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Problem
Bounding the number of solutions

(ZC]_,. . 737’”/) - ﬁl[RZ + 17RZ + M]

Fl(ml,...,xn) =0




over Z

Bombieri-Pila

F(x,y) € Z|x,y], deg F = d, irreducible curve

B=[R+1,R+M]x[S+ 1,5+ M]

{(z,y) € B : F(z,y) = 0} < Cq M1

sharp: y = z¢, Marmo, Salberger-Wooley
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Wooley
1+ ...+Ts=y1+ ...+ ys
2 2 2 2
()FT T F e =uit

1<£137:,y7;<M

zf+ .. Fal=y{+ ..+

If d>3,s>k=d”—1,then

number of solutions < Nf2s—d(d+1)/2+-



Problem:
F(xz,y) € Fplx,y] irreducible, d =degF > 2

B=[R+1,R+M]x[S+ 1,5+ M]

want to estimate numbers of zeros in B
two special cases we consider:

y = f(x),
y? = f(x)



Polynomial Map

fx) € Fypl

B =

r], d=degf>?2

R+1,R+ M| x[S+1,54+ M]

Want upper bound on

J=J;(M;R,S) = |{(z,y) € B1y = f(2)}]

Cilleruelo-Garaev-Ostafe-Shparlinski

. J<<M(M

p

>1/ 2(d?—1) +e Al—1/2(d+1) +e

o If M < p2/(d°+3) then J « M1/d+e



our result (uniformin f )
y=f(z), B=[R+1,R+M]x[S+1,5+ M]
Theorem 1. d = degf > 2

M2 _
J < ; L1120 e




over Iy

f(z) € Fplz], d=degf>?2
B=[R+1,R+M]x[S+ 1,84 M]
Want upper bound on
I=1;(M;R,S) = [{(z,y) € B:y* = f(a)}

trivial bound: 2 M ,
use Bombieri-Weil I = ]\149 | O(p1/2(|09 p)?)
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over Fp; Bombieri-Weill

y? = f(z), B=[R+1,R+M]x[S+1,5+M]

oM if M < pl/2(logp)?
I < {pt/2(logp)? if pt/2(logp)? < M < p3/*logp
MTQ ifp3/4logp§M

Cilleruelo-Garaev-Ostafe-Shparlinski
Cilleruelo-Shparlinski-Zumalacarregui



our result (uniform

y? = f(z),

Theorem 2.

I < Mite,

in f); more combinatorial (uses geometry of numbers)

B=[R+1,R+M]x[S+1,S+ M]

degf = 3;
M —2/3 if M < pl/8

1/6
(M_4> / if p1/8 <M <p5/23

1/16
(E) / it p5/23 < M < pl/3
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our result (uniformin f )

y? = f(z), B=[R+1,R+M]x[S+1,5+M]

Theorem 3. d=degf > 4

_I_ Ml—(d—3)/2/€—|—8

A3 1/2k4¢
<M ()
p

e non-trivial, if M < pl/3—¢

e no nontrivial result yet for p1/3 < M < p1/2
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diameter of polynomial dynamical systems: application of Theorem 1

f EFP[X]a UQ EFP? Un — f(un—1)7 n — 0717”'

diameter D N) = max
fauo(N) 0<k.m<N-—1

\uk—um|
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our result (uniformin f )
y=f(z), B=[R+1,R+M]x[S+1,5+ M]

Theorem 1. d = degf > 2
M2

J« g ML/ e
p
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diameter of polynomial dynamical systems: application of Theorem 1

f EF]?[X]a UuQ era Un — f(un—].)7 n — 0717“'

diameter D N) = max ey
f,uo( ) 0<k,m N—].’ k m|

Corollary 4. d = degf > 2, N < T = period

D .ug(N) > min{N1/2pl/2 N1+1/QT 1) —=
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Gutierrez-Shparlinski Ty, > N > pl/2+e

Df,uO(N) — P1_€

(C-) degf =2

1 4
5

log p

Do) 2 min { Np s,

Do (T) Z min {p 5c1 ¢ T/4 }
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hyperelliptic curve
o H,: Y2 — X29—|—1_|_a29_1X29—1_|_. ..+a1X+ag

2
where a = (aop,... ,agg_l) c Fpg
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hyperelliptic curve
o H,: Y2 — X29—|—1_|_a29_1X29—1_|_. ..+a1X+ag
29
where a = (aop,... ,agg_l) c Iy

e Ha = Hyp < JacF) st
a; = a?91T2=2p. (mod p), 1 =0,...,29 — 1
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hyperelliptic curve
o H,: Y2 — X29+1—|—agg_1X29_1—|—. ..+a1 X++ap

e HaZ Hy < JacF; st
a; = a%9+2-2ip, (mod p), i=0,...,29— 1

2g—1
e B= T[] [R;+1,R;+ M]
i=0

N(H;B) = |{a = (ag,...,a09_1) € B : Ha = H}|
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our result (uniformin f)

y=f(z), B=

Theorem 1.

[R4+1,R+ M] x[S+ 1,5+ M]
d=degf > 2

M?2 _
J < ; L1120 e
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application, any range
y=f(z), B=[R+1,R+M]x[S+ 1,5+ M]
Theorem 1. d = degf > 2

M? d—1

Corollary 5.
H = hyperelliptic curve, g > 2 over F,

N(H;B) = [{a = (ag, ..., apg_1) € B : Ha = H}

N(H;B) < ]‘f L NL/2+e
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Optimal, certain range

Theorem6. ¢g>1, hc [3,2g9+ 1]

2/h(h+1
Ml/h_|_M(]w4) e )
P

N(H;B) < M¢®

. If M < pl/(20°+29+4) take h = 24 + 1, then
N(H:B) < M1/(29+1)+e
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lower bound on isom classes
2g—1

%= ][ [Ri+1,R;+ M]
i=0

Hj : Y2 = X29+1—|—a29_1X29_1—|—. . .—|—a1X—|—CLO, ac’‘B

Theorem7. ¢g>1
[{isom classes Hj : a € B}| > min{p29—1 M29Te}

o If g > 2 the ¢ term can be removed
when M > pl1/(29)
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outline of proof y2 = f(z), B=[R+1,R+ M]x[S+1,S+ M]
Theorem 2. degf = 3

(M2/3 it M < pl/8
4\1/6 _
[ < MITe, MT if p1/8 < M < p>/23
1/16
(ML) i B2 < < pl

Proof. Assume 101/3—6 > M > p5/23
(z,y) = (z—20,y~Y0)

(*) y° — CoY = 03:1:3 + cox? + 1z, x|, ly| < M
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(%) y? —coy = c3x> + cox? + 1z, |z, |yl < M

£ ={(z,y) € [-M, M]?: (z,y) satisfies (x)}

€] ~ |m1(E)] 1= pM

S ={(z,2%,2%) 1z e m(E)}, I; = [-8M",8M']
S =285

38 8 5 8 3
{(sz,z%,ZxZ) c i xIrxI3:x; € Wl(g)}
1 1 1
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8 8 8
N(s) =ﬁ{($1v---75"8) @i €m1(E), s = (21::1;@,2%2,21:%3)}

1

1) = ¥ N(s) <(IS| £ N()2)?

SES SES

<(Is| X MOt
s€S
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(%) y2 —coy = 63:1:3 + 02:1:2 +cix, |x|, |yl < M; I;= [—8Mi, 8M75]

o atleast pl®MOTE triples (21, 20,23) € I1 X I» x I3 s.t.
c3z3+cozo4c121 = Zo—cpgz1  (mod p), forsome z; € I;

o lattice I = {(z29, 23,22,21,21) € A
c323 + cpzo + c121 + Z2 +cpZ1 =0 (mod p)}

o body D ={(z2,23,%2,71,%1) € R>:
1], |E1] < 8M, |xol, |Zo| < 8M?, |z3| < 8M3}
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H(DNT) > plonoTe

by Mikowski, successive minima \; = \;(D,MN),i=1,...

satisfy the inequality

5
[1 min{1,)\} < p~ oM —0Fe
1=1
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