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Polymath Junior Program

f?'va; \
e Provide research opportunities to undergraduates. S :

e Online, runs in the spirit of the Polymath Project.
e Projects run by researcher with experience in undergraduate mentoring.

e Most 15-25 students, a main mentor, grad students / postdocs assisting.

https://geometrynyc.wixsite.com/polymathreu
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A pair of equations

For relatively prime a, b € N, consider

(

ax+by = ————* and

5]
|
=
~—

l+ax+ by =
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A pair of equations

For relatively prime a, b € N, consider

(a-1)

ax+by = ————* and

l+ax+ by =

Theorem (Beiter (1964), extended by Chu (2020))

Exactly one of the equations has a nonnegative integral solution
(x,y). The solution is unique.
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Fibonacci numbers

Fr=1, FL=1, and F, = F,_1 + Fp_>, forn>3
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Fibonacci numbers

Fr=1, FL=1, and F, = F,_1 + Fp_>, forn>3

Fi=1 Fo=1 F3=2, F =3, Fs=5, F6=8,...
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Fibonacci numbers

Fr=1, FL=1, and F, = F,_1 + Fp_>, forn>3

Fi=1 Fo=1 F3=2, F =3, Fs=5, F6=8,...

ged(Fp, Foy1) = 1
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Fibonacci numbers

Fr=1, FL=1, and F, = F,_1 + Fp_>, forn>3

Fi=1 Fo=1 F3=2, F =3, Fs=5, F6=8,...

ged(Fp, Foy1) = 1

a—l—b _ (a—1)2(b—1)
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Fibonacci numbers

Fi=1 F=1 FR=2 F=3 F=5, F6=38,...

ged(Fp, Foy1) = 1

Fo—1)(Fs1 — 1
P+ Fany] = o e =D

Fo—1)(Fpi1— 1
1+ Fo[x]+ Fopa[y] = (Fr )(2n+1 )
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Fibonacci numbers

Fi=1 F=1 FR=2 F=3 F=5, F6=38,...

ged(Fp, Foy1) = 1

Fo—1)(Fs1 — 1
P+ Fany] = o e =D

Fo—1)(Fpi1— 1
1+ Fo[x]+ Fopa[y] = (Fr )(2n+1 )

(Xv)/) =7
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Chu'’s six cases (2020)

Fox -

Féky1 -

Fekt2 -

14 Ferqs -

1+ Ferra-

1+ Forys -

Foxr1—1
2
Fory1 — 1
2
Foky1 — 1
2
Foyo — 1
2
Forra — 1
2
Fokya — 1
2

~+ Fory1 -

+ Foki2 -

+ Fokss -

+ Fokta -

+ Fokys -

+ Fok+e -

For1—1 _ (Fex — 1)(Fek+1 — 1)
2 2

For—1—1 _ (Fok+1 — 1)(Feks2 — 1)
2 2

Fori1 =1| _ (Fek2 — 1)(Feks+3 — 1)
2 2

Ferio — 1 (Fék+3 — 1)(Fek+a — 1)
2 o 2

Ferio — 1 _ (Fek+a — 1)(Fekss — 1)
2 2

Ferya — 1 _ (Fek+s — 1)(Fekss — 1)
2 2
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Fibonacci Squared (Polymath Jr. 2024)

If n=0,2,3,5 mod 6,

2

FZ,+1 FZ,—1 (F? —1)(F, —1)
F2 X F2 _I'n—1 F2 X n—1 _ n n+1 )
n ( n + n+1 2 2
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Fibonacci Squared (Polymath Jr. 2024)

If n=0,2,3,5 mod 6,

FZ,+1 FZ,—1 (F? —1)(F, —1)
F2 X F2 _In 1 F2 X n—1 — n n+1 )
n ( n 2 + n+1 2 2
If n=1 mod 6,
F2-3 FP—F -1 (FZ—=1)(F2,,—-1)
F2 . n 2 X n n—1 _ n n+1 )
1 + n 2 + Fn+1 2 2
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Fibonacci Squared (Polymath Jr. 2024)

If n=0,2,3,5 mod 6,

£ (Fz_Fn{ﬁl) B i O (Y
n n n+ — .

2 2 2
If n=1 mod 6,
F? -3 FfP—F? -1 (F? —1)(F3,-1)
1 F2 . n 2 X n n—1 _ n n+1 )
+ n 2 +Fn+1 2 2
If n=4 mod 6,
F24+1 FP—F -1 (FZ —1)(F2,,-1)
1 F2 . n 2 X n n—1 _ n n+1 .
+ n 2 +Fn+1 2 2
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Fibonacci Cubed (Polymath Jr. 2024)

For n > 2,

i— — B, —1)(F3 -1
i | SR |+ B| SR | = B 2)( n D),
i i=2

2

2n ) 2n—1 s s
1+F5,- (Z(l)'F,-3 — 1) + For - Z F?| = (Fon = 1)(Fonia 1)‘
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Problem 1

For (i,j) € N?, find the nonnegative integral solution (x, y) to

(Fi=1)(Fha —1)

or
. , F FJ
L Pl x4+ ey = )(2n+1 1)
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What we did in Polymath Jr. 25 )
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Fibonacci-like sequences

Let (u,v) € N? with ged(u, v) = 1.
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Fibonacci-like sequences

Let (u,v) € N? with ged(u, v) = 1.

Define (tﬁ“’v))gil : t£u’v) = u, tzu’v) =v, t(u V) — t(u V) + t(u Y,
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Fibonacci-like sequences

Let (u,v) € N? with ged(u, v) = 1.
Define (tﬁ“’v))gil : t£u’v) = u, tzu’v) =v, t(u V) — t(u V) + t(u Y,

t,(’u,v) = Fpou+ Fr1v
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Fibonacci-like sequences

Let (u,v) € N? with ged(u, v) = 1.
Define (tﬁ“’v))gil ; t£u’v) =u tzu’v) v, t") = t(u Yy t(u ),
t,(’u,v) = Fpou+ Fp1v

gcd(t,(,”’v), t,gi{)) =1
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Fibonacci-like sequences

Let (u,v) € N? with ged(u, v) = 1.

Define (tﬁ“’v))gil ; t£u’v) =u, tzu’v) v, t") = t,(ff{) + t,(fi"zl).
t,(’u,v) = Fpou+ Fp1v

gcd(t,(,”’v), t,gi{)) =1

(e — 1)y — 1)

(u,v) (u,v)
th —1)(t -1
)5 4 t,(fi;)y +1 = ( )2( ntl )

=7

Nonnegative integral (x,y)
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Fibonacci-like sequences

Let (u,v) € N? with ged(u, v) = 1.
Define (tﬁ“’v))gil : t£u’v) = u, tzu’v) =v, t,(7u’v) = t,(ff{) + t,(fi"zl).
t,(’u,v) = Fpou+ Fr1v

gcd(t,(,”’v), t,gi{)) =1

(o) (e — 1)y — 1)

Vv +1
t,(7u )X + tn+1 y = 2 n
(u,v) (u,v)
t —1)(t -1
t’gu,v)x_i_ tr(;t;)y 11 = ( n )2( n+1 )

Nonnegative integral (x,y) =7 Depend on n modulo 6.
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The solution (x, y)

Why 6 cases?
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The solution (x, y)

Why 6 cases?

Cassini's identity (2): Fpi1Fa1 — F2 = (=1)"
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The solution (x, y)

Why 6 cases?
Cassini's identity (2): Fpi1Fa1 — F2 = (=1)"

Fibonacci pairs (3): (Fen, Fen+3); (Fent1: Fon+a), (Fen+2; Fonts)
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The solution (x, y)

Why 6 cases?
Cassini's identity (2): Fpi1Fa1 — F2 = (=1)"
Fibonacci pairs (3): (Fen, Font3); (Fent1, Fenta), (Fent2, Fonis)

In each case, the solution (x, y) depends further on (u, v).

Solutions to a Pair of Diophantine Equations
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Sample case: n=4 mod 6

Polymath Jr. 25 Diophantine Group

Given (u, v, n, r) € Z* with even n, it holds that
1+ % ((u — r)Fa1 + Wﬁ —~ 1>t£“'”+

(&) = 1)y —1)
2

L
2

vr—1

(anfz + Fo1— 1> t,gif) =

and
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Sample case: n=4 mod 6

Polymath Jr. 25 Diophantine Group

Given (u, v, n, r) € Z* with even n, it holds that
D <(u— DFas+ (u—rv+1, 1>t,(1u‘\/)+
2 u
1 vr—1 () (e - 1)(&:? - 1)
5 rFn_> + Fn1—1 tn+’1 - 2
and
1 — -1
> ((U —r)Fo1+ (u=nv=-1 rgv Fn — 1) £+
1 vr+1 o _ (@7 =18 1)
3 rFn_» + Foo1—1)t 5" = 5 .
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Sample case: n=4 mod 6

For even n,

1 — 1
142 <(u_,)FH+ %

(u,v) v
=1, 1> Gon _ @ -1 1)

Fo — 1) £l 4

n+l 2

(an72 +

N =

Proof:
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Sample case: n=4 mod 6

For even n,

1 — 1
142 <(u_,)FH+ %

(u,v) v
=1, 1> Gon _ @ -1 1)

Fo — 1) £l 4

n+l 2

(an72 +

N =

Proof:

tr(1u,V) = Froou+ Fr1v
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Sample case: n=4 mod 6

For even n,

1+ - <(u —r)Fa—1 + %

5 Fo — 1) £l 4
(u,v) v
=1, 1> Gon _ @ -1 1)

n+l 2

(an72 +

N =

Proof:

tr(1u,V) = Froou+ Fr1v

FooiFpi1— F2=1 (for even n)

Solutions to a Pair of Diophantine Equations
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Sample case: n=4 mod 6

1 — 1
14 <(,,_,)FH+ %

(an—Z + V'; 1Fn—1 - ]-)t,(q‘i;)

Fo — 1> £+

N[ =

Solutions to a Pair of Diophantine Equations
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Sample case: n=4 mod 6

+1 ((u—r)F,,,l-{— (U_r)V+1Fn_1>tr(1u,v)+
2 u

1 vr—1

E(rF— u Fn— 1_1> n+1

((u —r)Fo—1 + %H) (Fr—ou+ Foo1v)+

Jr
-1 (u,v u,v
(an 2+ Fn—l>(Fn—1u+FnV)_ ( )+t£+1 _1)

N = N =
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Sample case: n=4 mod 6

+1 ((u—r)F,,,l-{— (U_r)V+1Fn_1>tr(1u,v)+
2 u

1 vr—1

E(rF— u Fn— 1_1> n+1

((u —r)Fo—1 + %H) (Fr—ou+ Foo1v)+

Jr
-1 (u,v u,v
(an 2+ Fn—l>(Fn—1u+FnV)_ ( )+t£+1 _1)

N = N =

]. u, V
= + 5 (uFn—2 + vFo—1) (uFp—1 + vFy) —f(t + 1.‘"4_1 —1)

Re pe
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Sample case: n=4 mod 6

+1 ((u—r)F,,,l-{— (U_r)V+1Fn_1>tr(1u,v)+
2 u

1 vr—1

E(rF— u Fn— 1_1> n+1

((u —r)Fo—1 + %H) (Fr—ou+ Foo1v)+

Jr
-1 (u,v u,v
(an 2+ Fn—l>(Fn—1u+FnV)_ ( )+t£+1 _1)

N = N =

]. u, V
= + 5 (uFn—2 + vFo—1) (uFp—1 + vFy) —f(t + 1.‘"4_1 —1)

Re pe

1 u,v u,v
= E(t'(’ M — 1)(t,(1+1) -1)
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Sample case: n=4 mod 6

Polymath Jr. 25 Diophantine Group

14+ tr(lu.V), } <(u_ I‘)Fn71 + %Fn = ]_) HL

2

puy)

n+1 - 2

N =

(u,v) (u,v)
vr — an_l _ 1) _ (tn — 1)(tn+1 — 1)

(an—Q aF

Solutions to a Pair of Diophantine Equations
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Sample case: n=4 mod 6

Polymath Jr. 25 Diophantine Group

14+ tr(lu.V), } <(u_ I‘)Fn71 + %Fn = ]_) HL

2

(u,v) (u,v)
_ ty ) —1)(t -1
£ % (an_Q LV an_l 3 1) _ )2( 1 )
v
x = % ((u —r)Fo—1+ 7(”7'3‘/“ F,— 1) 5
y :%(an72+wu_1Fn71_1)

Solutions to a Pair of Diophantine Equations
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Sample case: n=4 mod 6

Polymath Jr. 25 Diophantine Group

1 —
14+ t’(lu.v) B ((u_ I‘)anl + %Fn — ]_) HL

2
(u,v) (u,v)
v 1 — th —1)(t —1
tf(r*jl). > (""_:1—27L vr an_1*1) = ( )2(”+1 )
v
_ 1 (u—r)v+1
x = 5((ufr)Fn_1+’anfl)?
y —%(an72+wu_1Fn71_1)

Need r such that the boxed are nonnegative integers
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What we did in Polymath Jr. 25

Choose r when n =4 mod 6

Given (u,v) € N2 with gcd(u,v) = 1 and odd u,

dlodd r € [1,u] with vi =+1 mod wu.
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Choose r when n =4 mod 6

Given (u,v) € N2 with gcd(u,v) = 1 and odd u,

dlodd r € [1,u] with vi =+1 mod wu.

Given (u,v) € N2 with gcd(u,v) = 1 and even v,

€

3l odd r € [1, u] with vi = +£1 mod 2u.
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Choose r when n =4 mod 6

Given (u,v) € N2 with gcd(u,v) = 1 and odd u,

dlodd r € [1,u] with vi =+1 mod wu.

Given (u,v) € N2 with gcd(u,v) = 1 and even v,

€

3l odd r € [1, u] with vi = +£1 mod 2u.

Denote r by O(u, v).

Solutions to a Pair of Diophantine Equations
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Choose r when n =4 mod 6

Given (u,v) € N2 with gcd(u,v) = 1 and odd u,

3 odd r € [1, u] with vi =+1 mod u.
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Choose r when n =4 mod 6

Given (u,v) € N2 with gcd(u,v) = 1 and odd u,

3 odd r € [1, u] with vi =+1 mod u.

Assume u > 3.

ged(u,v) =1={1-v,2-v,...,u-v} is a complete modulo
system of u.
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Choose r when n =4 mod 6

Given (u,v) € N2 with gcd(u,v) = 1 and odd u,

3 odd r € [1, u] with vi =+1 mod u.

Assume u > 3.

ged(u,v) =1={1-v,2-v,...,u-v} is a complete modulo
system of u.
Ixi,x2 € [L,u—1] sit. vxy =1 mod u and vxp = —1 mod u.
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Choose r when n =4 mod 6

Given (u,v) € N2 with gcd(u,v) = 1 and odd u,

3 odd r € [1, u] with vi =+1 mod u.

Assume u > 3.

ged(u,v) =1={1-v,2-v,...,u-v} is a complete modulo
system of u.
Ixi,x2 € [L,u—1] sit. vxy =1 mod u and vxp = —1 mod u.

= u|v(x1+x) = u|l(x1 + x) = x1 +x2 = u.

Solutions to a Pair of Diophantine Equations
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Solutions when n=4 mod 6

If uis odd and vO(u,v) =1 mod u or uis even and vO(u,v) =1 mod 2u,

— 0
14t % ((“ —O(u,v))Fo1 + (v w(u[,v))v S 1) +
(v |1 vO(u,v) -1 (tgu.v) - 1)(1'(”’;) -1
6|5 (@(m V)Fpoa e Py 1) = > .

Solutions to a Pair of Diophantine Equations
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Solutions when n=4 mod 6

If uis odd and vO(u,v) =1 mod u or uis even and vO(u,v) =1 mod 2u,

—0
14t % ((“ —O(u,v))Fo1 + (v w(u[,v))v S 1) +
) | L vO(u,v) 1 (" = (e’ — 1)
tn+1 . 5 @(U./ V)Fn_2+an_1—l = 2 .
If uisodd, u >3, and vO(u,v) = =1 mod u or uis even and vO(u,v) = —1
mod 2u,

() % ((u — O, )Pt + (u— @(UL,IV))V - 1Fn 3 1) N

(u,v) (u,v)
) + ty ) —1)(t -1
t(u,v) . 1 (@(U, V)F,,,Q V@(U, V) 1 Fo_1— 1) ( )( n+1 )

n+1 5 u 2

Solutions to a Pair of Diophantine Equations
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Nonnegative, integral solutions for n

uis odd and vO(u,v) =1 mod u:

u,v 1 u—0O(u,v
1+t,(7')-7 (u7©(u,v))Fn,1+( ( Nv+1 Foo1|+
2 —— u
even i odd
o
(u,v) (u,v)
( — ty ) — 1)(t, -1
tiﬁryf) . 1 O(u, v) Fn_2+V®(Ua v)—1 -1 = ( ) n+1 )
2 e — u 2
odd odd even

Solutions to a Pair of Diophantine Equations
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Application: u = v =1 (Fibonacci) and n = 6k + 4
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Application: u = v =1 (Fibonacci) and n = 6k + 4

1 — O(u, 1
14 Fokia - 5 ((U — O(u, v))Fekts + (v (uuv))v * Fok+a — 1) +
Fokra—1
1 vO(u,v)—1 F¢ —1)(Fe -1
Foékis - 5 (Q(U, V) Feky2 + %Fﬁk+3 - 1) = (For+s )2( oits — 1)

Fekr2—1

Solutions to a Pair of Diophantine Equations
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Application: u = v =1 (Fibonacci) and n = 6k + 4

1 — O(u, 1
14 Fokia - 5 ((U — O(u, v))Fekts + (v (uuv))v * Fok+a — 1) +
Fokra—1
1 vO(u,v)—1 F¢ —1)(Fe -1
Foris - = | O(u, v)Feksa + ¥Fek+3 -1] = (Forrs = 1)(Foirs — 1)
2 u 2
Fok+2—1
This matches Chu's (2020)
Forea — 1 Forsz — 1 Forra — 1)(Forss — 1
14 Fopos - 6k+§ 4 Fors - 6k+§ _ (Fok+a )2( k15 — 1)

Solutions to a Pair of Diophantine Equations
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Problem 2

Find the formula for the solutions (x, y) to

soxaby = BB
(a—l)(b—l)’

l1+a-x+b-y = >

where a and b are taken from other recursively defined sequences.
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Future investigation

Problem 1: For (i,j) € N2, find the nonnegative integral solution (x,y) when
(a’ b) = (Frlw Ff,+1).

Solutions to a Pair of Diophantine Equations
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Future investigation

Problem 1: For (i,j) € N2, find the nonnegative integral solution (x,y) when
(a’ b) = (Frlw Ff,+1).

Problem 2: Find the formula for the solutions (x, y) when a and b are taken
from more general recursively defined sequences.
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Future investigation

Problem 1: For (i,j) € N2, find the nonnegative integral solution (x,y) when
(a’ b) = (Frlw Ff,+1).

Problem 2: Find the formula for the solutions (x, y) when a and b are taken
from more general recursively defined sequences.
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We thank the participants at Polymath Jr. 25 for helpful
conversations.
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We thank the participants at Polymath Jr. 25 for helpful
conversations.

We gratefully acknowledge support from the National Science
Foundation DMS2341670.
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We thank the participants at Polymath Jr. 25 for helpful
conversations.

We gratefully acknowledge support from the National Science
Foundation DMS2341670.

Thank you! )
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