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Consider a set V of n points in general position (i.e., every
subset of d + 1 points of V is affinely independent) in the
d-dimensional Euclidean space.



A subdivision of V is a set of convex polytopes {P1, . . . , Pk}
with vertices in V such that

⋃
i

Pi = conv(V ) and Pi ∩ Pj is

a (possibly empty) face of both Pi and Pj.



A decomposition of V is a subdivision {P1, . . . , Pk} such that
every point of V is a vertex for some Pi.



Note that a triangulation (i.e., a simplicial decomposition) of
V is a decomposition.
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The size of a decomposition is the number of polytopes in
it. We want to find configurations of points for which the
minimum size of a decomposition is as large as possible.



Let Gd(V ) be the minimum possible size of a decomposition
of V .

Let gd(n) be the maximum value of Gd(V ) among the sets V
of n points in general position in Rd.

Let gdd+1(n) be the maximum value of Gd(V ) among the sets
V of n points in general position in Rd having exactly d + 1
extreme points.

For d = 2 it was conjectured that g(n) ≤ n + C for some
constant C. This conjecture is false.

Results from this talk:

d = 2 g3(n) > n− 4 +
√

2(n− 3) for n ≥ 3.

g(n) > (35/32)n− 3/2 for n ≥ 4.

d > 2 gd+1 > n + d
√

(d!)n + C

Previous work on upper bounds:

Urrutia (2004), g(n) < (3/2)n + C.

Hosono (2009), g(n) < (7/5)n + C.

Sakai and Urrutia (2009), g(n) < (4/3)n + C.



Given a vector ~a the cell at infinity in the hyperplane ar-
rangement determined by V in the direction ~a is denoted by
cell∞(~a, V ).



Not to Not to
scale scale

The construction (d = 2, three extreme points)
The k+1 layer lies in the cell at infinity in the positive horizon-
tal direction determined by the points in the previous layers.

Given a subdivision of the set with k + 1 layers, we obtain
a subdivision of the set with k layers by contracting the k +
1 layer to infinity. It is easy to show by induction that a
subdivision of minimum size for the set with k + 1 layers has
k + 2 more polygons than a minimum-size subdivision for the
set with k layers.



Not to Not to
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The construction (d = 2, three extreme points)
Each layer lies on a smooth convex curve. The next layer is
selected from the same curve and then shifted away until it
lies in the cell at infinity determined by the previous layers.



Not to Not to
scale scale

The construction (d > 2, d + 1 extreme points)
Each layer lies on a smooth convex (d− 1)-surface. The next
layer is selected by induction from the same surface and then
shifted away until it lies in the cell at infinity.



Thank you.


