Sum and Difference Sets

Definition

Let AC S :={0,...,n}. Define A+ A={a+da |a,a € A}, and
similarly A — A={a—d' | a,d’ € A}. We call A

o Sum dominant if |A+ A| > |A — A]

@ Difference dominant if |A+ A| < |A — A]

© Balanced if |A+ A| = |A — A]

Expect most sets to be difference dominant because addition com-
mutes but subtraction doesn’t. Still, many sum dominant sets occur.

Theorem (Martin, O’bryant)

Let p", p(_n ), p6n> be the proportion of subsets of {0,...,n} that are

sum dominant, difference dominant, and balanced respectively. As

n — 00,

liminf p™ >0, for any * € {—,+,0}

n—0oo

Remark: This Theorem was extended by Zhao, who showed that

Px = nlggo pg(n)
exists for each x € {—,+,0}.

Remark: About 0.04% sets are sum dominant.

Expected Diflference in Sizes

Random subsets of {0,1,...,1000}: 200000 trials
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Figure 1:0On average, difference sets have more terms.

Result (Martin, O’bryant): E||A—A|—|A+A|] = 4asn — .
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Sets Generated by Markov Processes

We generalize the construction of A C S by considering a Markov
process that picks whether ¢ € A depending on whether ¢ — 1 is in A.

Definition

Let (X;)", be a stationary two-state Markov chain with transition
matrix
p_| P 1=p

, where p,q € (0, 1
g q p,q € (0,1)

and define
A:{ZGO,,HXZZI}

Remark: This process has stationary distribution
| 1—gq 1 —p
2—-p—q2-p—q

T

Many Markov Sets have More Sums than
Differences

We can find the sizes of the sum and difference sets by only considering
the left and right fringes, defined as:

L=AnN|0, K]
We define a fringe score.
A(L, R) = [(L+L)N[0, K[|+ [(R+ R) N0, K| = 2[(L+ R) N[0, K]

which counts the difference in set sizes if their middles are ‘tull’

R=(n—-—AnN|0, K|

Lemma (Zhao): For fixed K, if K+ 1,2n — K -1 C A+ A
and |[K +1—n,n— K —1] C A— A, then

A=A+ Al —|A—A]

We prove that middles are almost surely full as n — oo, and by
constructing non-negligible families of sets satistying A x 0 for each
*x € {<,>,=}, we prove the following:

Theorem

() (n)

Consider ,0@, p—", py for the Markov case. As n — oo, all three

have limits and

lim pim >0, foranyxe€{—,+,0}

A General Formula for Expected Differences

To find the size of A+ A and A— A, it is easier to count the probabilities,
foreach k,of k¢ A+ Aand k ¢ A — A.

(Example) Even sums: Suppose £ = 2m is missing from
A+ A, so pairs (m,m),(m — 1,m+ 1),...,(0,2m) must not be
present in A. We count this probability using two Markov chains,
Xy, Xm+1, - - -, Xom and a reversed chain X,,, X,,—1,...,Xo. We

may then sum over all even k.

Similar counting arguments work for the odd sums case and the differ-
ences case. We arrive at the next result:

Theorem

Let AC S :={0,...,n} be generated by Markov process {X,}.
As n — oo,

21— q)(14+p —p° — pq)
(1-pPp+q2—-p—2q)

43IA—A|—IA+AH%A(p,q):

Result: We also proved that this convergence occurs at rate

O(n\"), for some A € (0, 1)
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