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https://www.youtube.com/shorts/1giveD1wO6o


THE RECTANGLE GAME

















Fibonacci Sequence

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597.

Each is the sum of the previous two: Fn+1 = Fn + Fn-1, F1 = 1, F2 = 2. 



Fibonacci 
and Art: I



Fibonacci 
and Art: II
Cake by Kayla Miller



Fibonacci Sequence
1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597.

Each is the sum of the previous two: Fn+1 = Fn + Fn-1, F1 = 1, F2 = 2. 

What patterns do you notice in the sequence?

Fourth graders at Lanesborough Elementary discovering the Fibonacci numbers.



Fibonacci Sequence
1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597.

Odd, odd, even, odd, odd, even, odd, odd, even, ….



Fibonacci Sequence
1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597….

Odd, odd, even, odd, odd, even, odd, odd, even, ….

PROOF:

Clock arithmetic: 
• a = b mod n means a-b is a multiple of n.
• a + b mod n equals (a mod n) + (b mod n) mod n.
• Periodic mod n – Pigeonhole/Box Principle.

• Look at (Fi, Fi+1) mod n for i from 0 to n2.



Related Questions:

What other related questions can we ask?



Related Questions:

What other related questions can we ask?

• What if we look modulo 3? Modulo n?

• How does the period depend on n?

• How many distinct residues are seen?

• How often is each residue seen?

Email me at sjm1@williams.edu if interested in pursuing….









https://youtu.be/_vkGakVt1RA 

https://youtu.be/_vkGakVt1RA


https://youtu.be/_vkGakVt1RA?t=265 
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Sums of Squares of Fibonacci Numbers

12 + 12 + 22 + 32 + 52 + 82 + 132 + 212 + 342 + 552  =  55 · 89.
Geometric Interpretation (Tile Plane): 12 + 12 + 22 + · · · + Fn

2  =  Fn · Fn+1.   



Random “Fibonacci” Spirals
The Fibonacci Rectangle Game: Two First-Move Classes and a Triangle-
Induced Choice (Douglass Larsson Engholm and Steven J. Miller), to 
appear in the Fibonacci Quarterly.
https://web.williams.edu/Mathematics/sjmiller/public_html/math/papers/Fibonacci_Rectangle_Game_Engholm_Miller.pdf

 

Up – Left – Down – Right – Up – Left – Down – Right – Up – Left - ···

https://web.williams.edu/Mathematics/sjmiller/public_html/math/papers/Fibonacci_Rectangle_Game_Engholm_Miller.pdf




HOW DO WE CONNECT? TRY IT ON THE GRAPH PAPER!







FIBONACCI DIGITS



Digits of Fibonacci Numbers
An Invitation to Fibonacci Digits (Justin Cheigh, Guilherme Zeus Dantas e Moura, Jacob Lehmann 
Duke, Annika Mauro, Zoe McDonald, Anna Mello, Kayla Miller, Steven J. Miller, Santiago Velazquez 
Iannuzzelli), Fibonacci Quarterly 63 (2025), no. 4, 702--710.
https://web.williams.edu/Mathematics/sjmiller/public_html/math/papers/FibOutreachPaper_Digits40.pdf

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597….
 

https://web.williams.edu/Mathematics/sjmiller/public_html/math/papers/FibOutreachPaper_Digits40.pdf


Digits of Fibonacci Numbers
1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597….

F300 =  222232244629420445529739893461909967206666939096499764990979600
Note last 19 digits do not contain a 1, 2, 3, 5 or 8! If 50% chance odds 1 in 2 million 
(remember 3x+1 and 27…).

Theorem (Jarden). The last n ≥ 3 digits of the Fibonacci numbers 
repeat every  15 ·10n−1 times.

If we look at the Fibonacci numbers modulo 10, we get {1, 1, 2, 3, 5, 8, 3, 1, 4, 5, 9, 4, 3, 7, 0, 7, 7, 4, 1, 5, 6, 1, 7, 8, 5, 3, 
8, 1, 9, 0, 9, 9, 8, 7, 5, 2, 7, 9, 6, 5, 1, 6, 7, 3, 0, 3, 3, 6, 9, 5, 4, 9, 3, 2, 5, 7, 2, 9, 1, 0, 1, 1, 2, 3, 5, . . . }, and we see that the 
last digit is periodic with period 60; we leave to the audience the fun exercise of finding the period of the last two digits!







PANTHers Results at the Conference
• Starting: For any arbitrary finite sequence of digits S there exists 

infinitely many Fibonacci numbers starting with S.

• Ending: The Fibonacci sequence {Fn} fails to produce every 
possible n-digit ending combination if and only if the sequence 
is incomplete modulo 10n. With Burr's criterion, the sequence is 
complete modulo 10n if and only if n < 3.

• Proportion: For any d (or finite string of digits), the proportion of 
Fibonacci numbers that contain d (or the string) in their decimal 
expansion approaches 100% as n tends to infinity.



The M&M Game: From Morsels to Modern Mathematics (with Ivan Badinski, Nathan McCue, 
Cameron Miller, Kayla Miller and Michael Stone). Mathematics Magazine (90 (2017), no. 3, 197--
207) pdf (pruned published version: pdf). 

Generalizations of the M&M Game (Snehesh Das, Steven J. Miller, Geremias Polanco, Yilong Wu, April 
Yang, Chris Yao), to appear in The PUMP Journal of Undergraduate Research pdf

http://www.maa.org/pubs/mathmag.html
https://web.williams.edu/Mathematics/sjmiller/public_html/math/papers/MMProblem10.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/math/papers/MandMGame_MathMag.pdf
https://journals.calstate.edu/pump
https://web.williams.edu/Mathematics/sjmiller/public_html/math/papers/MandMPolymatg2024v100.pdf


































































Teşekkürler!



BONUS MATERIAL















Decomposition Interpretation: Fibonaccis unique sequence such that all integers sums of non-adjacent terms!
















	The Rectangle Game:�How to go from Rigging Games to Art and Theorems�
	Slide Number 2
	Slide Number 3
	THE RECTANGLE GAME
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Fibonacci �and Art: I
	Fibonacci �and Art: II�Cake by Kayla Miller
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Slide Number 21
	Slide Number 22
	Slide Number 23
	Slide Number 24
	Slide Number 25
	Slide Number 26
	Slide Number 27
	Slide Number 28
	Slide Number 29
	Slide Number 30
	Slide Number 31
	FIBONACCI DIGITS
	Slide Number 33
	Slide Number 34
	Slide Number 35
	Slide Number 36
	Slide Number 37
	The M&M Game: From Morsels to Modern Mathematics (with Ivan Badinski, Nathan McCue, Cameron Miller, Kayla Miller and Michael Stone). Mathematics Magazine (90 (2017), no. 3, 197--207)  pdf (pruned published version: pdf). ���Generalizations of the M&M Game (Snehesh Das, Steven J. Miller, Geremias Polanco, Yilong Wu, April Yang, Chris Yao), to appear in The PUMP Journal of Undergraduate Research  pdf�����
	Slide Number 39
	Slide Number 40
	Slide Number 41
	Slide Number 42
	Slide Number 43
	Slide Number 44
	Slide Number 45
	Slide Number 46
	Slide Number 47
	Slide Number 48
	Slide Number 49
	Slide Number 50
	Slide Number 51
	Slide Number 52
	Slide Number 53
	Slide Number 54
	Slide Number 55
	Slide Number 56
	Slide Number 57
	Slide Number 58
	Slide Number 59
	Slide Number 60
	Slide Number 61
	Slide Number 62
	Slide Number 63
	Slide Number 64
	Slide Number 65
	Slide Number 66
	Slide Number 67
	Slide Number 68
	Slide Number 69
	Slide Number 70
	Slide Number 71
	Slide Number 72
	Slide Number 73
	Slide Number 74
	Slide Number 75
	Slide Number 76
	Slide Number 77
	Slide Number 78
	Slide Number 79
	Slide Number 80
	Slide Number 81
	Slide Number 82
	Slide Number 83
	Slide Number 84
	Slide Number 85
	Slide Number 86

