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OriginsofRandomMatrixTheory

ClassicalMechanics:3BodyProblemIntractable.

HeavynucleilikeUranium(200+protons/neutrons)evenworse!

Infobyshootinghigh-energyneutronsintonucleus.

FundamentalEquation:QuantumMechanics

Hψn=Enψn

Similartostatmech,considereigenvaluesofensemblesofma-
trices.

RealSymmetric(GOE),ComplexHermitian(GUE),Classical
CompactGroups.
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MeasuresofSpacings:n-LevelCorrelations

{αj}increasingsequence,B⊂R
n−1

acompactbox.Definethen-level
correlationby

lim
N→∞

#

{(
αj1−αj2,...,αjn−1−αjn

)
∈B,ji6=jk≤N

}

N

ResultsonZeros(AssumingGRH):

1.Normalizedspacingsofζ(s)startingat1020(Odlyzko)

2.Pairandtriplecorrelationsofζ(s)(Montgomery,Hejhal)

3.n-levelcorr.forallautomorphiccupsidalL-functions(Rudnick-
Sarnak)

4.n-levelcorr.fortheclassicalcompactgroups(Katz-Sarnak)

5.insensitivetoanyfinitesetofzeros
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MeasuresofSpacings:
n-LevelDensityandFamilies

Letφ(x)=∏
iφi(xi),φievenSchwartzfunctions,φ̂compactlysupported.

Dn,f(φ)=
∑

j1,...,jn
distinct

φ1

(
Cfγ

(j1)
f

)
···φn

(
Cfγ

(jn)
f

)

Cf=Conductor,Scalefactorforlowzeros.

•individualzeroscontributeinlimit

•mostofcontributionisfromlowzeros

•averageoversimilarcurves(family)

Dn,F(φ)=
1

|F|
∑

f∈F
Dn,f(φ).
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LimitingBehavior

lim
N→∞

1

|FN|
∑

f∈FN
D1,f(φ)=lim

N→∞
1

|FN|
∑

f∈FN

∑

j

φ

(γ(j)
flogCf

2π

)

=

∫
φ(x)W1,G(F)(x)dx

=

∫
φ̂(y)Ŵ1,G(F)(y)dy.

DensityConjecture:DistributionoflowzerosofL-functions
agreewiththedistributionofeigenvaluesnear1ofaclassical
compactgroup.
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1-LevelDensities

FourierTransformsfor1-leveldensities:

Ŵ1,SO(even)(u)=δ(u)+1
2η(u)

Ŵ1,SO(u)=δ(u)+1
2

Ŵ1,SO(odd)(u)=δ(u)−1
2η(u)+1

Ŵ1,Sp(u)=δ(u)−1
2η(u)

Ŵ1,U(u)=δ(u)

whereδ(u)istheDiracDeltafunctionaland

η(u)=

{1if|u|<1
1
2if|u|=1
0if|u|>1.
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EllipticCurves:

Et:y
2

=x
3
+A(T)x+B(T),A(T),B(T)∈Z(T).

at(p)=−
∑

xmodp

(x3
+A(t)x+B(t)

p

)
=at+mp(p)

L(E,s)=

∞∑

n=1

aE(n)

ns=
∏

p

Lp(E,s).

ByGRH:Allzerosonthecriticalline.

Rationalsolutions:E(Q)=Zr⊕T.

BirchandSwinnerton-DyerConjecture:
Geometricrankr=analyticrank(orderofvanishingatcentral
point).
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ToolstoStudyLowZeros

•explicitformularelatingzerosandFouriercoeffs;

•averagingformulasforthefamily;

•conductorseasytocontrol(constantormonotone)
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1-LevelExpansion

D1,F(φ)=
1

|F|
∑

E∈F

∑

j

φ

(
logCE

2π
γ

(j)
E

)

=
1

|F|
∑

E∈F
φ̂(0)+φi(0)

−
2

|F|
∑

E∈F

∑

p

logp

logCE

1

p
φ̂

(
logp

logCE

)
aE(p)

−
2

|F|
∑

E∈F

∑

p

logp

logCE

1

p2φ̂

(
2

logp

logCE

)
a

2
E(p)

+O

(
loglogCE

logCE

)

Wanttomove
1
|F|
∑

E∈F,Leadsustostudy

Ar,F(p)=
∑

tmodp

a
r
t(p),r=1or2.
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Input

Formanyfamilies
(1):A1,F(p)=−rp+O(1)

(2):A2,F(p)=p2+O(p3/2)

RationalEllipticSurfaces(RosenandSilverman):Ifrank
roverQ(T):

lim
X→∞

1

X

∑

p≤X
−
A1,F(p)logp

p
=r

Surfaceswithj(T)non-constant(Michel):

A2,F(p)=p2+O
(
p3/2)

.
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One-LevelResult

Forsmallsupport,one-paramfamilyofrankroverQ(T):

lim
N→∞

1

|FN|
∑

E∈FN

∑

j

φ

(
logCE

2π
γ

(j)
E

)
=

∫
φ(x)WG(x)dx+rφ(0),

where

G=

{SOifhalfodd
SO(even)ifalleven
SO(odd)ifallodd

ConfirmKatz-Sarnak,B-SDpredictionsforsmallsupport.

Forcedzerosseemindependent.
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InterestingFamilies

LetE:y2=x3+A[t]x+B[T]beaone-parameterfamilyof
ellipticcurvesofrankroverQ.

Naturalsub-families

•Curvesofrankr.

•Curvesofrankr+2.

Question:Doesthesub-familyofrankr+2curvesinarankr
familybehavelikethesub-familyofrankr+2curvesinarank
r+2family?

Equivalently,doesitmatterhowoneconditionsonacurvebe-
ingrankr+2?
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OrthogonalRandomMatrixModels

RMT:2Neigenvalues,inpairse±iθj,probabilitymeasureon[0,π]
N

:

dε0(θ)∝
∏

j<k

(cosθk−cosθj)
2∏

j

dθj.

IndependentModel:

A2N,2r=

{(
I2r×2r

g

)
:g∈SO(2N−2r)

}
.

InteractionModel:
Sub-ensembleofSO(2N)withthelast2rofthe2Neigenvaluesequal+1:

dε2r(θ)∝
∏

j<k

(cosθk−cosθj)
2∏

j

(1−cosθj)
2r∏

j

dθj,

with1≤j,k≤N−r.
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RandomMatrixModelsandOne-LevelDensities

Fouriertransformof1-leveldensity:

ρ̂0(u)=δ(u)+
1

2
η(u).

Fouriertransformof1-leveldensity(Rank2,Independent):

ρ̂2,Independent(u)=

[
δ(u)+

1

2
η(u)+2

]
.

Fouriertransformof1-leveldensity(Rank2,Interaction):

ρ̂2,Interaction(u)=

[
δ(u)+

1

2
η(u)+2

]
+2(|u|−1)η(u).
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ComparingtheRMTModels

Smallsupport,1-leveldensitiesforone-paramfamiliesagreewithρr,Indep

andnotρr,Inter.

CurveE,conductorCE,expectfirstzero1
2+iγ

(1)
Ewithγ

(1)
E≈

1
logCE.

Ifrzerosatcentralpoint,ifrepulsionofzerosisofsize
cr

logCE,
mightdetectin1-leveldensity:

1

|FN|
∑

E∈FN

∑

j

φ

(
γ

(j)
ElogCE

2π

)
.

Correctionsofsize

φ(x0+cr)−φ(x0)≈φ′(x(x0,cr))·cr.
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TestingRandomMatrixTheoryPredictions

1.ExcessRank:Rankrone-parameterfamilyoverQ(T):
whatpercenthaverank≥r+2?

2.First(Normalized)ZeroaboveCentralPoint:Doextra
zerosatthecentralpointaffectthedistributionofzerosnear
thecentralpoint?
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ExcessRank

One-parameterfamily,rankroverQ(T).

RMT=⇒50%rankr,r+1.

Formanyfamilies,observe

Percentwithrankr≈32%
Percentwithrankr+1≈48%
Percentwithrankr+2≈18%
Percentwithrankr+3≈2%

Problem:smalldatasets,sub-families,convergenceratelog(conductor).
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DataonExcessRank

y2+a1xy+a3y=x3+a2x2+a4x+a6

Family:a1:0to10,rest−10to10.

Percentwithrank0=28.60%
Percentwithrank1=47.56%
Percentwithrank2=20.97%
Percentwithrank3=2.79%
Percentwithrank4=.08%

14Hours,2,139,291curves(2,971singular,248,478distinct).
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DataonExcessRank

y2+y=x3+Tx

Eachdataset2000curvesfromstart.

t-StartRk0Rk1Rk2Rk3Time(hrs)

-100039.447.812.30.6<1
100038.447.313.60.6<1
400037.447.813.71.11
800037.348.812.91.02.5

2400035.150.113.90.86.8
5000036.748.313.81.251.8

Lastsethasconductorsofsize1017,butonlogarithmicscale
stillsmall.
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RMT:TheoreticalResults(N→∞,Mean→0.321)

0.511.522.533.5

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Figure1a:1stnorm.evalueabove1:23,040SO(4)matrices
Mean=.709,StdDevoftheMean=.601,Median=.709

123

0.2

0.4

0.6

0.8

Figure1b:1stnorm.evalueabove1:23,040SO(6)matrices
Mean=.635,StdDevoftheMean=.574,Median=.635
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Rank0Curves:1stNormalizedZeroaboveCentralPoint

0.511.52
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1

1.2

Figure2a:750rank0curvesfromy
2
+a1xy+a3y=x

3
+a2x

2
+a4x+a6.

log(cond)∈[3.2,12.6],median=1.00mean=1.04,σµ=.32
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1
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Figure2b:750rank0curvesfromy
2
+a1xy+a3y=x

3
+a2x

2
+a4x+a6.

log(cond)∈[12.6,14.9],median=.85,mean=.88,σµ=.27
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Rank2Curves:1stNorm.ZeroabovetheCentralPoint

1.522.533.5
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Figure3a:665rank2curvesfromy
2
+a1xy+a3y=x

3
+a2x

2
+a4x+a6.

log(cond)∈[10,10.3125],median=2.29,mean=2.30

1.522.533.5

0.2

0.4
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0.8

1

Figure3b:665rank2curvesfromy
2
+a1xy+a3y=x

3
+a2x

2
+a4x+a6.

log(cond)∈[16,16.5],median=1.81,mean=1.82
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Rank0Curves:1stNormZero:14One-ParamofRank0
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Figure4a:209rank0curvesfrom14rank0families,
log(cond)∈[3.26,9.98],median=1.35,mean=1.36
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Figure4b:996rank0curvesfrom14rank0families,
log(cond)∈[15.00,16.00],median=.81,mean=.86.
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Rank0Curves:1stNormZero:14One-ParamofRank0
overQ(T)

FamilyMedianµ̃MeanµStDevσµlog(conductor)Number
1:[0,1,1,1,T]1.281.330.26[3.93,9.66]7
2:[1,0,0,1,T]1.391.400.29[4.66,9.94]11
3:[1,0,0,2,T]1.401.410.33[5.37,9.97]11
4:[1,0,0,-1,T]1.501.420.37[4.70,9.98]20
5:[1,0,0,-2,T]1.401.480.32[4.95,9.85]11
6:[1,0,0,T,0]1.351.370.30[4.74,9.97]44
7:[1,0,1,-2,T]1.251.340.42[4.04,9.46]10
8:[1,0,2,1,T]1.401.410.33[5.37,9.97]11
9:[1,0,-1,1,T]1.391.320.25[7.45,9.96]9

10:[1,0,-2,1,T]1.341.340.42[3.26,9.56]9
11:[1,1,-2,1,T]1.211.190.41[5.73,9.92]6
12:[1,1,-3,1,T]1.321.320.32[5.04,9.98]11
13:[1,-2,0,T,0]1.311.290.37[4.73,9.91]39
14:[-1,1,-3,1,T]1.451.450.31[5.76,9.92]10
AllCurves1.351.360.33[3.26,9.98]209
DistinctCurves1.351.360.33[3.26,9.98]196
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Rank0Curves:1stNormZero:14One-ParamofRank0
overQ(T)

FamilyMedianµ̃MeanµStDevσµlog(conductor)Number
1:[0,1,1,1,T]0.800.860.23[15.02,15.97]49
2:[1,0,0,1,T]0.910.930.29[15.00,15.99]58
3:[1,0,0,2,T]0.900.940.30[15.00,16.00]55
4:[1,0,0,-1,T]0.800.900.29[15.02,16.00]59
5:[1,0,0,-2,T]0.750.770.25[15.04,15.98]53
6:[1,0,0,T,0]0.750.820.27[15.00,16.00]130
7:[1,0,1,-2,T]0.840.840.25[15.04,15.99]63
8:[1,0,2,1,T]0.900.940.30[15.00,16.00]55
9:[1,0,-1,1,T]0.860.890.27[15.02,15.98]57

10:[1,0,-2,1,T]0.860.910.30[15.03,15.97]59
11:[1,1,-2,1,T]0.730.790.27[15.00,16.00]124
12:[1,1,-3,1,T]0.980.990.36[15.01,16.00]66
13:[1,-2,0,T,0]0.720.760.27[15.00,16.00]120
14:[-1,1,-3,1,T]0.900.910.24[15.00,15.99]48
AllCurves0.810.860.29[15.00,16.00]996
DistinctCurves0.810.860.28[15.00,16.00]863
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Rank2Curves:1stNormZero:21One-ParamofRank0
firstsetlog(cond)∈[15,15.5);secondsetlog(cond)∈[15.5,16].Medianµ̃,Meanµ,Std
Dev(ofMean)σµ.

Familyµ̃µσµNumberµ̃µσµNumber
1:[0,1,3,1,T]1.591.830.4981.711.810.4019
2:[1,0,0,1,T]1.841.990.44111.811.830.4314
3:[1,0,0,2,T]2.052.030.26162.081.940.4819
4:[1,0,0,-1,T]2.021.980.47131.871.940.3210
5:[1,0,0,T,0]2.052.020.31231.851.990.4623
6:[1,0,1,1,T]1.741.850.37151.691.770.3823
7:[1,0,1,2,T]1.921.950.37161.821.810.3314
8:[1,0,1,-1,T]1.861.880.34151.791.870.3922
9:[1,0,1,-2,T]1.741.740.43141.821.900.4014

10:[1,0,-1,1,T]2.002.000.32221.811.940.4218
11:[1,0,-2,1,T]1.971.990.39142.172.140.4018
12:[1,0,-3,1,T]1.861.880.34151.791.870.3922
13:[1,1,0,T,0]1.891.880.31201.821.880.3926
14:[1,1,1,1,T]2.312.210.41161.751.860.4415
15:[1,1,-1,1,T]2.022.010.30111.871.910.3219
16:[1,1,-2,1,T]1.951.910.33261.981.970.2618
17:[1,1,-3,1,T]1.791.780.25132.002.060.4416
18:[1,-2,0,T,0]1.972.050.33241.911.920.4424
19:[-1,1,0,1,T]2.112.120.40211.711.880.4317
20:[-1,1,-2,1,T]1.861.920.28231.951.900.3618
21:[-1,1,-3,1,T]2.072.120.57141.811.810.4119
AllCurves1.951.970.373501.851.900.40388
DistinctCurves1.951.970.373351.851.910.40366
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Rank2Curves:1stNormZero:21One-ParamofRank0
overQ(T)

•Observethemediansandmeansofthesmallconductorset
tobelargerthanthosefromthelargeconductorset.

•ForallcurvesthePooledandUnpooledTwo-Samplet-Procedure
givet-statisticsof2.5withover600degreesoffreedom.

•Fordistinctcurvesthet-statisticsis2.16(respectively2.17)
withover600degreesoffreedom(abouta3%chance).

•Providesevidenceagainstthenullhypothesis(thatthemeans
areequal)atthe.05confidencelevel(thoughnotatthe.01
confidencelevel).
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Rank2Curves:1stNormZero:21One-ParamofRank0
overQ(T)

Applynon-parametricteststofurthersupportourclaim
thattherepulsiondecreasesastheconductorsincrease.
•Writeaplussignifthesmallconductorsethasalargermean

andaminussignifnot.

•Observefourminussignsandseventeenplussigns.

•Thenullhypothesisisthateachisequallylikelytobelarger;
thusthenumberofminussignsisarandomvariablefroma
binomialdistributionwithN=21andθ=1

2.

•Theprobabilityofobservingfourorfewerminussignsis
about3.6%,supportingtheclaimofdecreasingrepulsion
withincreasingconductor.
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Rank2Curvesfromy2=x3−T2x+T2

(Rank2overQ(T))
1stNormalizedZeroaboveCentralPoint

0.511.522.533.5

0.2
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0.8

1

Figure5a:35curves,log(cond)∈[7.8,16.1],µ̃=1.85,µ=1.92,σµ=.41

0.511.522.533.5

0.2

0.4

0.6

0.8

1

Figure5b:34curves,log(cond)∈[16.2,23.3],µ̃=1.37,µ=1.47,σµ=.34
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Rank2Curves:1stNormZero:21One-ParamofRank2
overQ(T)

log(cond)∈[15,16],t∈[0,120],medianis1.64.
FamilyMeanStandardDeviationlog(conductor)Number

1:[1,T,0,-3-2T,1]1.910.25[15.74,16.00]2
2:[1,T,-19,-T-1,0]1.570.36[15.17,15.63]4
3:[1,T,2,-T-1,0]1.29[15.47,15.47]1
4:[1,T,-16,-T-1,0]1.750.19[15.07,15.86]4
5:[1,T,13,-T-1,0]1.530.25[15.08,15.91]3
6:[1,T,-14,-T-1,0]1.690.32[15.06,15.22]3
7:[1,T,10,-T-1,0]1.620.28[15.70,15.89]3
8:[0,T,11,-T-1,0]1.98[15.87,15.87]1
9:[1,T,-11,-T-1,0]

10:[0,T,7,-T-1,0]1.540.17[15.08,15.90]7
11:[1,T,-8,-T-1,0]1.580.18[15.23,25.95]6
12:[1,T,19,-T-1,0]
13:[0,T,3,-T-1,0]1.960.25[15.23,15.66]3
14:[0,T,19,-T-1,0]
15:[1,T,17,-T-1,0]1.640.23[15.09,15.98]4
16:[0,T,9,-T-1,0]1.590.29[15.01,15.85]5
17:[0,T,1,-T-1,0]1.51[15.99,15.99]1
18:[1,T,-7,-T-1,0]1.450.23[15.14,15.43]4
19:[1,T,8,-T-1,0]1.530.24[15.02,15.89]10
20:[1,T,-2,-T-1,0]1.60[15.98,15.98]1
21:[0,T,13,-T-1,0]1.670.01[15.01,15.92]2
AllCurves1.610.25[15.01,16.00]64
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RepulsionorAttraction?

Conductorsin[15,16];firstsetisrank0curvesfrom14one-
parameterfamiliesofrank0overQ;secondsetrank2curves
from21one-parameterfamiliesofrank0overQ.Thet-statistics
exceed6.

Family2ndvs1stZero3rdvs2ndZeroNumber
Rank0Curves2.163.41863
Rank2Curves1.933.27701

Theadditionalrepulsionfromextrazerosatthecentralpoint
cannotbeentirelyexplainedbyonlycollapsingthefirstzeroto
thecentralpointwhileleavingtheotherzerosalone.
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Comparisonb/wOne-ParamFamiliesofDifferentRank
Firstnormalizedzeroabovethecentralpoint.

•Thefirstfamilyisthe701rank2curvesfromthe21one-
parameterfamiliesofrank0overQ(T)withlog(cond)∈
[15,16];

•thesecondfamilyisthe64rank2curvesfromthe21one-
parameterfamiliesofrank2overQ(T)withlog(cond)∈
[15,16].

FamilyMedianMeanStd.Dev.Number
Rank2CurvesfromRank0Families1.9261.9360.388701
Rank2CurvesfromRank2Families1.6421.6100.24764

•t-statisticis6.60,indicatingthemeansdiffer.

•Themeanofthefirstnormalizedzeroofrank2curvesina
familyabovethecentralpoint(forconductorsinthisrange)
dependsonhowwechoosethecurves.
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Spacingsb/wNormZeros:Rank0One-ParamFamilies
overQ(T)

•Allcurveshavelog(cond)∈[15,16];

•zj=imaginarypartofjthnormalizedzeroabovethecentralpoint;

•863rank0curvesfromthe14one-paramfamiliesofrank0overQ(T);

•701rank2curvesfromthe21one-paramfamiliesofrank0overQ(T).

863Rank0Curves701Rank2Curvest-Statistic
Medianz2−z11.281.30
Meanz2−z11.301.34-1.60
StDevz2−z10.490.51
Medianz3−z21.221.19
Meanz3−z21.241.220.80
StDevz3−z20.520.47
Medianz3−z12.542.56
Meanz3−z12.552.56-0.38
StDevz3−z10.520.52

33



Spacingsb/wNormZeros:Rank0One-ParamFamilies
overQ(T)

•Whilethenormalizedzerosarerepelledfromthecentral
point(andbydifferentamountsforthetwosets),thedif-
ferencesbetweenthenormalizedzerosarestatisticallyinde-
pendentofthisrepulsion(t-statistics<2).

•Whileforagivenrangeoflog-conductorstheaveragesec-
ondnormalizedzeroofarank0curveisclosetotheav-
eragefirstnormalizedzeroofarank2curve,theyarenot
thesameandtheadditionalrepulsionfromextrazerosatthe
centralpointcannotbeentirelyexplainedbyonlycollaps-
ingthefirstzerotothecentralpointwhileleavingtheother
zerosalone.
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Spacingsb/wNormZeros:Rank2One-ParamFamilies
overQ(T)

•Allcurveshavelog(cond)∈[15,16];

•zj=imaginarypartofthejthnormzeroabovethecentralpoint;

•64rank2curvesfromthe21one-paramfamiliesofrank2overQ(T);

•23rank4curvesfromthe21one-paramfamiliesofrank2overQ(T).

64Rank2Curves23Rank4Curvest-Statistic
Medianz2−z11.261.27
Meanz2−z11.361.290.59
StDevz2−z10.500.42
Medianz3−z21.221.08
Meanz3−z21.291.141.35
StDevz3−z20.490.35
Medianz3−z12.662.46
Meanz3−z12.652.432.05
StDevz3−z10.440.42
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Rank2CurvesfromRank0&Rank2FamiliesoverQ(T)

•Allcurveshavelog(cond)∈[15,16];

•zj=imaginarypartofthejthnormzeroabovethecentralpoint;

•701rank2curvesfromthe21one-paramfamiliesofrank0overQ(T);

•64rank2curvesfromthe21one-paramfamiliesofrank2overQ(T).

701Rank2Curves64Rank2Curvest-Statistic
Medianz2−z11.301.26
Meanz2−z11.341.360.69
StDevz2−z10.510.50
Medianz3−z21.191.22
Meanz3−z21.221.291.39
StDevz3−z20.470.49
Medianz3−z12.562.66
Meanz3−z12.562.651.93
StDevz3−z10.520.44
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ConclusionsandFutureWork

•TheoreticalsupportstheIndependentModelandBirchandSwinnerton-
DyerConjectureforone-parameterfamiliesoverQ(T)astheconductors
tendtoinfinity.

•Experimentalsuggestsadifferentanswerforfiniteconductors:
�Firstnormalizedzeroisrepelledbyzerosatthecentralpoint.
�Themorecentralpointzerosthegreatertherepulsion.
�Repulsiondecreasesastheconductorincreases.
�Differenceb/wadjacentnormalizedzerosstat.indep.oftherepul-

sion.

•Whatistherightmodelforrankr+2curvesfromrankrone-parameter
familiesoverQ(T):Independent,Interactionorother?

•Unliketheexcessrankinvestigations,noticeableconvergencetothelim-
itingtheoreticalresultsasweincreasetheconductors.
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Appendices
Thefirstappendixlistvariousstandardconjectures.Thesecondappendixgivesthe

formulatonumericallyapproximatetheanalyticrankofanellipticcurve.Foracurveof
conductorCE,oneneedsabout

√
CElogCEFouriercoefficients.Thethirdisthestatement

(withassumptions)ofthemaintheoreticalresultfortheone-leveldensityofone-parameter
familiesofEllipticcurvesoverQ(T).
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AppendixI:StandardConjectures

GeneralizedRiemannHypothesis(forEllipticCurves)LetL(s,E)bethe(normal-
ized)L-functionoftheellipticcurveE.Thenthenon-trivialzerosofL(s,E)satisfy
Re(s)=

1
2.

BirchandSwinnerton-DyerConjecture[BSD1],[BSD2]LetEbeanellipticcurve
ofgeometricrankroverQ(theMordell-WeilgroupisZ

r
⊕T,Tisthesubsetoftorsion

points).Thentheanalyticrank(theorderofvanishingoftheL-functionatthecentral
point)isalsor.

Tate’sConjectureforEllipticSurfaces[Ta]LetE/QbeanellipticsurfaceandL2(E,s)
betheL-seriesattachedtoH

2
ét(E/Q,Ql).ThenL2(E,s)hasameromorphiccontinuation

toCandsatisfies−ords=2L2(E,s)=rankNS(E/Q),whereNS(E/Q)istheQ-rational
partoftheNéron-SeverigroupofE.Further,L2(E,s)doesnotvanishonthelineRe(s)=2.

Mostofthe1-paramfamiliesweinvestigatearerationalsurfaces,whereTate’sconjecture
isknown.See[RSi].
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AppendixII:
NumericallyApproximatingRanks:

Preliminaries

Cuspformf,levelN,weight2:

f(−1/Nz)=−εNz
2
f(z)

f(i/y
√
N)=εy

2
f(iy/

√
N).

Define

L(f,s)=(2π)
s
Γ(s)−1

∫i∞

0

(−iz)
s
f(z)

dz

z

Λ(f,s)=(2π)−sNs/2
Γ(s)L(f,s)=

∫∞

0

f(iy/
√
N)y

s−1
dy.

Get

Λ(f,s)=εΛ(f,2−s),ε=±1.

ToeachEcorrespondsanf,write
∫∞

0=
∫1

0+
∫∞

1andusetransformations.
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AlgorithmforLr(s,E):I

Λ(E,s)=

∫∞

0

f(iy/
√
N)y

s−1
dy

=

∫1

0

f(iy/
√
N)y

s−1
dy+

∫∞

1

f(iy/
√
N)y

s−1
dy

=

∫∞

1

f(iy/
√
N)(y

s−1
+εy

1−s)dy.

Differentiatektimeswithrespecttos:

Λ
(k)

(E,s)=

∫∞

1

f(iy/
√
N)(logy)

k
(y
s−1

+ε(−1)
k
y

1−s)dy.

Ats=1,

Λ
(k)

(E,1)=(1+ε(−1)
k
)

∫∞

1

f(iy/
√
N)(logy)

k
dy.

Triviallyzeroforhalfofk;letrbeanalyticrank.

41



AlgorithmforLr(s,E):II

Λ
(r)

(E,1)=2

∫∞

1

f(iy/
√
N)(logy)

r
dy

=2

∞∑

n=1

an

∫∞

1

e−2πny/
√
N

(logy)
r
dy.

Integratingbyparts

Λ
(r)

(E,1)=

√
N

π

∞∑

n=1

an
n

∫∞

1

e−2πny/
√
N

(logy)
r−1dy

y
.

Weobtain

L
(r)

(E,1)=2r!

∞∑

n=1

an
n
Gr

(2πn
√
N

)
,

where

Gr(x)=
1

(r−1)!

∫∞

1

e−xy(logy)
r−1dy

y
.
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ExpansionofGr(x)

Gr(x)=Pr

(
log

1

x

)
+

∞∑

n=1

(−1)
n−r

nr·n!
x
n

Pr(t)isapolynomialofdegreer,Pr(t)=Qr(t−γ).

Q1(t)=t;

Q2(t)=
1

2
t
2
+
π

2

12
;

Q3(t)=
1

6
t
3
+
π

2

12
t−

ζ(3)

3
;

Q4(t)=
1

24
t
4
+
π

2

24
t
2
−
ζ(3)

3
t+

π
4

160
;

Q5(t)=
1

120
t
5
+
π

2

72
t
3
−
ζ(3)

6
t
2
+
π

4

160
t−

ζ(5)

5−
ζ(3)π

2

36
.

Forr=0,

Λ(E,1)=

√
N

π

∞∑

n=1

an
n
e−2πny/

√
N
.

Needabout
√
Nor

√
NlogNterms.
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AppendixIII:1-LevelDensity

Definitions:

Dn,F(φ)=
1

|F|
∑

E∈F

∑

j1,...,jn
ji6=±jk

∏

i

φi

(
logCE

2π
γ

(ji)
E

)

D
(r)
n,F(φ):n-leveldensitywithcontributionofrzerosatcentral

pointremoved.

FN:Rationalone-parameterfamily,
t∈[N,2N],conductorsmonotone.
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ASSUMPTIONS

1-parameterfamilyofEllCurves,rankroverQ(T),rational
surface.Assume

•GRH;

•j(t)non-constant;

•Sq-FreeSieveif∆(t)hasirrpolyfactorofdeg≥4.

Passtopositivepercentsub-seqwhereconductorspolyno-
mialofdegreem.

φievenSchwartz,supportσi:

•σ1<min
(1

2,2
3m

)
for1-level

•σ1+σ2<1
3mfor2-level.
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MAINRESULT

Theorem(Miller2004):Underpreviousconditions,asN→
∞,n=1,2:

D
(r)
n,FN(φ)−→

∫
φ(x)WG(x)dx,

where

G=

{SOifhalfodd
SO(even)ifalleven
SO(odd)ifallodd

1and2-leveldensitiesconfirmKatz-Sarnak,B-SDpredic-
tionsforsmallsupport.
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Examples

Constant-SignFamilies:
1.y2=x3+24(−3)3(9t+1)2,

9t+1Square-Free:alleven.

2.y2=x3±4(4t+2)x,
4t+2Square-Free:
+allodd,−alleven.

3.y2=x3+tx2−(t+3)x+1,
t2+3t+9Square-Free:allodd.

Firsttworank0overQ(T),thirdisrank1.

Without2-LevelDensity,couldn’tsaywhichorthogonalgroup.
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Examples(cont)

RationalSurfaceofRank6overQ(t):

y
2

=x
3
+(2at−B)x

2
+(2bt−C)(t

2
+2t−A+1)x

+(2ct−D)(t
2
+2t−A+1)

2

A=8,916,100,448,256,000,000
B=−811,365,140,824,616,222,208
C=26,497,490,347,321,493,520,384
D=−343,107,594,345,448,813,363,200
a=16,660,111,104
b=−1,603,174,809,600
c=2,149,908,480,000

NeedGRH,Sq-FreeSievetohandlesieving.
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AppendixIV:t-Statistics
ThePooledTwo-Samplet-Procedureis

t=(X1−X2)
/
sp

√
1

n1
+

1

n2
,

whereXiisthesamplemeanofniobservationsofpopulationi,siisthesamplestandard
deviationand

sp=

√
(n1−1)s2

1+(n2−1)s2
2

n1+n2−2

isthepooledvariance;thasat-distributionwithn1+n2−2degreesoffreedom.

TheUnpooledTwo-Samplet-Procedureis

t=(X1−X2)
/√

s2
1

n1
+
s2

2

n2
;

thisisapproximatelyatdistributionwith

(n1−1)(n2−1)(n2s
2
1+n1s

2
2)

2

(n2−1)n2
2s4

1+(n1−1)n2
1s4

2

degreesoffreedom
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