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Introduction and Definitions
Zeckendorf Decomposition:
• Zeckendorf’s Theorem: Every integer n can be written as a unique sum of

non-adjacent Fibonacci Numbers.
• For example:

10 = 2 + 8

27 = 1 + 5 + 21

66 = 5 + 8 + 55
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Zeckendorf Game

• Board is labeled with the Fibonacci numbers in order with spaces for
coins under each number.

• Game begins with n coins on F1.
• Players take turns making one of two moves.

◦ Combining one coin from each of Fn−1 and Fn into one coin on Fn+1

Fn−1 ∧ Fn → Fn+1.

◦ Splitting two coins from Fn into one coin each on Fn−2 and Fn+1

2Fn → Fn−2 ∧ Fn+1.

• The game terminates when the full Zeckendorf decomposition is
reached.
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Zeckendorf Game Example Move

F0   F1
   F2   ᐧ ᐧ ᐧ  Fn-2  Fn-1   Fn  Fn+1 ᐧ ᐧ ᐧ 

2Fn → Fn−2 ∧ Fn+1.
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Zeckendorf Game Example: n = 6

• Baird-Smith, Epstein, Flint, Miller proved nonconstructively that for n > 2,
Player 2 has the winning strategy.
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Highest Summand Zeckendorf Game
Another variant on the Zeckendorf Game: Players aim to be the first person to
reach the highest summand of the Zeckendorf decomposition of n.
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Highest Summand Zeckendorf Game
Another variant on the Zeckendorf Game: Players aim to be the first person to
reach the highest summand of the Zeckendorf decomposition of n.

Who wins?
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Highest Summand Zeckendorf Game
Another variant on the Zeckendorf Game: Players aim to be the first person to
reach the highest summand of the Zeckendorf decomposition of n.

Original Game: Player 2
always wins
• Non-Constructive Proof
• Relies on Player 2

“stealing" Player 1’s
strategy.
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Highest Summand Zeckendorf Game

Original Game: Player 2
always wins
• Non-Constructive Proof
• Relies on Player 2

“stealing" Player 1’s
strategy.

Same proof applies to highest
summand.

Proof applies to many variants
where winning is conditional
on certain game state.

5/18



Zeckendorf Game Invariants

• Let the box i have a(k)i coins after k moves of the Zeckendorf game
• Define a polynomial

p
(k)
1 (x) =

T∑
i=1

a
(k)
i xi

• Let ψ = 1+
√
5

2 , φ = 1−
√
5

2 be the two roots of x2 − x− 1 = 0.
• The legal moves of the Zeckendorf game are divided into

◦ Combining moves

{
C1 : 2F1 −→ F2

Ci : Fi−1 + Fi −→ Fi+1 i ≥ 2

◦ Splitting moves

{
S2 : 2F2 −→ F1 + F3

Sj : 2Fj −→ Fj−2 + Fj+1 j ≥ 3

• For a completed game, letMCi denote the total number of moves Ci,
and letMSj denote the total number of moves Sj . 6/18



Zeckendorf Game Invariants
Lemma 1

For a Zeckendorf game of n, define pstart1 (x) = nx and let pfinal1 (x) be the
polynomial corresponding to the final Zeckendorf decomposition. Then

pfinal1 (ϕ)− pstart1 (ϕ)

φ
=MC1 −MS2.

Proof.

• Evaluate p(k+1)
1 (x)− p

(k)
1 (x) at the positive fibonacci root ϕ

• Due to the root satisfying the recursive equation ϕ2 = ϕ+ 1, obtain that
the polynomial changes only at the C1 and S2 moves

• Hence deduce thatMC1 −MS2 is fixed as the inital and final polynomal
are fixed 7/18



Zeckendorf Game Invariants

• For 2 ≤ t ≤ T − 1, by considering similar polynomials
p
(k)
t (x) =

∑T
i=t a

(k)
i xi−t, obtain thatMCi +MSi −MSi+1 are fixed for all i

• As the values are fixed, and we know that the shortest C-vector is unique,
then we obtain the following corollary:

MCi +MSi −MSi+1 =MCmin
i

• Note that C-vector uniquely defines the set of moves used in the game,
both combine and split, due to the equations
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m-branch Zeckendorf Game
• Let the box i on branch b have a(k)b,i after k moves of them-branch

Zeckendorf game
• The terminal state determines a tuple (n1, . . . , nm).
• For each branch b, define nb =

∑T
i=2 a

final
b,i Fi where afinalb,i denotes the

terminal number of coins in box i of branch b.
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m-branch Zeckendorf Game
Theorem 2

Consider anm-branch Zeckendorf game of n that terminates with a fixed
tuple

(n1, . . . , nm).

Then, for every 1 ≤ i ≤ T − 1, the quantity

MCi +MSi −MSi+1

is the same for every game terminating with this tuple. Here we use the
convention

MS1 = 0.
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m-branch Zeckendorf Game
Corollary 3

Suppose anm-branch Zeckendorf game of n terminates with the tuple

(n1, . . . , nm).

Then, for every 1 ≤ i ≤ T − 1,

MCi +MSi −MSi+1 =
m∑
b=1

MCmin
i (nb),

provided the comparison game on each branch is chosen to be a shortest
one-branch Zeckendorf game for nb.
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Player 2 Winning Condition

• Recall the equations we previously obtained
MCi +MSi −MSi+1 =MCmin

i

• As a consequence, after appropriate addition, we obtain another
invariant in the game:

h =
N−1∑
i=1

iMCi +MSi
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Player 2 Winning Condition
Corollary 4

Let
E =

∑
1≤i≤r
i even

MCi

be the total number of even-indexed combining moves in a complete
game. Then

L ≡ h+ E mod 2

Consequently, Player 2 makes the final move if and only if

E ≡ h mod 2

.
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Proof of Winning Condition
Proof: The length of the game is

L =

N∑
i=1

MCi +

N∑
j=2

MSj

By the definition of h,

h =

N∑
i=1

iMCi +

N∑
j=2

MSj

Subtracting gives

h− L =

N∑
i=1

(i− 1)MCi

Player 2 makes the final move exactly when the game length L is even.
Hence, player 2 wins if and only if

h+ E ≡ 0 mod 2

. Or equivalently,
E ≡ h mod 2

.
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Theorem about the Longest Game
Theorem 5

The longest Zeckendorf game has a unique set of moves.

Proof.

For any longest game not in the LA family, find the two games in the LA
family and the new family respectively s.t. the matching sequence of
moves k is maximized. Now can show that if both are the longest k is not
maximal unless k is the longest length of the game. Therefore obtain that
the longest Zeckendorf game has a unique family of moves.
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Theorem about the Longest Game
Corollary

The length of the longest game can be computed using the maximal and
minimal combining vectors as follows:

Lmax − Lmin =
N−1∑
i=1

(N − 1− i)
(
MCmax

i −MCmin
i

)
.
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Future Work

• Use the observations for finding the constructive strategy for Player 2

• Explicit derivation of the longest C-vector, which would give us the
precise bound on the longest game

• Finding proof for Player 2 winning the 2-branch game
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