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FundamentalProblem:SpacingBetweenEvents

GeneralFormulation:Studyingsystem,observevaluesatt1,
t2,t3,....

Question:whatrulesgovernthespacingsbetweentheti?

Examples:

•SpacingsbetweenPrimes.

•SpacingsbetweenEnergyLevelsofNuclei.

•SpacingsbetweenEigenvaluesofMatrices.

•SpacingsbetweenZerosofFunctions.
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GoalsoftheTalk

•Seesimilarbehaviorindifferentsystems.

•Discusstools/techniquesneededtoprovethere-
sults.

•PredictivepowerofRandomMatrixTheory:sug-
gestsanswersforquestionsinNumberTheory.

•UnderstandzerosofEllipticCurveL-functions
nearthecentralpoint.
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PARTI

RANDOMMATRIXTHEORY
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OriginsofRandomMatrixTheory

ClassicalMechanics:3-BodyProblemIntractable.

HeavynucleilikeUranium(200+protons/neutrons)even
worse!

Getsomeinfobyshootinghigh-energyneutronsintonucleus,
seewhatcomesout.

FundamentalEquation:Hψn=Enψn

H:matrix,entriesdependonsystem
En:energylevels
ψn:energyeigenfunctions
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OriginsofRandomMatrixTheory(continued)

StatMech:foreachconfiguration,calculatequantity(saypres-
sure).

Averageoverallconfigurations–mostclosetosystemaver-
age.

Nuclearphysics:choosematrixatrandom,calculateeigenval-
ues,average.

Lookat:RealSymmetric(A
T

=A),ComplexHermitian
(A∗=A),ClassicalCompactgroups(unitary,symplectic,or-
thogonal).
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RandomMatrixEnsembles

RealSymmetricMatrices:

A=





a11a12a13···a1N

a21a22a23···a2N
...............
aN1aN2aN3···aNN



=A

T
,aij=aji,λi∈R.

Define

Prob(A:aij∈[αij,βij])=
∏

1≤i≤j≤N

∫βij

αij

p(xij)dxij.

WanttounderstandeigenvaluesofrandomlychosenA.
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MAINTOOL:EigenvalueTraceLemma

Trace(A)=a11+a22+···+aNN.

EigenvalueTraceLemma:Trace(A
k
)=

N∑

i=1

λi(A)
k
.

•Willgivecorrectnormalizationforzeros;

•Allowsustopassfromknowledgeofmatrixentriestoknowl-
edgeofeigenvalues.
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CorrectScaleforEigenvaluesofRealSymmetric
Matrices

EntrieschosenfromMean0,Variance1Density

Trace(A
2
)=

N∑

i=1

λi(A)
2
.

BytheCentralLimitTheorem:

Trace(A
2
)=

N∑

i=1

N∑

j=1

aijaji=

N∑

i=1

N∑

j=1

a
2
ij∼N

2

N∑

i=1

λi(A)
2
∼N

2

GivesNAverage(λi(A)
2
)∼N

2
orAverage(λi(A))∼

√
N.
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EigenvalueDistribution

δ(x−x0)isaunitpointmassatx0.

ForeachN×NmatrixA,attachaprobabilitymeasure:

µA,N(x)=
1

N

N∑

i=1

δ

(
x−

λi(A)

2
√
N

)
.

Equivalently

∫β

α

µA,N(x)dx=
#

{
λi:

λi(A)

2
√
N∈[α,β]

}

N
.

kthMomentofµA,N=
1

N

N∑

i=1

λi(A)
k

(2
√
N)k

=
Trace(A

k
)

2kN
k
2+1

.
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Wigner’sSemi-CircleLaw

N×Nrealsymmetricmatrices,uppertriangularentriesin-
dependentlychosenfromafixedprobabilitydensityponR.

∫β

α

µA,N(x)dx=
#

{
λi:

λi(A)

2
√
N∈[α,β]

}

N
.

THEOREM:Wigner’sSemi-CircleLaw:Assumephas
mean0,variance1,othermomentsfinite.AsN→∞almost
allAhaveµA,NclosetotheSemi-Circledensity

S(x)=

{2
π

√
1−x2if|x|≤1

0otherwise.

Technical:AsN→∞withprobabilityonetheKolmogorov-
SmirnovdiscrepencybetweenµA,NandStendstozero.

Disc(µA,N,S)=sup
x

∣∣
∣∣
∫x

−∞
µA,N(t)dt−

∫x

−∞
S(t)dt

∣∣
∣∣
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ProofofWigner’sSemi-CircleLaw

1.EigenvalueTraceLemma
(
Trace(A

k
)=∑

iλi(A)
k)

con-
vertssumsovereigenvaluestosumsoverentriesofA.

2.Expectedvalueofkth-momentofµA,N(x)is
∫∞

−∞
···

∫∞

−∞

Trace(A
k
)

2kN
k
2+1

∏

i≤j
p(aij)daij.

3.Showtheexpectedvalueofkth-momentofµA,N(x)equals
thekth-momentoftheSemi-Circle.
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PARTII

NUMBERTHEORY

IDEA:

ZerosofRandomMatricesProvideaGoodModelfor
ZerosofNumberTheoreticFunctions
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RiemannZetaFunction

ζ(s)=

∞∑

n=1

1

ns=
∏

pprime

(
1−

1

ps

)−1

,Re(s)>1.

FunctionalEquation:

ξ(s)=π−s2
Γ

(s
2

)
ζ(s)=ξ(1−s).

RiemannHypothesis:
•AllzeroshaveRe(s)=

1
2;canwritezerosas

1
2+iγ,γ∈R.

(Numberofzeroswith0≤γ≤TisaboutTlogT)

Observation:
•Spacingsbetweennormalizedzerosappearsameasbe-

tweennormalizedeigenvaluesofComplexHermitianma-
trices(A∗=A).
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ExplicitFormula:
AnalogueoftheEigenvalueTraceLemma

−
ζ′(s)

ζ(s)
=−

d
ds

logζ(s)

=
d
ds

∑

p

log
(
1−p−s)

=
∑

p

logp·p−s
1−p−s

=
∑

p

logp

ps+Good(s).

ContourIntegration:
∫
−
ζ′(s)

ζ(s)

x
s

s
dsvs

∑

p

logp

∫(x
p

)s
ds

s
.

KnowledgeofzerosgivesinfoontheL-functioncoefficients.

17



NormalizedZerosofRiemannZetaFunction
Zeros

1
2+iγ,γ∈R

Know#{γ:0≤γ≤T}isaboutTlogT.

Averagespacingofzeroswithγ∼Tis
T

TlogT=
1

logT.

Normalizedzeros:studyγn+1logγn+1−γnlogγn.
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Zerosofζ(s)vs.GUE(x):
2NICHOLASM.KATZANDPETERSARNAK

Figure1.Nearestneighborspacingsamong70millionzeroesbe-
yondthe10

20
-thzeroofzeta,versesµ1(GUE).

RH(needlesstosay,inthenumericalexperimentsreportedonbelowallzeroes
foundwereonthelineRe(s)=

1
2)andordertheordinatesγ:

......γ−1≤0≤γ1≤γ2.... (4)

Thenγj=−γ−j,j=1,2,...,andinfactγ1isratherlarge,beingequalto
14.1347....Itisknown(apparentlyalreadytoRiemann)that

#{j:0≤γj≤T}∼
TlogT

2π
,asT→∞. (5)

Inparticular,themeanspacingbetweentheγ
′
jstendstozeroasj→∞.Inorder

toexaminethe(statistical)lawofthelocalspacingsbetweenthesenumberswe
re-normalize(or“unfold”asitissometimescalled)asfollows:
Set

γ̂j=
γjlogγj

2π
forj≥1. (6)

Theconsecutivespacingsδjaredefinedtobe

δj=γ̂j+1−γ̂j,j=1,2,.... (7)

Moregenerally,thek−thconsecutivespacingsare

δ
(k)
j=γ̂j+k−γ̂j,j=1,2,.... (8)

Whatlaws(i.e.distributions),ifany,dothesenumbersobey?
Duringtheyears1980-present,Odlyzko[OD]hasmadeanextensiveandpro-

foundnumericalstudyofthezeroesandinparticulartheirlocalspacings.He
findsthattheyobeythelawsforthe(scaled)spacingsbetweentheeigenvaluesof

70millionspacingsbetweenadjacentnormalizedzerosofζ(s),
startingatthe10

20thzero(fromOdlyzko)
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GeneralL-Functions

•EulerProduct:

L(s):=

∞∑

n=1

an
ns=

∏

p

Lp(p−s),Re(s)�0,Lp(x)=polynomial.

•FunctionalEquation:

Λ(s):=(Γ−Factors)·L(s)

Λ(s)=ε(s)C
s
Λ(1−s),C>0iscalledtheConductor

•RiemannHypothesis:
AllzeroshaveRe(s)=

1
2;canwritezerosas

1
2+iγ,γ∈R.

•NumberofZeros:

Numberofzeroswithγ∼TislikeTlogT

Zerosnears=
1

2
haveγ∼

1

logC
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MeasuresofSpacings:
n-LevelCorrelations

{αj}anincreasingsequenceofnumbers,B⊂R
n−1

acom-
pactbox.Definethen-levelcorrelationby

lim
N→∞

#

{
(
αj1−αj2,...,αjn−1−αjn

)
∈B,ji6=jk≤N

}

N

ResultsonZeros(AssumingGRH):
•Normalizedspacingsofζ(s)startingat10

20
(Odlyzko)

•Pairandtriplecorrelationsofζ(s)(Montgomery,Hejhal)

•n-levelcorrelationsforallautomorphiccupsidalL-functions(Rudnick-
Sarnak)

•n-levelcorrelationsfortheclassicalcompactgroups(Katz-Sarnak)

•insensitivetoanyfinitesetofzeros
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InterestingL-Functions

WhatmakesanL-Functioninteresting?

•Coefficientsanofarithmeticsignificance.

•LookforL-Functionswithmultiplezeros:
•Conjecturedthatallzerosaresimpleexceptfordeep

reasons;
•Domultiplezerosattractorrepelnearbyzeros?

WillseeL-FunctionsofEllipticCurvesareinteresting.

•Manyhavemultiplezerosats=
1
2.

•Caninvestigateifthesezerosattractorrepel.
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EllipticCurves:E:y
2

=x
3
+Ax+B
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EllipticCurves:GroupofRationalSolutionsE(Q)

StudyingE:y
2

=x
3
+Ax+B

Mordell-WeilTheorem:Rationalsolutions:E(Q)=Z
r⊕FiniteGroup.

Question:howdoesrdependonE?

AttachanL-FunctiontoE:Asζ(s)givesusinformationon
primes,expectL-FunctiongivesusinformationonE.

Review:LegendreSymbol:
(0
p

)
=0and

(a
p

)
=

{
1ifx

2
≡amodphastwosolutions

−1ifx
2
≡amodphasnosolutions.

Note1+
(a
p

)
isthenumberofsolutionstox

2
≡amodp.

24



L-FunctionofanEllipticCurveE:y
2

=x
3
+Ax+B

LetNpbethenumberofsolutionsmodp:

Np:=
∑

xmodp

[
1+

(x3
+Ax+B

p

)]
=p+

∑

xmodp

(x3
+Ax+B

p

)

Localdata:ap=p−Np.UsetobuildtheL-function:

L(E,s):=

∞∑

n=1

an
ns.

FromBreuil,Conrad,Diamond,TaylorandWiles:

Λ(E,s)=(2π)−sCs/2
EΓ(s)L(E,s)

Λ(E,s)=εEΛ(E,2−s),εE=±1.
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L-FunctionofanEllipticCurveE:y
2

=x
3
+Ax+B

LetNpbethenumberofsolutionsmodp:

Np:=
∑

xmodp

[
1+

(x3
+Ax+B

p

)]
=p+

∑

xmodp

(x3
+Ax+B

p

)

Localdata:ap=p−Np.UsetobuildtheL-function:

L(E,s):=

∞∑

n=1

an
ns.

LocaltoGlobal:{ap}pprime←→E(Q)=Z
r⊕FiniteGroup.

BirchandSwinnerton-DyerConjecture:Geometricrankr
equalsnumberofzerosofL(E,s)ats=

1
2.Possibilityof

repulsion/attractionfromzerosats=
1
2!
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FamiliesofEllipticCurves:

E:y
2

=x
3
+A(T)x+B(T),A(T),B(T)∈Z[T].

HaveaFAMILYofL-Functions:
•t∈ZgivesanellipticcurveEtwithconductorCt.

•Ctistypicallygrowingpolynomiallyint.

•t∈ZgivesafamilyofL-functionsL(Et,s).
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FamiliesofEllipticCurves

Mordell-WeilTheoremforFamilies:

•E:y
2

=x
3
+A(T)x+B(T),A(T),B(T)∈Z[T].

•GroupofRationalFunctionSolutions:
P(T)=(x(T),y(T)).
E(Q(T))=Z

r(E)⊕FiniteGroup.

•SpecializationTheorem:Forallt∈Zsufficientlylarge:
r(Et)≥r(E).

Questions:
•Howdoesr(Et)varyinthefamily?

•HowdothezerosofL(s,Et)varyinthefamily?

28



RandomMatrixEnsemblesandNumberTheory

•Zerosfarawayfroms=
1
2well-modelledbyGUE.

•ChooseoneL-Function,lookathighzeros.
•OneL-functionhasenoughfreedomtoaverage.
•Insensitivetofinitelymanyzeros.

•Storydifferentforzerosnears=
1
2.

•OneL-functionnolongersufficesforaveraging.
•LookatmanysimilarL-functions.
•HopeL-functions’zerosnears=

1
2behavesimilarly.

•AnalogywithRandomMatrixTheory:
•RMT:pickmanyN×Nmatricesatrandom,N→∞.
•NT:pickmanyL-functionsinafamily,Ct→∞.
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RandomMatrixEnsembles

RealSymmetric,ComplexHermitianMatrices:
•λ∈R.

•Randomness:uppertriangularentriesindependentlycho-
senfromp;freedomtochoosep.

ClassicalCompactGroups:
•λ=e

iθ
,θ∈(−π,π]⊂R.

•Randomness:Haarmeasure;canonicalchoice.

•Subgroups:OrthogonalMatrices(Q
T
Q=I):

SO(even):e
iθ

:···≤−θ2≤−θ1≤0≤θ1≤θ2≤···
SO(odd):e

iθ
:···≤−θ2≤−θ1≤θ0=0≤θ1≤θ2≤···
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MeasuresofSpacings:
1-LevelDensityandFamilies

LetφibeevenSchwartzfunctionswhoseFourierTransformis
compactlysupported.LetL(s,f)beanL-functionwithzeros
1
2+iγ(γ∈R)andconductorCf.Definethen-leveldensity
by

Dn,f(φ)=
∑

j1,...,jn
ji6=±jk

φ1

(
γj1

logCf
2π

)
···φn

(
γjn

logCf
2π

)

•Individualzeroscontributeinlimit

•Mostofcontributionisfromlowzeros

•AverageoversimilarL-functions(family)

Toanygeometricfamily,Katz-Sarnakpredictthen-level
densitydependsonlyonasymmetrygroup(aclassicalcom-
pactgroup)attachedtothefamily.
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NormalizationofZeros

Local(hard)vsGlobal(easy).AsN→∞:

1

|FN|
∑

Et∈FN

Dn,Et(φ)=
1

|FN|
∑

Et∈FN

∑

j1,...,jn
ji6=±jk

∏

i

φi

(
γt,ji

logCt
2π

)

→
∫
···

∫
φ(x)Wn,G(F)(x)dx

→
∫
···

∫
φ̂(u)Ŵn,G(F)(u)du.

Conj:DistributionofLowZerosagreeswithOrthogonal
Densities.
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SomeNumberTheoryResults

•Orthogonal:
Iwaniec-Luo-Sarnak:1-leveldensityforH±

k(N),Nsquare-
free;

Dueñez-Miller:1,2-level{φ×sym
2
f:f∈Hk(1)},φ

evenMaass;
Miller,Young:familiesofellipticcurves.
Güloğlu:1-levelfor{Sym

r
f:f∈Hk(1)},rodd.

•Symplectic:
Rubinstein:n-leveldensitiesforL(s,χd);
Dueñez-Miller:1-levelfor{φ×f:f∈Hk(1)},φeven

Maass.
Güloğlu:1-levelfor{Sym

r
f:f∈Hk(1)},reven.

•Unitary:
Hughes-Rudnick,Miller:FamiliesofPrimitiveDirichlet

Characters.

33



1-LevelDensities

FourierTransformsfor1-leveldensities:

Ŵ1,SO(even)(u)=δ(u)+
1
2η(u)

Ŵ1,SO(u)=δ(u)+
1
2

Ŵ1,SO(odd)(u)=δ(u)−
1
2η(u)+1

Ŵ1,Sp(u)=δ(u)−
1
2η(u)

Ŵ1,U(u)=δ(u)

whereδ(u)istheDiracDeltafunctionaland

η(u)=

{1if|u|<1
1
2if|u|=1
0if|u|>1
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2-LevelDensities

c(G)=

{0ifG=SO(even)
1
2ifG=O
1ifG=SO(odd)

ForG=SO(even),SOorSO(odd):
∫∫

φ̂1(u1)φ̂2(u2)Ŵ2,G(u)du1du2=
[
φ̂1(0)+

1

2
φ1(0)

][
f̂2(0)+

1

2
φ2(0)

]

+2

∫
|u|φ̂1(u)φ̂2(u)du

−2φ̂1φ2(0)−φ1(0)φ2(0)

+c(G)φ1(0)φ2(0).
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SO(even)RandomMatrixModels

RMT:2Neigenvalues,inpairse±iθj,probabilitymeasureon
[0,π]

N
:

∏

j<k

(cosθk−cosθj)
2∏

j

dθj

IndependentModel:2rEigenvaluesat1

{(
g
I2r

)
:g∈SO(2N−2r)

}

InteractionModel:2rEigenvaluesat1
Sub-ensembleofSO(2N)with2reigenvaluesforcedtobe+1:

∏

j<k

(cosθk−cosθj)
2∏

j

(1−cosθj)
2r∏

j

dθj,

with1≤j,k≤N−r.
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ComparingthetwoRandomMatrixModels

EllipticCurveE,conductorC,expectfirstzeroaboves=
1
2

tobe
1
2+iγwithγ∼

1
logC.

Ifrzerosatcentralpoint,ifrepulsionofzerosisofsize
cr

logC,
woulddetectinzerosnearcentralpoint:

∑

γ

φ

(
γ

logC

2π

)
.

Correctionsofsize

φ(x+cr)−φ(x)≈φ′(x)·cr.

37



Motivation:DirichletCharacters:mPrime

{χ0}∪{χl}l≤m−2areallthecharactersmodm.

Considerthefamilyofprimitivecharactersmodaprimem(m−2char-
acters):

1

m−2

∑

χ6=χ0

∑

γχ

φ

(
γχ

log(
m
π)

2π

)
=

∫∞

−∞
φ(y)dy

−
1

m−2

∑

χ6=χ0

∑

p

logp

log(m/π)
φ̂

(logp

log(m/π)

)
[χ(p)+χ(p)]p−1

2

−
1

m−2

∑

χ6=χ0

∑

p

logp

log(m/π)
φ̂

(
2

logp

log(m/π)

)
[χ

2
(p)+χ

2
(p)]p−1

+O

(1

logm

)
.

CanpassCharacterSumthroughTestFunction.
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EllipticCurves:
ArithmeticProgression

One-parameterfamilies:

E:y
2

=x
3
+A(T)x+B(T),A(T),B(T)∈Z[T].

Wehave

at(p)=−
∑

xmodp

(x3
+A(t)x+B(t)

p

)
=at+mp(p)

Canhandlesumsofat(p)fortinarithmeticprogression.
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CommentsonPreviousResults

•explicitformularelatingzerosandFouriercoefficients;

•averagingformulasforthefamily;

•conductorseasytocontrol(constantormonotone)

EllipticcurveEt:discriminant∆(t),conductorCtis

Ct=
∏

p|∆(t)

p
fp(t)
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1-LevelExpansion

D1,FN(φ)=
1

|FN|
∑

Et∈FN

∑

j

φ

(
γt,j

logCt
2π

)

=
1

|FN|
∑

Et∈FN

[
φ̂(0)+φi(0)

]

−
2

|FN|
∑

Et∈FN

∑

p

1

p

logp

logCt
φ̂

(logp

logCt

)
at(p)

−
2

|FN|
∑

Et∈FN

∑

p

1

p2

logp

logCt
φ̂

(
2

logp

logCt

)
a

2
t(p)+O

(loglogN

logN

)

Wanttomove
1
|FN|

∑
Et∈FN,leadsustostudy

Ar,F(p)=
∑

tmodp

a
r
t(p),r=1or2.
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2-LevelExpansion

Needtoevaluatetermslike

1

|FN|
∑

Et∈FN

2∏

i=1

1

p
ri
i

gi

(logpi
logCt

)
a
ri
t(pi).

AnalogueofPetersson/Orthogonality:Ifp1,...,pnaredis-
tinctprimes

∑

tmodp1···pn

a
r1
t(p1)···a

rn
t(pn)=Ar1,F(p1)···Arn,F(pn).
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Input

Formanyfamilies

•A1,F(p)=−rp+O(1)

•A2,F(p)=p
2

+O(p
3/2

)

RationalEllipticSurfaces(RosenandSilverman):Ifrank
roverQ(T):

lim
X→∞

1

X

∑

p≤X
−
A1,F(p)logp

p
=r

Surfaceswithj(T)non-constant(Michel):

A2,F(p)=p
2
+O

(
p

3/2)
.
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DEFINITIONS

Dn,FN(φ)=
1

|FN|
∑

Et∈FN

∑

j1,...,jn
ji6=±jk

∏

i

φi

(
γt,ji

logCt
2π

)

D
(r)
n,FN(φ):n-leveldensitywithcontributionofrzerosatcen-

tralpointremoved.

FN:Rationalone-parameterfamily,t∈[N,2N],conductors
monotone.
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ASSUMPTIONS

1-parameterfamilyofEllCurves,rankroverQ(T),ratio-
nalsurface.
Assume

•GRH;

•j(T)non-constant;

•Sq-FreeSieveif∆(T)hasirred.poly.factorofdegree≥4.

Passtopositivepercentsub-seqwhereconductorspolyno-
mialofdegreem.
φievenSchwartz,supportσi:

•σ1<min
(1

2,
2

3m

)
for1-level.

•σ1+σ2<
1

3mfor2-level.
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MAINRESULT

Theorem(M–):Underpreviousconditions,asN→∞,n=
1,2:

D
(r)
n,FN(φ)−→

∫
φ(x)WG(x)dx,

where

G=

{SOifhalfodd
SO(even)ifalleven
SO(odd)ifallodd

1and2-leveldensitiesconfirmKatz-Sarnak,Birchand
Swinnderton-Dyerpredictionsforsmallsupport.

•AgreewithIndependentModel,noteuniversality;

•DependenceonFthroughlowerordercorrectionterms.
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Examples

Constant-SignFamilies:
•y

2
=x

3
+2

4
(−3)

3
(9t+1)

2
,

9t+1Square-Free:alleven.

•y
2

=x
3
±4(4t+2)x,

4t+2Square-Free:+allodd,−alleven.

•y
2

=x
3
+tx

2
−(t+3)x+1,

t
2
+3t+9Square-Free:allodd.

Firsttworank0overQ(T),thirdisrank1.

Without2-LevelDensity,couldn’tsaywhichorthogonalgroup.
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Examples(cont)

RationalSurfaceofRank6overQ(T):

y
2

=x
3
+(2at−B)x

2
+(2bt−C)(t

2
+2t−A+1)x

+(2ct−D)(t
2
+2t−A+1)

2

A=8,916,100,448,256,000,000
B=−811,365,140,824,616,222,208
C=26,497,490,347,321,493,520,384
D=−343,107,594,345,448,813,363,200
a=16,660,111,104
b=−1,603,174,809,600
c=2,149,908,480,000

NeedGRH,Sq-FreeSievetohandlesieving.
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SketchofProof

1.Sieving(ArithmeticProgressions)

2.PartialSummation(CompleteSums)

3.ControllingConductors(Monotone).
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Sieving

2N∑

t=N
D(t)sqfree

S(t)=

Nk/2
∑

d=1

µ(d)
∑

D(t)≡0(d2)
t∈[N,2N]

S(t)

=

loglN
∑

d=1

µ(d)
∑

D(t)≡0(d2)
t∈[N,2N]

S(t)+

Nk/2
∑

d≥loglN

µ(d)
∑

D(t)≡0(d2)
t∈[N,2N]

S(t).

Handlefirstbyprogressions.

HandlesecondbyCauchy-Schwartz:
Thenumberoftinthesecondsum(bySq-FreeSieveConj)is
o(N):
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Sieving(cont)

loglN
∑

d=1

µ(d)
∑

D(t)≡0(d2)
t∈[N,2N]

S(t)

ti(d)rootsofD(t)≡0modd
2
.

ti(d),ti(d)+d
2
,...,ti(d)+

[N
d2

]
d

2
.

If(d,p1p2)=1,gothroughcompletesetofresidueclasses
N/d2

p1p2times.
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PartialSummation

ãd,i,p(t′)=at(d,i,t′)(p),Gd,i,P(u)isrelatedtothetestfunctions,
dandifromprogressions.

ApplyingPartialSummation

S(d,i,r,p)=

[N/d2]
∑

t′=0

ã
r
d,i,p(t′)G

d,i,p(t′)

=

([N/d
2
]

p
Ar,F(p)+O

(
p
R))

Gd,i,p([N/d
2
])

−
[N/d2]−1

∑

u=0

(u
p
Ar,F(p)+O

(
p
R))

(Gd,i,p(u)−Gd,i,p(u+1))
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DifficultPiece:FourthSumI

[N/d2]−1
∑

u=0

O(P
R
)(Gd,i,P(u)−Gd,i,P(u+1))

TaylorSeriesofGd,i,P(u)−Gd,i,P(u+1)gives
N
d2

PR

PrlogN.

1
|FN|

∑
i,dgivesO(

PR

PrlogN).

Problemisinsummingovertheprimes,aswenolongerhave
1
|FN|.
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FourthSum:II

Ifexactlyoneoftherj’sisnon-zero,then

[N/d2]−1
∑

u=0

∣∣
∣∣
∣
Gd,i,P(u)−Gd,i,P(u+1)

∣∣
∣∣
∣

=

[N/d2]−1
∑

u=0

∣∣
∣∣
∣
g

(logp

logC(ti(d)+ud2)

)
−g

(logp

logC(ti(d)+(u+1)d2)

)∣∣
∣∣
∣

Ifconductorsmonotone,forfixedi,dandp,smallindepen-
dentofN(boundedvariation).

Iftwooftherj’sarenon-zero:

|a1a2−b1b2|=|a1a2−b1a2+b1a2−b1b2|
≤|a1a2−b1a2|+|b1a2−b1b2|
=|a2|·|a1−b1|+|b1|·|a2−b2|
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HandlingtheConductors:I

y
2
+a1(T)xy+a3(T)y=x

3
+a2(T)x

2
+a4(T)x+a6(T)

C(t)=
∏

p|∆(t)

p
fp(t)

D1(t)=primitiveirredpolyfactors∆(t)andc4(t)share

D2(t)=remainingprimitiveirredpolyfactorsof∆(t)

D(t)=D1(t)D2(t)

D(t)sq-free,C(t)likeD
2
1(t)D2(t)exceptforafinitesetof

badprimes.
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HandlingtheConductors:II

y
2
+a1(T)xy+a3(T)y=x

3
+a2(T)x

2
+a4(T)x+a6(T)

LetPbetheproductofthebadprimes.

Tate’sAlgorithmgivesfp(t),dependonlyonai(t)modpow-
ersofp.

ApplyTate’sAlgorithmtoEt1.Getfp(t1)forp|P.Form
largeandp|P:

fp(τ)=fp(P
m
t+t1)=fp(t1),

andorderofpdividingD(P
m
t+t1)isindependentoft.

GetintegerssuchthatifD(τ)issq-freethenC(τ)=cbad
D2

1(τ)

c1

D2(τ)
c2.
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TheoremsforFamiliesofEllipticCurves
FamilyE:y

2
=x

3
+A(T)x+B(T),specializedcurvesEt

IffamilyEhasrankr(E):Asconductorsgotoinfinity:

•ResultssuggestEthasatleastr(E)zerosats=
1
2;

•Behaviorofremainingzerosnears=
1
2agreewitheigen-

valuesnear1oforthogonalgroupsfromIndependentModel.

•Application:Boundingaveragerankinafamily(useposi-
tivetestfunction).
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PARTIII

NUMERICALDATA:THEORYvs.EXPERIMENT
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PredictionsfromRandomMatrixTheory
FamilyEofEllipticCurveswithrankr(E)

FamiliesofEllipticCurveswell-modelledbyOrthogonalGroups:
zerosnears=

1
2looklikeeigenvaluesnear1.

AsconductorCtgoestoinfinity,expecthalftheellipticcurves
Ettohaverankr(E),halftohaverankr(E)+1.

AsconductorCtgoestoinfinity,foreachEtexpectther(E)
familyzerostobeindependentoftheotherzerosofEtnear
s=

1
2.

Inparticular,thedistributionofthefirstzeroaboves=
1
2

shouldbeindependentofr(E).
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ExcessRank

One-parameterfamily,rankr(E)overQ(T).
Foreacht∈ZconsidercurvesEt.
RMT=⇒50%rankr(E),50%rankr(E)+1.

Formanyfamilies,observe
Percentwithrankr(E)=32%Percentwithrankr(E)+1=48%
Percentwithrankr(E)+2=18%Percentwithrankr(E)+3=2%

Problem:smalldatasets,sub-families,convergenceratelog(conductor)?

IntervalPrimesTwinPrimesPairs
[1,10]2,3,5,7(40%)(3,5),(5,7)(20%)

[11,20]11,13,17,19(40%)(11,13),(17,19)(20%)

Smalldatacanbemisleading!Remember∑
p≤x

1
p∼loglogx.
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DataonExcessRank

y
2
+a1xy+a3y=x

3
+a2x

2
+a4x+a6

Family:a1:0to10,rest−10to10.
14Hours,2,139,291curves(2,971singular,248,478

distinct).

Percentwithrankr=28.60%Percentwithrankr+1=47.56%
Percentwithrankr+2=20.97%Percentwithrankr+3=2.79%
Percentwithrankr+4=.08%
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DataonExcessRank

y
2

=x
3
+16Tx+32

Eachdatasetrunsover2000consecutivet-values.

t-StartRk0Rk1Rk2Rk3Time(hrs)
-100039.447.812.30.6<1
100038.447.313.60.6<1
400037.447.813.71.11
800037.348.812.91.02.5

2400035.150.113.90.86.8
5000036.748.313.81.251.8

Lastsethasconductorsofsize10
11

,butonlogarithmicscale
stillsmall.
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TheoreticalDistributionofFirstNormalizedZero

123

0.2

0.4

0.6

0.8

Firstnormalizedeigenvalue:230,400fromSO(6)withHaar
Measure

123

0.1

0.2

0.3

0.4

0.5

Firstnormalizedeigenvalue:322,560fromSO(7)withHaar
Measure
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Rank0Curves:1stNormalizedZero
(Farleftandrightbinsjustforformatting)

0.511.522.5

20

40

60

80

100

120

750curves,log(cond)∈[3.2,12.6];mean=1.04

0.511.522.5

20

40

60

80

100

120

750curves,log(cond)∈[12.6,14.9];mean=.88
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Rank2Curves:1stNormalizedZero

1234

20

40

60

80

100

665curves,log(cond)∈[10,10.3125];mean=2.30

1234

20

40

60

80

100

665curves,log(cond)∈[16,16.5];mean=1.82
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Rank2Curves:y
2

=x
3
−T

2
x+T

2
:1stNormalizedZero

01234

2.5

5

7.5

10

12.5

15

17.5

35curves,log(cond)∈[7.8,16.1];mean=2.24

01234

2.5

5

7.5

10

12.5

15

17.5

34curves,log(cond)∈[16.2,23.3];mean=2.00
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PARTVI

CONCLUSIONS
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Correspondences

SimilaritiesbetweenHeavyNucleiandPrimes:

EnergyLevels←→ZerosofL-Functions

NeutronEnergy←→SupportofTestFunctions

DifferentElements:U,Pu,...←→DifferentL-Functions
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Summary

•Findcorrectscaletocomparedifferentsystems.

•Similarbehaviorindifferentsystems.

•NeedaTraceLemma.

•Averageoversimilarelements.

•Needmoredata.
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OpenProblems

IdentifyingClassicalCompactGroup:
GivenareasonablefamilyofL-functions,determinethecor-
respondingsymmetrygroup.

Montgomery-OdlyzkoLaw:
ShowthatzerosofL-functionsatheightT→∞behavelike
eigenvaluesofN×NmatriceswithN∼log

T
2π.

FiniteHeight/FiniteFamilySize:
Knowcorrectmodelforhighzeros(N=log

T
2π);whatis

thecorrectmodelforzerosnearthecentralpointaswemove
throughthefamily(orderedbyconductor)?
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APPENDICES
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AppendixI:StandardConjectures

GeneralizedRiemannHypothesis(forEllipticCurves)LetL(s,E)bethe(normal-
ized)L-functionoftheellipticcurveE.Thenthenon-trivialzerosofL(s,E)satisfy
Re(s)=

1
2.

BirchandSwinnerton-DyerConjecture[BSD1],[BSD2]LetEbeanellipticcurve
ofgeometricrankroverQ(theMordell-WeilgroupisZ

r
⊕T,Tisthesubsetoftorsion

points).Thentheanalyticrank(theorderofvanishingoftheL-functionatthecentral
point)isalsor.

Tate’sConjectureforEllipticSurfaces[Ta]LetE/Qbeanellipticsurfaceand
L2(E,s)betheL-seriesattachedtoH

2
ét(E/Q,Ql).ThenL2(E,s)hasameromorphic

continuationtoCandsatisfies−ords=2L2(E,s)=rankNS(E/Q),whereNS(E/Q)is
theQ-rationalpartoftheNéron-SeverigroupofE.Further,L2(E,s)doesnotvanishon
thelineRe(s)=2.

Mostofthe1-paramfamiliesweinvestigatearerationalsurfaces,whereTate’sconjecture
isknown.See[RSi].
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AppendixII:EquidistributionofSigns

ABCConjectureFixε>0.Forco-primepositiveintegersa,bandcwithc=a+bandN(a,b,c)=∏
p|abcp,

c�εN(a,b,c)
1+ε

.

ThefullstrengthofABCisneverneeded;rather,weneedaconsequenceofABC,theSquare-FreeSieve(see[Gr]):

Square-FreeSieveConjectureFixanirreduciblepolynomialf(t)ofdegreeatleast4.AsN→∞,thenumberof
t∈[N,2N]withf(t)divisiblebyp

2
forsomep>logNiso(N).

Forirreduciblepolynomialsofdegreeatmost3,theaboveisknown,completewithabettererrorthano(N)([Ho],chapter4).

RestrictedSignConjecture(fortheFamilyF)Consideraone-parameterfamilyFofellipticcurves.AsN→∞,the
signsofthecurvesEtareequidistributedfort∈[N,2N].

TheRestrictedSignconjectureoftenfails.First,therearefamilieswithconstantj(Et)whereallcurveshavethesamesign.
Helfgott[He]hasrecentlyrelatedtheRestrictedSignconjecturetotheSquare-FreeSieveconjectureandstandardconjectures
onsumsofMoebius:

PolynomialMoebiusLetf(t)beanon-constantpolynomialsuchthatnofixedsquaredividesf(t)forallt.Then∑2N

t=Nµ(f(t))=
o(N).

ThePolynomialMoebiusconjectureisknownforlinearf(t).
HelfgottshowstheSquare-FreeSieveandPolynomialMoebiusimplytheRestrictedSignconjectureformanyfamilies.

Moreprecisely,letM(t)betheproductoftheirreduciblepolynomialsdividing∆(t)andnotc4(t).

Theorem:EquidistributionofSigninaFamily[He]:LetFbeaone-parameterfamilywithai(t)∈Z[t].Ifj(Et)and
M(t)arenon-constant,thenthesignsofEt,t∈[N,2N],areequidistributedasN→∞.Further,ifwerestricttogoodt,
t∈[N,2N]suchthatD(t)isgood(usuallysquare-free),thesignsarestillequidistributedinthelimit.
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DistributionofSigns:y
2

=x
3
+(T+1)x

2
+Tx

−150−100−50050100150
0

50

100

150

200

250

300

350

400

450

y
2
=x

3
+(t+1)x

2
+tx

t(t−1) square free
Rank: 0
2,021,699 curves
BlockSize=1000
BinSize=16
Excess Sign: −1424

Histogramplot:D(t)sq-free,first2·10
6

sucht.

−150−100−50050100150
0

50

100

150

200

250

300

350

400

450

y
2
=x

3
+(t+1)x

2
+tx

all t
Rank: 0
2,000,000 curves
BlockSize=1000
BinSize=16
Excess Sign: −4976 

Histogramplot:Allt∈[2,2·10
6
].
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Distributionofsigns:y
2

=x
3

+(T+1)x
2

+Tx

−150−100−50050100150
0

2000

4000

6000

8000

10000

12000

y
2
=x

3
+(t+1)x

2
+tx

all t
Rank: 0
50,000,000 curves
BlockSize=1000
BinSize=16
Excess Sign:  +1218

Histogramplot:Allt∈[2,5·10
7
]

Theobservedbehavioragreeswiththepredictedbehavior.Noteasthenumberof
curvesincrease(comparingtheplotof5·10

7
pointsto2·10

6
points),thefittothe

Gaussianimproves.

GraphsbyAtulPokharel
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AppendixIII:
NumericallyApproximatingRanks:

Preliminaries

Cuspformf,levelN,weight2:

f(−1/Nz)=−εNz
2
f(z)

f(i/y
√
N)=εy

2
f(iy/

√
N).

Define

L(f,s)=(2π)
s
Γ(s)−1

∫i∞

0

(−iz)
s
f(z)

dz

z

Λ(f,s)=(2π)−s
N

s/2
Γ(s)L(f,s)=

∫∞

0

f(iy/
√
N)y

s−1
dy.

Get

Λ(f,s)=εΛ(f,2−s),ε=±1.

ToeachEcorrespondsanf,write
∫∞

0=
∫1

0+
∫∞

1andusetransformations.
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AlgorithmforL
r
(s,E):I

Λ(E,s)=

∫∞

0

f(iy/
√
N)y

s−1
dy

=

∫1

0

f(iy/
√
N)y

s−1
dy+

∫∞

1

f(iy/
√
N)y

s−1
dy

=

∫∞

1

f(iy/
√
N)(y

s−1
+εy

1−s
)dy.

Differentiatektimeswithrespecttos:

Λ
(k)

(E,s)=

∫∞

1

f(iy/
√
N)(logy)

k
(y

s−1
+ε(−1)

k
y

1−s
)dy.

Ats=1,

Λ
(k)

(E,1)=(1+ε(−1)
k
)

∫∞

1

f(iy/
√
N)(logy)

k
dy.

Triviallyzeroforhalfofk;letrbeanalyticrank.
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AlgorithmforL
r
(s,E):II

Λ
(r)

(E,1)=2

∫∞

1

f(iy/
√
N)(logy)

r
dy

=2
∞∑

n=1

an

∫∞

1

e−2πny/
√

N
(logy)

r
dy.

Integratingbyparts

Λ
(r)

(E,1)=

√
N

π

∞∑

n=1

an

n

∫∞

1

e−2πny/
√

N
(logy)

r−1dy

y
.

Weobtain

L
(r)

(E,1)=2r!
∞∑

n=1

an

n
Gr

(2πn
√
N

)
,

where

Gr(x)=
1

(r−1)!

∫∞

1

e−xy
(logy)

r−1dy

y
.
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ExpansionofGr(x)

Gr(x)=Pr

(
log

1

x

)
+
∞∑

n=1

(−1)
n−r

nr·n!
x

n

Pr(t)isapolynomialofdegreer,Pr(t)=Qr(t−γ).

Q1(t)=t;

Q2(t)=
1

2
t
2
+
π

2

12
;

Q3(t)=
1

6
t
3
+
π

2

12
t−

ζ(3)

3
;

Q4(t)=
1

24
t
4
+
π

2

24
t
2
−
ζ(3)

3
t+

π
4

160
;

Q5(t)=
1

120
t
5
+
π

2

72
t
3
−
ζ(3)

6
t
2
+

π
4

160
t−

ζ(5)

5−
ζ(3)π

2

36
.

Forr=0,

Λ(E,1)=

√
N

π

∞∑

n=1

an

n
e−2πny/

√
N
.

Needabout
√
Nor

√
NlogNterms.
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AppendixIV:
BoundingExcessRank

D1,F(φ1)=φ̂1(0)+
1

2
φ1(0)+rφ1(0).

Toestimatethepercentwithrankatleastr+R,PR,weget

Rφ1(0)PR≤φ̂1(0)+
1

2
φ1(0),R>1.

Notethefamilyrankrhasbeencancelledfrombothsides.

The2-leveldensitygivessquaresoftherankontheleft,getacrossterm
rR.

Thedisadvantageisoursupportissmaller.

OnceRislarge,the2-leveldensityyieldsbetterresults.Wenowgive
moredetails.

80



n-LevelDensityandExcessRankBounds

Forn=1and2,considerthetestfunctions

f̂i(u)=
1

2

(1

2
σn−

1

2|u|
)
,|u|≤σ

fi(x)=
sin

2
(2π

1
2σnx)

(2πx)2.

Expectσ2=
σ1
2;onlyabletoproveforσ2=

σ1
4.

Notefi(0)=
σ2
n
4,f̂i(0)=fi(0)

1
σn.

AssumeB-SD,EquidistributionofSign
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Notation

Familywithrankr,D1,F(f)=f̂(0)+
1
2f(0)+rf(0).

Byeven(odd)wemeanacurvewhoserankrEhasrE−r
even(odd).

P0:probabilityevencurvehasrank≥r+2a0.

P1:probabilityoddcurvehasrank≥r+1+2b0.

D1,F(f)=
1

|FN|
∑

E∈F

∑

γE

f

(logNE

2π
γE

)
,

γEistheimaginarypartofthezeros.
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AverageRank:1-LevelBounds

1

|F|
∑

E∈F
rEf(0)≤f̂1(0)+

1

2
f1(0)+rf1(0)

1

|F|
∑

E∈F
rE≤

1

σ1
+

1

2
+r.

•AllCurves:r=0,σ=
4
7,giving2.25(Brumer,Heath-

Brown:[Br],[BHB3],[BHB5])

•1-ParameterFamilies:
(
deg(N(t))+r+

1
2

)
·(1+o(1))(Sil-

verman[Si3]).

Hope1-LevelDensitytrueforσ→∞.

Wouldyieldaveragerankisr+
1
2.
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ExcessRank:1-LevelBounds

Assumehalfeven,halfodd.

Evencurves:1−P0haverank≤r+2a0−2;replacerankswithr.P0haverank
≥r+2a0;replacewithr+2a0.

Oddcurves:1−P1contributingr+1.P1contributingr+1+2b0.

1

σ1
+

1

2
+r≥

1

2

[
(1−P0)r+P0(r+2a0)

]

+
1

2

[
(1−P1)(r+1)+P1(r+1+2b0)

]

1

σ1
≥a0P0+b0P1.

1-LevelDensityBoundsforExcessRank

P0≤
1

a0σ1

P1≤
1

b0σ1

Prob{rank≥r+2a0}≤
1

a0σ1
.
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2-LevelBounds:

D2,F(f)=D∗
2,F(f)−2D1,F(f1f2)+f1(0)f2(0)N(F,−1)

D∗
2,F(f)=

2∏

i=1

[
f̂i(0)+

1

2
fi(0)

]
+2

∫
|u|f̂1(u)f̂2(u)du

+rf̂1(0)f2(0)+rf1(0)f̂2(0)+(r
2
+r)f1(0)f2(0)

D1,F(f)=f̂(0)+
1

2
f(0)+rf(0).

D∗
2,F(f)isoverallzeros.Gives

1

|F|
∑

E∈F
r

2
E≤

1

σ2
2

+
1

σ2
+

1

4
+

1

3
+

2r

σ2
+r

2
+r

=
1

σ2
2

+
2r+1

σ2
+

1

12
+r

2
+r+

1

2
.
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ExcessRank:2-LevelBounds:I

Similarproofyields

Theorem:First2-LevelDensityBounds

P0≤
1

2σ2
2

+
1
24+

r+1
2

σ2

a0(a0+r)

P1≤
1

2σ2
2

+
1
24+

r+1
2

σ2

b0(b0+r+1)
.

Forσ2=
σ1
4,r=0,a1=1:worsethan1-leveldensity.

Forfixedσ2=
σ1
4andr,asweincreasea0weeventuallydo

getabetterbound.

Proportionalto
1

(a0σ1)2insteadof
1

a0σ1.
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ExcessRank:2-LevelBounds:II

UseD2,F(f)insteadofD∗
2,F(f).

rE=numberofzerosofcurveE.Sumoverj16=j2.

rEeven,getrE(rE−2)(eachzeromatchedwithrE−2others).

rEodd:(rE−1)(rE−2)+(rE−1)=rE(rE−2)+1.

Theorem:Second2-LevelDensityBounds

P0≤
1

2σ
2
2

+
1
24+

r
σ2−

1
6σ2

a0(a0+r−1)

P1≤
1

2σ
2
2

+
1
24+

r
σ2−

1
6σ2

b0(b0+r)
,

wherea06=1ifr=0.

σ2=
σ1

4andr=0,betterfora0>
σ

2
1+8σ1+192

24σ1.

r=1,betterfora0>
σ

2
1+80σ1+192

24σ1.

Decayisproportionalto
1

(a0σ1)
2.

Notethenumeratorisnevernegative;atleast
1
18.
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ExcessRank:2-LevelBounds:IIIa

rE=r+zE.

∑
j1

∑
j2f1(LγEj1)f2(LγEj2).Letj1beoneoftherfamily

zeros,varyingj2givesf1(0)D1,E(f2).Interchangingj1andj2
wegetacontributionofD1,E(f1)f2(0)foreachoftherfamily.

Onlydoublecountingwhenj1andj2arebothafamilyzero.
Subtractoffr

2
f1(0)f2(0).FortheotherzEzeros:already

takenintoaccountcontributionfromj1oneofthezEzeros
andj2oneoftherfamilyzeros(andvice-versa).

Thus,foragivencurve,alowerboundofthecontribution
fromallpairs(j1,j2)is

rf1(0)D1,E(f2)+rD1,E(f1)f2(0)−r
2
f1(0)f2(0)+z

2
E.
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ExcessRank:2-LevelBounds:IIIb

SummingoverallE∈Fandsimplifyinggives

1

|F|
∑

E∈F
z

2
E≤

1

σ2
2

+
1

σ2
+

1

12
+

1

2
.

Similarcalculationgives

Theorem:Third2-LevelDensityBounds

P0≤
1

2σ
2
2

+
1

2σ2+
1
24

a2
0

P1≤
1

2σ
2
2

+
1

2σ2+
1
24

b0+b2
0

σ2=
σ1

4:beats1-levelfora0>
σ

2
1+48σ1+192

24σ1.

r6=0:beatsfirst2-leveloncea0>
σ

2
1+48σ1+192

96σ1.

r≥1:beatssecond2-leveloncea0>
3(r−1)
3r−2

σ
2
1+48σ1+192

96σ1.
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Heath-Brown&Brumer

FamilyofallellipticcurvesEa,b:

FT={y
2

=x
3
+ax+b;|a|≤T

1

3,|b|≤T
1

2.

From1-LevelExpansion,get

r(Ea,b)≤2+
logT

logX−2
∑

p≤X

aP(Ea,b)h

(logp

logX

)
+O

(1

logX

)
.

Ifr(Ea,b)≥r≥3+2
logT
logX,then|U(Ea,b,X)|≥

logT
2.

Ledto

#{Ea,b∈FT:r(Ea,b)≥r}·
(logT

2

)2k

≤
∑

Ea,b∈F
|U(Ea,b,X)|

2k
.

FindX=T
1

10k,k=
[r−3

20

]
.Yields

Prob(rank(Ea,b)≥r)�(11r)−
r
20

rank(Ea,b)≤17
logT

loglogT
.
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