™1 =0,so0r"1(r’-r—-1)=0.

We know r=0 is absurd, so r must satisfy r> —r — 1 = 0; this is a quadratic!

Quadratic Formula: If f(x) = ax? + bx + ¢, or y = ax? + bx + ¢, the solutions to

—b+Vb2—-4ac
f(x)=0ory=0arex = — .Forusa=7???,b=7???, ¢c=7???.
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The Fibonacci Numbers: Finding a Formula
F. is the nt" Fibonacci number, F,=0,F,=1andF_,, = F +F__.
Thus the sequenceisO, 1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, ....

Try F, = r" and substitute in.

ThusF ,,=rt, F =1, F ,=r"L

Substituting: r"*1 =" + L

Algebra: r"tl -yn - ™1 =0,so0r"1(r’-r—-1)=0.

We know r=0 is absurd, so r must satisfy r> —r — 1 = 0; this is a quadratic!

Quadratic Formula: If f(x) = ax? + bx + ¢, or y = ax? + bx + ¢, the solutions to

—_ 2 _
f(x)=0ory=0arex = bivb % Forusa= 1, b=-1, c =-1. Thus roots are...

24
@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUES®ON. @




The Fibonacci Numbers: Finding a Formula
F. is the n*" Fibonacci number, F,=0,F,=1andF_,, = F. +F_,.
Thus the sequenceis 0, 1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, ....

Try F, = r" and substitute in, r must satisfy r —r — 1 = 0; this is a quadratic!

Quadratic Formula: If f(x) = ax? + bx + ¢, or y = ax? + bx + ¢, the solutions to

—b+Vb2—4ac
2a

f(x)=0ory=0arex = .Forusa=1,b=-1, c=-1. Thus roots are...

1+ /(-2 —4x1x(-1) 1+ 5 1-+5
2 -T2 " T

Y =
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The Fibonacci Numbers: Finding a Formula
F. is the n*" Fibonacci number, F,=0,F,=1andF_,, = F. +F_,.
Thus the sequenceis 0, 1,1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, ....

Try F, = r" and substitute, r must satisfy r’—r—1=0.

1+ /5 1-+/5
and r, = S

Found r, =

Advanced: if r" works, so does a = r" for any constant a.
1 n n n n
Also if r," and r," work, so too do a, r,;" + a, r," for any constants a,, a,.
Thus the question is: can we find constants a,, a, such thatF, =a,r,"+a, r,"?

How would we do this? @ @
STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION.
i ay =



The Fibonacci Numbers: Finding a Formula
F. is the nt" Fibonacci number, F,=0,F,=1andF_,, = F . +F, ..
Thus the sequenceis 0,1, 1, 2, 3,5, 8, 13, 21, 34, 55, 89, 144, ....

Try F, = r" and substitute, r must satisfy r2—r—-1=0.

1+ /5 1- /5
Found r; = . and r, = S

WantF_=a;r,"+a, r,", know F, =0 and F, = 1, two equations in two unknowns!

1+ Vs +a, 1_2\/5 . After algebra (see next page)

Solve:0=a;+a, and 1=3a,
geta,=-a,=-1/V5

n n
LYieIds Binet’s Formula: F, = - (1+\/§) \/15 (1_2\@) .Amazing!}

V5 2 >,




Solving system of Equations

. 1+ /5 1-+/5
Details to solve:0=a, +a, and 1=a, — ta,—

From the first we get a, = -a,, substitute that into the second:
1+v5  _ 1-v5 _ 1 V5 1 V5 2V5

a Q,— +a,— - a,— +a,— =a, —.
2 1 2 1o 12 1o 12 1 2

1=2a,
Thusa,vV5=1soa,=1/+5.

Solved this by the substitution method: used the first equation to replace
one unknown (a,) with an expression involving just a,. Could also subtract
first from second.
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The Fibonacci Numbers and the Quadratic Formula

Using the Quadratic Formula we found

. 1 (14v5\" 1 [(1-vE\"
Binet's Formula: F,, = \/g( - )'\/g( » )

Absolutely amazing — it allows us to jump to any Fibonacci number without
n

1++/5

+\/_) ? How do you do

computing earlier ones! How hard is it to compute (
that?

@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @
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The Fibonacci Numbers and the Quadratic Formula

Using the Quadratic Formula we found
n n
Binet’s Formula: F, = — (1+\/§) - (1_\@) .

V5 2 V5 2

Absolutely amazing — it allows us to jump to any Fibonacci number without
n

1++/5

+\/_) ? How do you do

computing earlier ones! How hard is it to compute (
that?

Use Pascal’s Triangle to expand (1 + v/5)"; see From Pascal to Calculus: Part I:
https://youtu.be/dv15VTyEWyYQ (powerpoint here, pdf here) (3/25/2020): For
those knowing Algebra | (equations of lines): 52 minutes. Note even powers of

V5 are integers, odd powers are integers times /5. .



https://youtu.be/dv15VTyEWyQ
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/PascalToCalculus.pptx
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/PascalToCalculus.pdf

The Fibonacci Numbers and the Quadratic Formula

Using the Quadratic Formula we found

n n
Binet’s Formula: F, = \/% (1+2\/§) -\/1? (1_2\/5) .

Absolutely amazing — it allows us to jump to any Fibonacci number without
computing earlier ones!

1+ /5 1-+/5

is about 1.618, is about -.618.

It gives us the growth rate!

1++/5 . . 1—+/5
As unll is greater than 1 in absolute value and Vs

happens as n gets large?
@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @
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The Fibonacci Numbers and the Quadratic Formula

Using the Quadratic Formula we found
n n
Binet’s Formula: F, = — (1+\/§) — (1_\/5) .

V5 2 5 2

Absolutely amazing — it allows us to jump to any Fibonacci number without
computing earlier ones! It gives us the growth rate!

1++/5 . : 1-+/5 .
As +2\/_ is greater than 1 in absolute value and V5 is less than 1, what

2

happens as n gets large? The second term in Binet’s formula doesn’t matter
1 (1+ \/E)n

V5 2 : @@

We will use this in the next lecture to solve gambling problem:s. ~
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much, the nt" Fibonacci number is the closest integer to



Computing Fibonacci Numbers

Fi00 = 354224848179261915075

F.ooo =
43166557686937456435688527675040625802564660517371780402481729089536555417949051890403879
84007925516929592259308032263477520968962323987332247116164299644090653318793829896964992
8516003704476137795166849228875

F =
330447648764317832666216120051075433103021484606800639065647699746800814421666623681555955136337340255820653326
808361593737347904838652682630408924630564318873545443695598274916066020998841839338646527313000888302692356736
131351175792974378544137521305205043477016022647583189065278908551543661595829872796829875106312005754287834532
155151038708182989697916131278562650331954871402142875326981879620469360978799003509623022910263681314931952756
302278376284415403605844025721143349611800230912082870460889239623288354615057765832712525460935911282039252853
934346209042452489294039017062338889910858410651831733604374707379085526317643257339937128719375877468974799263
058370657428301616374089691784263786242128352581128205163702980893320999057079200643674262023897831114700540749
984592503606335609338838319233867830561364353518921332797329081337326426526339897639227234078829281779535805709
936910491754708089318410561463223382174656373212482263830921032977016480547262438423748624114530938122065649140
327510866433945175121615265453613331113140424368548051067658434935238369596534280717687753283482343455573667197
313927462736291082106792807847180353291311767789246590899386354593278945237776744061922403376386740040213303432
974969020283281459334188268176838930720036347956231171031012919531697946076327375892535307725523759437884345040
677155557790564504430166401194625809722167297586150269684431469520346149322911059706762432685159928347098912847
067408620085871350162603120719031720860940812983215810772820763531866246112782455372085323653057759564300725177
443150515396009051686032203491632226408852488524331580515348496224348482993809050704834824493274537326245677558
790891871908036620580095947431500524025327097469953187707243768259074199396322659841474981936092852239450397071
654431564213281576889080587831834049174345562705202235648464951961124602683139709750693826487066132645076650746
115126775227486215986425307112984411826226610571635150692600298617049454250474913781151541399415506712562711971
33252763631939606902895650288268608362241082050562430701794976171121233066073310059947366875



Ratio of Fibonacci Numbers and the Golden

F(n+1)/F(n)

]

W 00 =~ O LN B W R e

N e R e R
D 00 o~ U R W N O

20

F(n)

R B W R S

13
21
34
55
89
144
233
377
610
987
1597
2584
4181
6765
10946

2.000000000
1.500000000
1.600000000
1.625000000
1.615384615
1.619047619
1.617647059
1.618181818
1.617977528

1.618025751
1.618037135
1.618032787
1.61803444

1.618033813
1.618034056
1.618033963
1.618033999

o

a2

[

Golden Mean

(1+sqrt(5)) / 2
1.618033989

(1-sgrt(5))/1
-0.618033989

Mean

n

kJ
C

90



Ratios of Fibonacci Numberg and the Golden Mean

F(n) F(n+1)/F(n) Golden Mean
1 1 (1+sqrt(5))/ 2
Why does F,,/F, approach the Golden Mean? : ..
Binet’s Formula: S s tcooooonn oeransaons
n n [ veiseets] 2
F . 1 1+ \/g 1 1- \/g 8 34 1.619047619
n V5 2 V5 2 ' 0 sewmsies
1++/5 . 15| omr| 3etsourer
The Golden mean s about 1.618, 6 197 1evsosas
while the other factor is about -.618. T

. . 1 (1+V5)" . . 1 (1+v5\*
For n large, F is approximately =\ , F..1 is approximately 7 ,

. , 1++/5 :
so the ratio is approximately +2\/_. Can you tell why it alternates above/below?

@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @
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Ratios of Fibonacci Number§ and the Golden Mean

F(n) F(n+1)/F(n) Golden Mean
(1+sqrt(s))/ 2
1.618033989

Why does F_,.,/F.approach the Golden Mean?

N W M

] . .500000000 st
Blnet’S FormU|a: 5 8 1.600000000 —{[].6180{33]1!89
n n 7 21 1.615384615 :
o= L (i V5 1 (1-+/5 A
n \/g 2 \/g 2 . 13 23 1.617647059
1+ '\/g . i: gég 1.618032787
The Golden mean s about 1.618, 16| 1507
while the other factor is about -.618. o o iewmomse W w @

- | - . tI11+\/§nF . . t|11+x/§n+1
or n large, F, is approximately — ( —; , Frey is approximately — ,
1+/5

2
The term tending to zero is negative, so alternates b/w being positive/negative.

92

so the ratio is approximately . Can you tell why it alternates above/below?



&
“@Part |V: Applications of
Quadratic and Higher:

Recurrences and Roulette

Watch this video: https://youtu.be/Esa2TYwDmwA (7 minutes)

https://web.williams.edu/Mathematics/sjmiller/public html/math/talks/talks.html

aaaaaaaaaaaaaaaaaaaaaaaaaaaaaaa ; it is a pleasure to thank them for their support.


https://youtu.be/Esa2TYwDmwA
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/talks.html
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THEORY

These math o :h lectures supported in p by the Journal of Number Theory
and the Teal h s Scholar: p g am; it is a ple o thank them for their support.

Part V: Applications of
Quadratic Equations:
fTraj e c t o ries

https://web.williams.edu/Mathematics/sjmiller/public html/math/talks/talks.html
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Review: Quadratic Equations

A quadratic equation is of the form f(x) = ax* + bx + ¢, or y = ax? + bx + c.

\

If y = 3x2—5x + f}\then when x=2, y ecruals 3+22-5+2+7=12-10+7 =09.
\

We say this is a polynomial of degree|2 as 2 is the highest power of x; a cubic
would have its highest power 3, and sojon.

How many points are needed to uniquely determine a quadratic? THI?(!

L i
95 3



Review: Quadratic Equations

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.

Imagine know (0, 7), (1, 5) and (2,9) are on the quadratic. Then
e7=a+*0%2+b*0+c,s0o7=c.

e5=a+*1?+b+*1+c,so5=a+b+c, butsince c=7 we get -2 = a+b.
*9=3*22+b*2+c,s09=4a+2b+c, butsince c=7 we get 2 = 4a+2b.

We have two equations in two unknowns: we can solve! If we subtract two copies of
the second from the first, the b-terms vanish:

2=4a+2b
-4=2a+2b
So6=2ao0ora=3;since-2=a+bwefindb=-2-a=-5.

We could also have used -2 = a+b to say b = -2-a, and substitute that into 2 = 4a+2b,
which would give 2 =4a + 2(-2-a), or 2=4a—-4—-2a. Thus 6 =2a and againa=3. ..



Application: Finding the Cannon!

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.

Imagine we are being attacked by a cannon. We don’t know where it is, but we

observe the trajectory as it nears us. Say we observe 10 points on the curve as
the cannon ball approaches us.

If we assume it is a perfect parabola, can we determine where the cannon is? If
yes, how?

@ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @
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Application: Finding the Cannon!

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax?> + bx + c.

Imagine we are being attacked by a cannon. We don’t know where it is, but we
observe the trajectory as it nears us. Say we observe 10 points on the curve as
the cannon ball approaches us.

If we assume it is a perfect parabola, can we determine where the cannon is? If
yes, how?

* Knowing three points on the parabola, can find a, b and c. Use method of last
page, system of three equations and three unknowns.

* Find where the polynomial is zero (Quadratic Formula), that gives the launch
spot!

98



Application: Trajectories are Parabolas

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.
We assumed the cannon ball’s path (no air resistance) is a parabola. Is it?

Consider a batted baseball. https://calculushowto.com/how-to-describe-the-path-of-a-baseball-in-calculus/
Path of a baseball: Steps

Step 1: Define the wariables used in both the parametric equations.

Represent the height in feet by 'h’,
The angle in degrees by &’
The initial velocity in feet per second by v

@ & & B

The time in seconds by 't

Step 2:Write an equation for the horizontal motion of the baseball as a function of time:
s x(t) =v * Cos(a) *t.

Step 3:Write an equation to describe the vertical motion of the baseball as a function of time:

e y(t)=h+v*Sin@@ "t-16 "t

Two steps. We figure out how long it is airborn until the y-coordinate is zero, and that gives the time to plug in to
the formula for x. What do you think is the best angle?
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Application: Trajectories are Parabolas

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.
Consider a batted baseball. Use 6 ft above ground, 176 ft/sec, 45 degree angle.

Vertical as a function of time: y(t) = 6 + 124t — 16t°.
Horizontal as a function of time: x(t) = 124t.

x[t ] = 124 ¢
y[t ] = 64124t - 16 t2
Plot[{ x[t], y[t]}, {t, @, 8}, PlotLegends - "Expressions"]

We have x and y as functions of time.

"
-

This gives us a linear function for x,
and a quadratic (parabola) fory as a S

function of time. o
How do we find y as a function of x? S =

@ STOP!PAUSETHEVIDEONOWTOTHINKABOUTTHEQUESTION.@ e —— 100




Application: Trajectories are Parabolas

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax?> + bx + c.
Consider a batted baseball. Use 6 ft above ground, 176 ft/sec, 45 degree angle.

Vertical as a function of time: y(t) = 6 + 124t — 16t2. = \
Horizontal as a function of time: x(t) = 124t “

We can write t as a function of x, and then use that to write y as a function of x!

X

2
fx =124t then t=x/124. Thus y = 6 + 124 —— — 16 (=) , so we find
124 124

1 L
y=6+x-— x? and thus we do see it is a parabola!
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Part V\":‘?App\ications of
tic Equations:
Codes!
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Application: Codes

This problem is posted on my riddles page: https://mathriddles.williams.edu/

If you are interested in wusing the student/teacher corner, email me at
siml@williams.edu for details on how to get the password.

Consider an army with 10 generals. One wants a security system such that any three
of them can determine the code to launch nuclear missiles, but no two of them can.
It is possible to devise such a system by using a quadratic polynomial, such as ax? +
bx + c; to launch the missiles, one must input (a,b,c).

* One cannot just tell each general one of a, b, or c (as then it is possible that some
subset of three generals won’t know a, b and c).

 Howeuver, if a general knows two of (a,b,c), then a set of two generals can launch
the missiles!

What information should be given to the generals so that any three can find (a,b,c)
but no two can? What about the general situation with N generals and any M can

IaunCh (bUt no set Of M-l) can? @ STOP! PAUSE THE VIDEO NOW TO THINK ABOUT THE QUESTION. @
y y 103
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Application: Codes

Consider an army with 10 generals. One wants a security system such that any three of them can determine
the code to launch nuclear missiles, but no two of them can. It is possible to devise such a system by using a
quadratic polynomial, such as ax2 + bx + c; to launch the missiles, one must input (a,b,c).

* One cannot just tell each general one of a, b, or c (as then it is possible that some subset of three generals
won’t know a, b and c).

* However, if a general knows two of (a,b,c), then a set of two generals can launch the missiles!

First Thoughts

This seems like a difficult problem to tackle head on, so let’s first consider a simpler case. Let’s think of a way to
create a similar missile system for the case where there are 3 generals and any 2 can launch the missiles.

* Afirst idea is to use a linear polynomial, ax + b. If we give each of our three generals one of the numbers a or
b, we run into the same problem as in the original setup: a situation may arise where some subset of two
generals can’t launch the missiles.

e Similarly, if we give everyone a and b, then each general can launch the missile.

This dilemma suggests that we think of another way to determine the equation of a line. Fortunately, we soon
realize that given two points on a line, we can completely solve for the equation of that line. Therefore, if we
give each of the generals a point on the line, any subset of two generals can determine the line.



Finding the equation of a line

Imagine we have the line y = ax + b and we have two points: (1,1) and (2,3).

Thus
3=a*2+b or3=2a+b
l=a*1+b orl= a+hb

We have two equations in two unknowns. If we subtract the second from the
first we get 2 = a, and then pluggingthatintol=a+bgives1+2=b,orb=-1.

Or we could use 1 =a + b to get b = 1-3, substitute that into the first equation
and find 3 =2a +(1-a), or3=a+ 1, thus a = 2 as before.
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Application: Codes

Consider an army with 10 generals. One wants a security system such that any three of them can determine
the code to launch nuclear missiles, but no two of them can. It is possible to devise such a system by using a
quadratic polynomial, such as ax2 + bx + c; to launch the missiles, one must input (a,b,c).

* One cannot just tell each general one of a, b, or c (as then it is possible that some subset of three generals
won’t know a, b and c).

* However, if a general knows two of (a,b,c), then a set of two generals can launch the missiles!

Second Thoughts

We now wish to apply the reasonin%]to our original problem. Perhaps we can give each general a point and have
the same result; any collection of three generals can solve for the equation of the parabola. Let’s explore this
option. Take any subset of three generals with points (m, n), (r, s) and (u, v). Then we get the following system of
equations: The only unknowns are a, b and c.

am2+bm+c=n
ar?+br+c=s
au?+bu+c=v

We observe that this is a system of three equations in three unknowns, (a, b, c), since all of the other
parameters are already known by the generals (that is, we know m, n, r, s, u, v). We don’t have to worry about
there beinﬁ no solution to this system because we have chosen three points on the parabola we are given, so
we know there is at least one parabola through the three points. We must therefore be able to solve this system
of equations for a unique (a, b, c).



Quadratic Equations: Finding coefficients from Points

A quadratic equation is of the form f(x) = ax? + bx + ¢, or y = ax? + bx + c.

Imagine know (0, 7), (1, 5) and (2,9) are on the quadratic. Then
e7=a+*0%2+b*0+c,s0o7=c.

e5=a+*1?+b+*1+c,so5=a+b+c, butsince c=7 we get -2 = a+b.
*9=3*22+b*2+c,s09=4a+2b+c, butsince c=7 we get 2 = 4a+2b.

We have two equations in two unknowns: we can solve! If we subtract two copies of
the second from the first, the b-terms vanish:

2=4a+2b
-4=2a+2b
So6=2ao0ora=3;since-2=a+bwefindb=-2-a=-5.

We could also have used -2 = a+b to say b = -2-a, and substitute that into 2 = 4a+2b,
which would give 2 =4a + 2(-2-a), or 2=4a -4 —-2a. Thus 6 =2a and againa=3. ,



Application: Codes

Consider an army with 10 generals. One wants a security system such that any three
of them can determine the code to launch nuclear missiles, but no two of them can.
It is possible to devise such a system by using a quadratic polynomial, such as ax? +
bx + ¢; to launch the missiles, one must input (a,b,c).

* One cannot just tell each general one of a, b, or c (as then it is possible that some
subset of three generals won’t know a, b and c).

 However, if a general knows two of (a,b,c), then a set of two generals can launch
the missiles!

What information should be given to the generals so that any three can find (a,b,c)
but no two can? What about the general situation with N generals and any M can
launch (but no set of M-1) can?

The General Solution:

Following a similar line of reasoning, we see that in the general case with N generals
where any M can launch the missiles, we need to give each of the generals a unique
point on a degree M — 1 curve. Also “generalizations” where some get more points....
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