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* 1) Polymath Jr. (description + appeal!).
« 2) Know your team.

« 3) Research that makes a difference.

* 4) PP models and how to approach.

« 5) Results, Collaborations, future steps,
and lessons learned.




Polymath Jr.
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math, train graduate students / young
faculty in mentoring.

Projects advised by an active researcher
with experience in undergrad mentoring,

assisted by young faculty / graduate i~ sy
students / advanced undergraduates. g
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https://geometrynyc.wixsite.com/polymathreu
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1) Hundreds of students, priority sophomores
/ juniors (help decide on grad school).

2) All attend online sessions introducing
topics.

3) Students list top three projects (usually get
first or second).

4) Mentors trained on handling stressful
situations, leading effectively, giving students
space, motivating them, life advice....

\5) Graduate mentors paired with a faculty
supervisor who oversees the project.
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PHASE 1: Introduction

How to guide students without prior differential equations experience to produce high-quality
research in just six weeks?



PHASE 1: Introduction

How to guide students without prior differential equations experience to produce high-quality
research in just six weeks? TAKE MORE THAN SIX WEEKS!



PHASE 1: Introduction

How to guide students without prior differential equations experience to produce high-quality
research in just six weeks?

Established a clear framework built on the following.

mmmmt Consistent and Timely Communication

» The average email response time, amazingly, did not exceed 30 minutes.

 Restrict to teaching only essential tools (System of ODEs, Jacobian, basic bifurcations,...).
 Give students control over direction of project / readings.

mmmmm Veekly group meetings

« Complemented by one-on-one office hours.

Positive Reinforcement and motivation

» Maintain high morale to encourage confidence and sustained engagement.
« Motivating goal: All expense paid trip to UT Austin to present at a research conference.




1) Pplane
2) ODE 45

Well written code that students read,
analyze, understand, and use instead of
writing from scratch. Al in future?

4. pplane8 Setup

Edit Help

ide @ 0E K [E

File Gallery Desktop Window

4 pplane8 Display

File Edit Solutions Options Graph View Insert Desktop Window Help

x'=2x-y+3('x2-y2)+2xy
y'=x-3y-3(Z-y))+3xy

The backward orbit from (2.8, 1.7) --> a possible eq. pt. near (0.41, 0.64).
Ready.

The forward orbit from (-3.8, -1.1)
The backward orbit from (-3.8, -1.1)
Ready.

possible eq. pt. near (-0.47, -0.22).
a possible eq. pt. near (0.41, 0.64)

The differential equations.

2" -y + I (x"2-y*2) + 2Ky

X = 3"y - 3"(x"2-y*2) + 3"y

Parameters
or
expressions

The display window.
The minimum value of x =
The maximum value of x =
The minimum value of y =

The maximum value of y =

The direction field.

Number of
field points per
row or column.

Lines
Nullelines

None



BIFURCATIONS: CHANGE IN BEHAVIOR AS VARY PARAMETER
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Think-Pair-Share: da(t) (1 J-(t))  ma()y(t)
a K a+xz(t)’

oPresent on the spot (we go offline for a bit). d:.fj{gt) ) +d<f+ _(?i(f - i)

Initial condition is a trajectory!

S, —rAS=A-dS - pSI,

I, — r,AI = BST —dI — h(I)I
R, — ;AR = h(I)I — dR,



BACKGROUND (ALLIGATOR BIOLOGY)

1800s to mid-1900s: Intense hunting for leather
and meat.

1950s to 1960s: Populations crash, poaching
persists, weak enforcement.

1967: Listed as endangered in the United States.

1970s: States close hunting, protect nests, begin
science-based management.
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10-18 - Jessie
In past 200 years, due to the intense hunting and weak enforcement, american alligators were listed as endangered.



VICELAND

BACKGROUND (CONTINUED)

Late 1970s to 1980s: Rebound via protection,
anti-poaching, wetland conservation.

1987: Delisted federally, managed as
“threatened due to similarity of appearance.”

FWC lottery permits: two alligators per permit.
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Presentation Notes
As time goes by, with strict law protection and better science-based management, the population of alligators rebounded and were delisted.

Harvesting law 


Burmese olntentional releases by
owners who could no longer
PythonS keep large snakes.

oAccidental escapes from
pet stores, breeders, and
private collections.

oFacility damage during
Hurricane Andrew (1992)
likely released additional
Asnakes into the Everglades.
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Presentation Notes
The other creature in our model is the Burmese Python, which are invasive and released by multiple reasons.
They have caused significant damage to the Everglades ecosystem.
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ECOLOGICAL
IMPLICATIONS

. Sharp declines of
midsized mammals in
parts of Everglades
(raccoons, opossums,
marsh rabbits).

. Competition with
native apex predators
for prey, altering food
webs.
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Such as, 
Mention to speakers: raccoon encounter rates fell by about 99%. This gives them an image of how serious this is.



Interaction Diagram for Pythons—Alligators Model
Py = shared prey/food sources, Py = alligators, P, = pythons

IS

Alligators

direct interaction:
competition / conflict
and possible benefit

4_

mortality/
control

>

mortality/
control

feeds on
shared prey

feeds on
shared prey

Py

Shared prey /
food sources

Generated using ChatGPT 1



~ PP MODEL AND EXTENSIONS
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Depends on predator and prey properties.
G(x) – Production function : r P_0 linear , rP_0 (1-P_0/K)  carrying capacity , …

F(x) represents the Interaction with predator: f(prey) x predator , ie f(P_0) P_1, Holling type functional response, we are talking about variation in f. H1: f(x)=x, H2 f(x)=x/(a+x), H3= x^2/(ax^2+bx+1) H4:= x/(ax^2+bx+1) 
Graph: linear, stop in the future, increase and go stable in the future, or increase and decrease
Peak = Group defense (number of prey too large and predation decreases)
H(x)Harvesting: -h(constant), -h x(linear), or saturated harvesting
Describe the graph direction






“FINAL MODEL

dPy Py

—rPall = — | = PoPi1 — Po P>,
— =T 0( v mioPoP1 — mogPoP>
dP] hlPl
—— =c10PoP1 —d1P1+ (c1o —mp)P1 P — ——,
= 10Po P 1P+ (cr2 21)P1 P> T+ P
dP-
dr c20PoPy + (co1 —my2) PPy — dyPy — hyPs.

Equilibria: 7 in total
e 2 Equilibria on the P, axis.
e 2equilibriaonthe P, — P; plane suggesting that the prey can coexist with the alligators.

e 2 non-zero equilibriawhere all 3 species coexist.

e 1 equilibriuminthe P, — P, plane suggesting that python can coexist with the general prey.
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Presentation Notes
We rescaled r, m30, c20, c30, c31

saturation for harvesting
Prey goes infinity if no predators

Combine juvenile and adult, change from four equations to three
easier to locate the equilibria points











THE CASE WITH NO BURMESE PYTHONS

The system provides grounds to modeling the relation between
Alligators and general prey in the absence of pythons.
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B
What happens if both

Hopf and Saddle node
occur simultaneously?

Students were able to do so using
Bogdanov takens bifurcations,
which explained to formation of limit
cycles
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. Shift the equilibrium: Find the equilibrium P* = (P, P, Pf) and shift variables:

— 2 ¥ a1 — |2 »* an — 2 ¥
u=h-F, v=P-F, w=PF5h-F,

s0 that the system becomes z = I(z) with F'(0) = 0.

. Linearize and identify eigen-directions: Compute the Jacobian ./ = DF(0). At the

BT point: spec(J) = {0,0, A} with A, < 0. The eigenvectors corresponding to zero
eigenvalues define the center subspace.

. Center manifold reduction (3D — 2D): There exists a smooth invariant manifold

w = h(u,v) with k(0) = 0, Dh(0) = 0. Substituting w = h(u,v) reduces the system
to:

m~

i = F(u,v), ©=Fu,v)

n
d

. Reduced dynamics: Expand [y, Fyina Taylor series near the origin and retain quadratic

terms:
t=v4+0(2), ©=au’+buw+---

. Transform to BT normal form: Apply smooth coordinate and parameter changes to

obtain:

=y, §=Pp+hr+az’+bry+O(3)
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Presentation Notes
Introduce u, v, w. Translation back to the origin, done by introducing u (P0-equilibrium point). 
LInearize and identify eigen-directions using Jacobian
Go from 3 to 2 equations by reducing the system, done using center manifold reduction 
We have 2 zero eigenvalues, third equation doesn’t have 0 eigenvalue - we apply center manifold to get rid of 3rd one
Taylor expansion and arrive at normal form

Equilibria back to origin through change of variables, linearlize and find eigenvalues, apply center maniform theorem to go from 3 to 2, taylor series expansion, transform to Bagdanov-Takens normal form (confirms the presence of a BT bifurcation)



ULTIMATE GOAL: MAKING POLICY

QUESTION: With harvesting restricted to 2 alligators per hunter per
season, should the hunting policies be altered, especially that the
common prey population is decreasing (racoons drop by 95%...)7?

PROBLEM: No good data is available, even with the Everglades
administration. (only hunting records, sightings,...)

PLAN:

EE o e




DEDUCTION 1:

For
h, > hgrit(hl) _ Kcao[mao(adythy)+a(ma—c12)r]—adz(Kciomao+(ma1 —€12)1)

a(Kcigmpo+(mz1—c12)r)

Python population goes extinct.

’
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DEDUCTION 2: INTERACTION MODES

Let
Ap12= Kcygmyog(myy — ¢12) — Kcq9(€z1 — myp)myg — (€31 — Mmyp)(Myq — cq3)r,

If Ag12, > 0, the interaction between pythons and alligators is competitive:

No Coexistance! One of the predators goes extinct!

24



If Ay1» < 0, the interaction sustains coexistence: alligators and pythons support one another

h, < h% < hg h% <h, < hg h% < h% <h, < hgritical

) ///
Big
45 35
A 25 ®
|
|

Coexistance is achievable. Low alligator population cannot persist if h, is relatively low.
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h2 (python removal, yr

Coexistence region can be very thin!
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0 0.05 0.1

0.15 0.2 0.25 0.3

h, (mesopredator removal, yr')

Both Alligators and Pythons go extinct
Alligators and Prey can only coexist
Pythons and Prey can only coexist

Pythons and Alligators can coexist with Prey, but not with one another ® coexistence stability boundary

Pythons and Alligators can only coexist at the same time

Alligators and Prey can coexist without Pythons, and all three can coexist simultaneously
Pythons and Prey can coexist without Alligators, and all three can coexist simultaneously
BN Pythons and Prey can coexist, Alligators and prey can coexist, all three can coexist simultaneously
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Interesting dynamics - limit cycle and multiple bifurcations, we still need to talk about many of the bifurcations still 
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USEFUL TECHNIQUES /
STRATEGIES.

* Ownership.

* Know strong / weak points
(me vs Wael, experts).

 Reach out to experts.
* Always share something.

* Provide opportunities, but
students must seize.




THANK YOU!

Contact Steven Miller at sim1@williams.edu if interested in

participating in the Polymath Jr Program (as student, TA, mentor, ...)
Wael El Khateeb

Assistant Professor
welkhate@emporia.edu
Emporia State University

Steven J Miller
sim1@williams.edu
Professor

Williams College

LinkedIn Personal Webpage,,
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