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Introduction

A Pair of Equations

For relatively prime a, b € N, consider

ax + by = (31)2(b1)
ax+by+1 = (3_1)2([)_1)
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Introduction

A Pair of Equations

For relatively prime a, b € N, consider

ax + by = (31)2(b1)
ax+by+1 = (3_1)2([)_1)

Theorem (Beiter (1964), extended by Chu (2020))

Exactly one of the equations has a nonnegative integral solution
(x,y). The solution is unique.
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Introduction

A Pair of Equations

Define [ : {(a, b) € N2 : gcd(a, b) = 1} — {1,2}:

M(a,b) 1, if (1) has a solution;
a,b) =
2, if (2) has a solution.
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Introduction

Fibonacci Numbers

Fi=1 F=1 F3=2 F4=3, Fs=5, F5=8,...
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Introduction

Fibonacci Numbers

Fi=1 F=1 F3=2 F4=3, Fs=5, F5=8,...

ged(Fp, Foy1) = 1
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Introduction

Fibonacci Numbers

Fi=1 F=1 F3=2 F4=3, Fs=5, F5=8,...

ged(Fp, Foy1) = 1

a+b = (3_1)2(17_1) (1)

a[x]+b[y]+1 = (3_1)2(13_1) (2)
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Introduction

Fibonacci Numbers

Fi=1 F=1 F=2 F=3 Fs=5 Fs=8,...
ng(Fn7Fn+1) =1

Fp—1)(Fpi1 — 1
F+ P [y] = o= D= D) (1)

Fo—1)(Fpp1 — 1
R+ Frafp]+1 = Loz DazD g
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Introduction

Fibonacci Numbers

Fi=1 F=1 F=2 F=3 Fs=5 Fs=8,...
ng(Fn7Fn+1) =1

Fp—1)(Fpi1 — 1
F+ P [y] = o= D= D) (1)

Fo—1)(Fpp1 — 1
R+ Frafp]+1 = Loz DazD g

M(Fn, Foy1) =7
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Introduction

Previous work

Chu 2020:
n 3 4 5
M(Fn, Fny1) | 2 2 2 1 1 1
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Introduction

Previous work

Chu 2020:
n 3 4 5 7
[(Fn, Fos1) | 2 2 2 1 1 .
— - Ferx — 1)(Fe -1
Fe - % 4 Forin - F6k721 1) _ (Fek )(26k+1 )
[ Forsn — 1] Forso — 1 Foris — 1) (Fopra — 1
1+ Fo 3 % Pk s 6k+22 _ (Fekss )2( okia — 1)
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Previous work

Chu 2020:
n 3 4 5 7
[(Fn, Fos1) | 2 2 2 1 1 .
Fok—1—1 For_1—1 For — 1) (Ferrq — 1
[ Forpo — 11 Forio — 1 Ferin— 1) (Fepsa — 1
1+ Fo 3 % Pk s 6k+22 _ (Fekss )2( okia — 1)

R. K. Davala 2023: Identities for other famous sequences
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Previous work

Introduction

Chu 2020:
n 3 4 5 7
[(Fn, Fos1) | 2 2 2 1 1 .
— - Ferx — 1)(Fe -1
Fe - % 4 Forin - F6k721 1) _ (Fek )(26k+1 )
[ Forsn — 1] Forso — 1 Foris — 1) (Fopra — 1
1+ Fo 3 % Pk s 6k+22 _ (Fekss )2( okia — 1)

R. K. Davala 2023: Identities for other famous sequences

Polymath Jr. 2023: Characterize (a, b) for ['(a, b) =1 or 2
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Introduction

Our goals
Chu 2020:
- — Ferx — 1)(Fe -1
Fe - % + Forrn - F6k721 1 :( 6k )(26k+1 )
[ Foro — 11 Foo—1 e INFeron — 1
1+F6/(+3' % +F6k+4' 6k+22 — ( 6k+3 )2( 6k-+4 )
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Introduction

Our goals
Chu 2020:
- — Ferx — 1)(Fe -1
Fe - % + Forrn - F6k721 1 :( 6k )(26k+1 )
[ Foro — 11 Foo—1 e INFeron — 1
1+F6/(+3' % +F6k+4' 6k+22 — ( 6k+3 )2( 6k-+4 )

n’»'n

M(F2,F2,) =7
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Introduction

Our goals
Chu 2020:
- - Ferx — 1)(Fe -1
Fe - % + Forrn - F6k721 1 :( 6k )(26k+1 )
[ Foro — 11 Forso — 1 Ferrs — 1)(Fopra — 1
1+ Fe3- % | Fopra- 6k+22 _ (Fek+3 )2( okra — 1)

r(Fr?aFr?—f—l) =7

Are there similar identities for Fibonacci squared?
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Fibonacci Squared

Fibonacci Squared - The Data

ax+by+1 = (‘3_1)2([)_1) (2)

n| Fo | Fan | x |y | T(FR FRu)

2] 1 4 0] 0

3| 4 9 3]0

41 9 25 51| 2 (2)

5] 25 64 |20 | 4

6| 64 | 169 |51 | 12

71169 | 441 | 83 | 52 (2)

Table: Fibonacci squared
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Fibonacci Squared

Fibonacci Squared - The Data

n ‘ F? ‘ F3+1 ‘ X ‘ Yy ‘F(F37F3+1 ‘FS_X—Y
2 1 4 0 0 ) 1

3| 4 9 3 0 (1) 1

4| 9 25 5 2 (2) 2

5 | 25 64 20 4 (1) 1

6 | 64 | 160 | 51 12 (1) 1

7 | 169 | 441 83 52 (2) 34
8 | 441 | 1156 | 356 | 84 (1) 1

9 | 1156 | 3025 | 935 | 220 (1) 1
10 | 3025 7921 1513 934 (2) 578
13 | 54289 | 142129 | 27143 | 16776 (2) 10370

Table: Fibonacci Squared Pattern
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Fibonacci Squared

Fibonacci Squared - The Data

n ‘ F? ‘ F3+1 ‘ X ‘ y ‘r(F37F3+1)‘F3_X_y
2 1 4 0 0 1) 1

3 4 9 3 0 (1) 1

4 9 25 5 2 (2) 2

5 | 25 64 20 4 (1) 1

6 | 64 169 51 12 (1) 1

7 169 441 83 52 (2) 34
8 | 441 | 1156 | 356 | 84 (1) 1

9 | 1156 | 3025 | 935 | 220 (1) 1
10 | 3025 | 7921 | 1513 | 934 (2) 578
13 | 54289 | 142129 | 27143 | 16776 (2 10370

Table: Fibonacci Squared Pattern
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Fibonacci Squared

Identities for Fibonacci Squared

For n > 7 with n=1 mod 6, the following holds

F2-3
2

F2.

+Fr

(B-D(Fy-1)

n
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Fibonacci Squared

Identities for Fibonacci Squared

For n > 7 with n=1 mod 6, the following holds

n

F2.

F2-3
2

+Fr

(F2 = 1)(F2y — 1)

n

+1=

2

For n > 1 with n =4 mod 6, the following holds

FZ+1
2

2 n
+Fn+1‘

n

=

(R = 1)(F2n = 1)

2
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Fibonacci Squared

Identities for Fibonacci Squared

For n > 1 with n=0,2,3,5 mod 6, the following holds

F2 . +1 F2 . -1 F2—1)(F2, -1
Fg (FS— -1t ) —|—F3+1‘ n—1 ( )( n+1 )

2 2 |- 2
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Fibonacci Squared

For n > 1 with n=0,2,3,5 mod 6, the following identity holds

F2,+1 F2,-1| (FR—1)(F2 -1
F3 (F,?— ,,,12-1- > +F3+1' ,,712 :( n )(2 n+1 )
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Fibonacci Squared

For n > 1 with n=0,2,3,5 mod 6, the following identity holds

F2,+1 F2,-1| (FR—1)(F2 -1
F3 (F,?— ,,,12-1- > +F3+1' ,,712 :( n )(2 n+1 )

Proof:

Fn: n+1_Fn—1
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Fibonacci Squared

For n > 1 with n=0,2,3,5 mod 6, the following identity holds

F2,+1 F2,-1| (FR—1)(F2 -1
F3 (F,?— ,,,12-1- > +F3+1' ,,712 :( n )(2 n+1 )

Proof:

Fo = Fopr— For= F = Fl oy = Fliy = —2F1Fpn
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Fibonacci Squared

For n > 1 with n=0,2,3,5 mod 6, the following identity holds

F2,+1 F2,-1| (FR—1)(F2 -1
F3 (F,?— ,,,12-1- > +F3+1' ,,712 :( n )(2 n+1 )

Proof:

Fo = Fopr— For= F = Fl oy = Fliy = —2F1Fpn

(Fn-1Fnt1 — F3)2 = ((-1)")* (Cassini Identity)
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Fibonacci Squared

For n > 1 with n=0,2,3,5 mod 6, the following identity holds

F2,+1 F2,-1| (FR—1)(F2 -1
F3 (F,?— ,,,12-1- > +F3+1' ,,712 :( n )(2 n+1 )

Proof:

Fo = Fpy1 —Fno1 = F2 — F2, —F2,; = —2F, 1Fni1
(Fn-1Fnt1 — F3)2 = ((-1)")* (Cassini Identity)

= Fp — 2F2Fp 1Fni1+ Fi i Fiy = 1

n
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Fibonacci Squared

F?—Fl,—F2, = —2Fp1Fni1

FE = 2F2Fy 1 Foa + F2y P2 = 1

— 2Fy — PR — PR+ Fo g Fy = 1

n
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Fibonacci Squared

F?—Fl,—F2, = —2Fp1Fni1

FE = 2F2Fy 1 Foa + F2y P2 = 1

= 2Fy — FoFy  — FFp + FyaFy = 1

n

(FF = Fia =1 FR+ (Fia=1) - Fiyy = (Ff = 1)(F = 1)
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Fibonacci Squared

Fi—F; 1 —F2 = —2Fp1Faa

Ft —2F2F, 1Fpy1+ F2 F2, = 1

= 2Fy — FiF}  — FF2 + Fl F2, =1

(2F = Faa = 1) FR+(Fiq = 1)-Flyy = (F = 1)(Fi1 — 1)

F2,+1 F2,-1 (F2—1)(F2,,—1)
2 n—1 . 2 n—1 . 2 — n+1
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Fibonacci Cubed

Fibonacci Cubed - The Data

What about Fibonacci cubed?
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Fibonacci Cubed

Fibonacci Cubed - The Data

What about Fibonacci cubed?
| A LR xe | ye [ TR Faiy)

n

1 8 0 |0 (1)
8 | 27| 8 | 1 (1)
27 | 125 | 18 (2)
125 | 512 | 106 | 36 (1)
(2)
(1)

512 | 2197 | 405 | 161
2197 | 9261 | 1791 | 673

Table: Fibonacci cubed

~N O O B~ W NS
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Fibonacci Cubed

Fibonacci Cubed - The Data

What about Fibonacci cubed?
| A LR xe | ye [ TR Faiy)

n

1 8 0 |0 (1)
8 | 27| 8 | 1 (1)
27 | 125 | 18 (2)
125 | 512 | 106 | 36 (1)
(2)
(1)

512 | 2197 | 405 | 161
2197 | 9261 | 1791 | 673

Table: Fibonacci cubed

~N O O B~ W NS

xx =33 —x3-1 ys = y3+2°
x5 =5 -xa—1 ys = yu+3°
6 =8 —x5—1 yo = y5s+5
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Fibonacci Cubed

Fibonacci Cubed - The Data

X, = F,?—x,,_l—l

Yn = )/n71+F,?_1o
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Fibonacci Cubed

Fibonacci Cubed - The Data

Xn

Yn

Let n € N with n > 2. The following hold

F3—xp1—1

Yn—1 + F,?_]_«

(F23n71 — 1)(F23n - 1)

2n—1 2n—2
[Z(—l)“FE] Fan1+ (Z FE) Fan = > :
k=1 k=2

2n 2n—1
1+ D (V)R -1 B+ (Z Fi) Fani1
k=1 k=2

_ (B 1)
. .
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Fibonacci Cubed

Ongoing proof

Frontczak’s formulas (2018) to replace sums of Fibonacci cubes:

F Fen— 1
L F23n + F23n71 5 F23r771
4 2
Fen-3 = Fen—6 1
+< Z_ =+ Z_ _F23n—1_F23n—2_§ F23n
(B -1
2
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Fibonacci Cubed

Ongoing proof

Frontczak’s formulas (2018) to replace sums of Fibonacci cubes:

F Fen— 1
L F23n + F23n71 5 F23r771
4 2
Fen-3 = Fen—6 1
+< Z_ =+ Z_ _F23n—1_F23n—2_§ F23n
(B -1
2

(F6n—2 + 2":23n71) F23n71 + (F6n_4 - 2F23n72) F23n = 5F23n71F23n +1
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Fibonacci Cubed

Ongoing proof

(Fﬁn—z + 2":23n71) F23n71 + (F6f7—4 - 2F23n72) F23n = 5'l:23n71F23n +1
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Fibonacci Cubed

Ongoing proof

(Fﬁn—z + 2":23n71) F23n71 + (F6f7—4 - 2F23n72) F23n = 5'l:23n71F23n +1

Binet's formula to obtain an identity involving ¢ = (1 ++/5)/2.
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Fibonacci Cubed

Ongoing proof

(Fﬁn—z + 2":23n71) F23n71 + (F6f7—4 - 2F23n72) F23n = 5'l:23n71F23n +1

Binet's formula to obtain an identity involving ¢ = (1 ++/5)/2.

Linearize ¢" by ¢F, + Fp_1
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Fibonacci Cubed

Ongoing proof

(Fﬁn—z + 2":23n71) F23n71 + (F6f7—4 - 2F23n72) F23n = 5'l:23n71F23n +1

Binet's formula to obtain an identity involving ¢ = (1 ++/5)/2.
Linearize ¢" by ¢F, + Fp_1

An identity linear in both ¢ and F,'s
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Another Pair of Diophantine Equations

Another Pair of Diophantine Equations

Given a, b € N with (a, b) = 1, consider the two following

equations.
—1(b—-1
xa+yb = (a=1)(b-1) )2(b ),
—1(b-1
1+xa+yb = (a=1) )

2

Exactly one of the equations above has a nonnegative integral
solution (x, y), and the solution is unique.
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Another Pair of Diophantine Equations

Another Pair of Diophantine Equations

(a, b) = (7,8) gives (x,y) = (3,0):

(7T-1)(8-1)

3-74+0-8 =
* 2
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Another Pair of Diophantine Equations

Another Pair of Diophantine Equations

(a, b) = (7,8) gives (x,y) = (3,0):

(7T-1)(8-1)

3-74+0-8 =
* 2

Can we find a pair of equations that give only positive solutions?
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Another Pair of Diophantine Equations

Another Pair of Diophantine Equations

Given a, b € N with (a, b) = 1, consider the two following

equations
—-1)(b—-1
xa+yb = (3)2(b)+(a+b),
—1}(b—-1
l+xa+yb = (‘9)2()+(a+b).

Exactly one of the equations above has a positive integral
solution (x, y), and the solution is unique.
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Another Pair of Diophantine Equations

Another Pair of Diophantine Equations

(a,b) = (7,8):

Old: 3.7_{_0.8:(7_1)2(8_1)
New: 4‘7+1‘8=(7_1)2(8_1)+(7+8)

(3,0) » (3+1,0+1)

X. Chen, F. K. Kesumajana, D. Kim, L. Li, J. Yang A Pair of Diophantine Equations Involving Fibonacci Numbers



Another Pair of Diophantine Equations

Another Pair of Diophantine Equations

Given a,b € N with (a,b) =1, b>2,and (a+1)b=0 mod 2,
consider the two following equations

xa+yb = w—kl, (3)
xa+yb = @*1- (4)

Exactly one of the two equations has a positive integral solution (x, y),
and the solution is unique.
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Another Pair of Diophantine Equations

Another Pair of Diophantine Equations

Given a,b € N with (a,b) =1, b>2,and (a+1)b=0 mod 2,
consider the two following equations

1)b

xa+yb = %—kl, (3)
1)b

xa+yb = %—1. (4)

Exactly one of the two equations has a positive integral solution (x, y),
and the solution is unique.

Define " : {(a, b) : (a, b) = 1,b > 2,2 divides (a + 1)b} — {1,2}:

M(a,b) — 1, ?f (3) has a solut?on;
2, if (4) has a solution.
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Another Pair of Diophantine Equations

Another Pair of Diophantine Equations

Asymmetric: possible that (a, b) # (b, a).

(a,b) = (3,5) and (a, b) = (5,3)

341

2.34+1.5 = (J;)5+1
1

1-541-3 = (5"’_2)3_1

X. Chen, F. K. Kesumajana, D. Kim, L. Li, J. Yang A Pair of Diophantine Equations Involving Fibonacci Numbers



Another Pair of Diophantine Equations

Proof Sketch

Let k = (a+1)b/2. Choose 1 < r,rn < b—1s.t.

na = k+1 modb
ma = k—1 modb

X. Chen, F. K. Kesumajana, D. Kim, L. Li, J. Yang A Pair of Diophantine Equations Involving Fibonacci Numbers



Another Pair of Diophantine Equations

Proof Sketch

Let k = (a+1)b/2. Choose 1 < r,rn < b—1s.t.

na = k+1 modb
ma = k—1 modb

(r1+r2)a = O modb — r1+r2:b

X. Chen, F. K. Kesumajana, D. Kim, L. Li, J. Yang
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Another Pair of Diophantine Equations

Proof Sketch

Let k = (a+1)b/2. Choose 1 < r,rn < b—1s.t.
na = k+1 modb
na = k—1 modb
(r1+r2)a = O modb — r1+r2:b

k+1—na k—1—ma
SI:T S — 5

A Pair of Diophantine Equations Involving Fibonacci Numbers
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Another Pair of Diophantine Equations

Proof Sketch

Let k = (a+1)b/2. Choose 1 < r,rn < b—1s.t.
na = k+1 modb
ma = k—1 modb

(r1+r2)a = O modb — r1+r2:b

k+1—na k—1—ma
SI:T S — 5

s1 + s = 1 = exactly one is positive

A Pair of Diophantine Equations Involving Fibonacci Numbers

X. Chen, F. K. Kesumajana, D. Kim, L. Li, J. Yang



Another Pair of Diophantine Equations

What's next

Finish the proof for Fibonacci cubed
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Another Pair of Diophantine Equations

What's next

Finish the proof for Fibonacci cubed

Examine higher powers and ['(F, Ff;H) (i #J)
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Another Pair of Diophantine Equations

What's next

Finish the proof for Fibonacci cubed
Examine higher powers and ['(F, Ff;H) (i #J)

Characterize when [(a, b) # (b, a)
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