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Origins of Random Matrix Theory

Classical Mechanics:3 Body Problem Intractable.

Heavy nuclei like Uranium (200+ protons / neu-
trons) even worse!

Info by shooting high-energy neutrons into nu-
cleus.

Fundamental Equation:Quantum Mechanics

Hψn = Enψn

Similar to stat mech, leads to considering eigen-
values of ensembles of matrices.

Real Symmetric, Complex Hermitian, Classi-
cal Compact Groups.

1



L-Functions

L-functions: Re(s) > s0:

L(s, f ) =

∞∑

n=1

an(f )

ns =
∏
p

Lp(p
−s, f )−1.

Functional equation:s ←→ 1− s.

GRH: All L-functions (after normal-
ization) have their non-trivial zeros on
the critical line.
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Measures of Spacings:
n-Level Correlations

{αj} be an increasing sequence of numbers,B ⊂ Rn−1

a compact box. Define then-level correlation by

lim
N→∞

#

{(
αj1 − αj2, . . . , αjn−1 − αjn

)
∈ B, ji 6= jk

}

N

Results:

1. Normalized spacings ofζ(s) starting at1020

(Odlyzko)

2. Pair and triple correlations ofζ(s) (Mont-
gomery, Hejhal)

3. n-level correlations for all automorphic cup-
sidalL-functions (Rudnick-Sarnak)

4. n-level correlations for the classical com-
pact groups (Katz-Sarnak)

5. insensitive to any finite set of zeros
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Measures of Spacings:
n-Level Density and Families

Letφ(x) =
∏

i φi(xi), φi even Schwartz func-
tions,φ̂ compactly supported.

Dn,f(φ) =
∑

j1,...,jn
distinct

φ1

(
Lfγ

(j1)
f

)
· · ·φn

(
Lfγ

(jn)
f

)

1. individual zeros contribute in limit

2. most of contribution is from low zeros

3. average over similar curves (family)

Dn,F(φ) =
1

|F|
∑

f∈F
Dn,f (φ).
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Correspondences

Similarities b/w Nuclei andL-Fns:

Zeros ←→ Energy Levels

Support ←→ Neutron Energy.
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Some Number Theory Results

• Orthogonal:

Iwaniec-Luo-Sarnak:1-level density for
H±

k (N), N square-free;

Dueñez-Miller: 1, 2-level for {φ × f 2 :
f ∈ Hk(1)}, φ even Maass;

Miller: One-parameter families of ellip-
tic curves.

• Symplectic:

Rubinstein:n-level densities forL(s, χd);

Dueñez-Miller: 1-level for{φ × f : f ∈
Hk(1)}, φ even Maass.

• Unitary: Miller, Hughes-Rudnick: Families
of Primitive Dirichlet Characters.
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Main Tools

• Averaging Formulas:Petersson for-
mula, Orthogonality of characters.

• Explicit Formula:Relates sums over
zeros to sums over primes.

• Control of conductors:Monotone.
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1-Level Densities

Fourier Transforms for1-level densities:

̂W1,O+(u) = δ0(u) +
1

2
η(u)

̂W1,O(u) = δ0(u) +
1

2
̂W1,O−(u) = δ0(u)− 1

2
η(u) + 1

̂W1,Sp(u) = δ0(u)− 1

2
η(u)

̂W1,U(u) = δ0(u)

whereδ0(u) is the Dirac Delta functional and

η(u) =

{ 1 if |u| < 1
1
2 if |u| = 1
0 if |u| > 1
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Dirichlet Characters:
m Prime

(Z/mZ)∗ is cyclic, generatorg.

Let ζm−1 = e2πi/(m−1).

Principal characterχ0 is given by

χ0(k) =

{
1 (k, m) = 1

0 (k, m) > 1.

Determined by multiplicativity by action ong.

χ : (Z/mZ)∗ → C∗, ∀χ ∃l stχ(g) = ζ l
m−1:

χl(k) =

{
ζ la
m−1 k ≡ ga mod m

0 (k, m) > 0
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Dirichlet L-Functions

χ a primitive character modm. Let

τ (m,χ) =

m−1∑

k=0

χ(k)e2πik/m.

τ (m,χ) is a Gauss sum of modulus
√

m.

L(s, χ) =
∏

p

(1− χ(p)p−s)−1

Λ(s, χ) = π−
1
2(s+ε)Γ

(s + ε

2

)
m

1
2(s+ε)L(s, χ),

where

ε =

{
0 if χ(−1) = 1

1 if χ(−1) = −1

Λ(s, χ) = (−i)ε
τ (m,χ)√

m
Λ(1− s, χ̄).
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Explicit Formula

φ even Schwartz,̂φ compact support(−σ, σ).

χ a non-trivial primitive Dirichlet character of
conductorm.

∑
φ

(
γ

log(m
π )

2π

)

=

∫ ∞

−∞
φ(y)dy

−
∑

p

log p

log(m/π)
φ̂
( log p

log(m/π)

)
[χ(p) + χ̄(p)]p−

1
2

−
∑

p

log p

log(m/π)
φ̂
(
2

log p

log(m/π)

)
[χ2(p) + χ̄2(p)]p−1

+O
( 1

log m

)
.
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Expansion

{χ0}∪{χl}l≤m−2 are all the characters modm.

Consider the family of primitive characters mod
a primem (m− 2 characters):

1

m− 2

∑
φ

(
γ

log(m
π )

2π

)

=

∫ ∞

−∞
φ(y)dy

− 1

m− 2

∑

χ6=χ0

∑
p

log p

log(m/π)
φ̂
( log p

log(m/π)

)
[χ(p) + χ̄(p)]p−

1
2

− 1

m− 2

∑

χ6=χ0

∑
p

log p

log(m/π)
φ̂
(
2

log p

log(m/π)

)
[χ2(p) + χ̄2(p)]p−1

+ O
( 1

log m

)
.

Note can pass Character Sum through
Test Function.
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Character Sums

∑
χ

χ(k) =

{
m− 1 k ≡ 1(m)

0 otherwise

For any primep 6= m

∑

χ 6=χ0

χ(p) =

{
m− 1− 1 p ≡ 1(m)

−1 otherwise

Substitute into

1

m− 2

∑

χ 6=χ0

∑
p

log p

log(m/π)
φ̂
( log p

log(m/π)

)
[χ(p)+χ̄(p)]p−

1
2
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First Sum

−2

m− 2

mσ∑
p

log p

log(m/π)
φ̂
( log p

log(m/π)

)
p−

1
2

+ 2
m− 1

m− 2

mσ∑

p≡1(m)

log p

log(m/π)
φ̂
( log p

log(m/π)

)
p−

1
2

¿ 1

m

mσ∑
p

p−
1
2 +

mσ∑

p≡1(m)

p−
1
2

¿ 1

m

mσ∑

k

k−
1
2 +

mσ∑
k≡1(m)
k≥m+1

k−
1
2

¿ 1

m

mσ∑

k

k−
1
2 +

1

m

mσ∑

k

k−
1
2

¿ 1

m
mσ/2.

No contribution ifσ < 2.
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Results

Theorem [Hughes-Rudnick]
FN all primitive characters with prime
conductorN .

If supp(φ̂) < 2, asN → ∞, agrees
with Unitary.

Theorem [Miller]
FN all primitive characters with con-

ductor odd square-free integer in[N, 2N ].

If supp(φ̂) < 2, asN → ∞, agrees
with Unitary.
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Elliptic Curves

Conductors grow rapidly.

Results are for small support, where
Orthogonal densities indistinguishable.

Study 2-Level Density.
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2-Level Densities

c(G) =

{ 0 if G = SO(even)
1
2 if G = O
1 if G = SO(odd)

ForG = SO(even), O or SO(odd):

∫ ∫
f̂1(u1)f̂2(u2)Ŵ2,G(u)du1du2

=
[
f̂1(0) +

1

2
f1(0)

][
f̂2(0) +

1

2
f2(0)

]

+ 2

∫
|u|f̂1(u)f̂2(u)du

−2f̂1f2(0)− f1(0)f2(0)

+ c(G)f1(0)f2(0).
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2-Level Density: Orthogonal Groups

For small support, the difference due to dis-
tribution of signs.

Subtract off j1 = ±j2 terms.

Let ρ = 1 + iγ
(j)
E be a zero.

Even functional equation, label the zeros by

· · · ≤ γ
(−2)
E ≤ γ

(−1)
E ≤ 0 ≤ γ

(1)
E ≤ γ

(2)
E ≤ · · · , γ

(−k)
E = −γ

(k)
E ,

Odd functional equation, label the zeros by

· · · ≤ γ
(−1)
E ≤ 0 ≤ γ

(0)
E = 0 ≤ γ

(1)
E ≤ · · · , γ

(−k)
E = −γ

(k)
E .
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Elliptic Curves

E : y2+a1xy+a3y = x3+a2x
2+a4x+a6, ai ∈ Q

Often can write asE : y2 = x3 + Ax + B.

Let Np be the number of solns modp:

Np =
∑

x(p)

[
1 +

(
x3 + Ax + B

p

)]
= p+

∑

x(p)

(
x3 + Ax + B

p

)

Local data:ap = p − Np. Use to build theL-
function.

One-parameter families:

y2 = x3 + A(t)x + B(t), A(t), B(t) ∈ Z(t).
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Elliptic Curves (cont)

L(E, s) =

∞∑
n=1

an(E)

ns
=

∏
p

Lp(E, s).

Λ(s, E) = (2π)−sN
s/2
E Γ

(
s +

1

2

)
L(s, E) = εEΛ(1− s, E)

By GRH: All zeros on the critical line.

Rational solutions:E(Q) = Zr ⊕
T .

Birch and Swinnerton-Dyer Conjecture:
Geometric rank equals the analytic rank.
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Comments on Previous Results

• explicit formula relating zeros and
Fourier coeffs;

• averaging formulasfor the family;

• conductors easy to control(constant
or monotone)

Elliptic curveEt: discriminant∆(t),
conductorNEt

= C(t) is

C(t) =
∏

p|∆(t)

pfp(t)
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Normalization of Zeros

Local (hard) vs Global (easy).

1

|F|
∑

E∈F
Dn,E(f ) =

1

|F|
∑

E∈F

∑
j1,...,jn
ji 6=±jk

∏
i

fi

(
log NE

2π
γ

(ji)
E

)

→
∫
· · ·

∫
f (x)Wn,G(F)(x)dx

→
∫
· · ·

∫
f̂ (y)Ŵn,G(F)(y)dy.

Conj: Distribution of Low Zeros agrees
with Orthogonal Densities.
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1-Level Expansion

D1,F(f ) =
∑

j

f

(
log NE

2π
γ

(j)
E

)

=
1

|F|
∑

E∈F
f̂ (0) + fi(0)

− 2

|F|
∑

E∈F

∑
p

log p

log NE

1

p
f̂

(
log p

log NE

)
aE(p)

− 2

|F|
∑

E∈F

∑
p

log p

log NE

1

p2
f̂

(
2

log p

log NE

)
a2

E(p)

+ O

(
log log NE

log NE

)

Want to move 1
|F|

∑
E∈F , Leads us to study

Ar,F(p) =
∑

t(p)

ar
t (p), r = 1 or 2.
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2-Level Expansion

Need to evaluate terms like

1

|F|
∑

E∈F

2∏

i=1

1

p
ri
i

gi

(
log pi

log NE

)
a
ri
E(pi).

Analogue of Petersson / Orthogonality:
If p1, . . . , pn are distinct primes

∑

t(p1···pn)

a
r1
t1

(p1) · · · arn
tn

(pn)

= Ar1,F(p1) · · ·Arn,F(pn).
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Needed Input

For many families

(1) : A1,F(p) = −rp + O(1)

(2) : A2,F(p) = p2 + O(p3/2)

Rational Elliptic Surfaces (Silverman
and Rosen):

lim
X→∞

1

X

∑

p≤X

−A1,F(p) log p = r

Surfaces withj(t) non-constant (Michel):

A2,F(p) = p2 + O
(
p3/2

)
.
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Rational Surfaces Density Theorem
CONDITIONS

1-parameter family of Ell Curves, rank
r overQ(t), rational surface. Assume

• GRH;

• j(t) non-constant;

• Sq-Free Sieve if∆(t) has irr poly fac-
tor of deg≥ 4.

Pass to positive percent sub-seq where
conductors polynomial of degreem.

fi even Schwartz, supportσi:

• σ1 < min
(

1
2,

2
3m

)
for 1-level

• σ1 + σ2 < 1
3m for 2-level.
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Rational Surfaces Density Theorem
RESULT

Two pieces.

First equals the contribution fromr ze-
ros at the critical point.

The second is

D
(r)
1,F(f1) = f̂1(0) +

1

2
f1(0)

D
(r)
2,F(f ) =

2∏
i=1

[
f̂i(0) +

1

2
fi(0)

]
+ 2

∫ ∞

−∞
|u|f̂1(u)f̂2(u)du

−2f̂1f2(0)− f1(0)f2(0) + (f1f2)(0)NF(−1),

NF(−1) is the percent of curves with odd sign.

1 and 2-level densities confirm Katz-Sarnak,

B-SD predictions for small support.
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Examples

Constant-Sign Families:

1. y2 = x3 + 24(−3)3(9t + 1)2, 9t + 1 Square-
Free: all even.

2. y2 = x3± 4(4t+ 2)x, 4t+ 2 Square-Free:+
yields all odd,− yields all even.

3. y2 = x3 + tx2 − (t + 3)x + 1, t2 + 3t + 9
Square-Free: all odd.

First two rank0 overQ(t), third is rank1.

Without 2-Level Density, couldn’t saywhich
orthogonal group.
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Examples (cont)

Family of Rank 6 over Q(t):

y2 = x3 + (2at−B)x2 + (2bt− C)(t2 + 2t− A + 1)x

+(2ct−D)(t2 + 2t− A + 1)2

A = 8, 916, 100, 448, 256, 000, 000
B = −811, 365, 140, 824, 616, 222, 208
C = 26, 497, 490, 347, 321, 493, 520, 384
D = −343, 107, 594, 345, 448, 813, 363, 200
a = 16, 660, 111, 104
b = −1, 603, 174, 809, 600
c = 2, 149, 908, 480, 000

Need GRH, Sq-Free Sieve to handle sieving.
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Sieving

2N∑
t=N
D(t)

sqfree

S(t) =

Nk/2∑

d=1

µ(d)
∑

D(t)≡0(d2)
t∈[N,2N ]

S(t)

=

logl N∑

d=1

µ(d)
∑

D(t)≡0(d2)
t∈[N,2N ]

S(t) +

Nk/2∑

d≥logl N

µ(d)
∑

D(t)≡0(d2)
t∈[N,2N ]

S(t).

Handle first by progressions.

Handle second by Cauchy-Schwartz:The num-
ber of t in the second sum (by Sq-Free Sieve
Conj) iso(N):

∑

t∈T
S(t) ¿

(∑

t∈T
S2(t)

)1
2

·
( ∑

t∈T
1

)1
2

¿
( ∑

t∈[N,2N ]

S2(t)

)1
2

· o
(√

N

)
.
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Sieving (cont)

logl N∑

d=1

µ(d)
∑

D(t)≡0(d2)
t∈[N,2N ]

S(t)

ti(d) roots ofD(t) ≡ 0 mod d.

ti(d), ti(d) + d2, . . . , ti(d) +
[
N
d2

]
d2.

If (d, p1p2) = 1, go through complete

set of residue classesN/d2

p1p2
times.
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Partial Summation

ãd,i,p(t
′) = at(d,i,t′)(p), Gd,i,P (u) is related to

the test functions,d andi from progressions.

Applying Partial Summation

S(d, i, r, p) =

[N/d2]∑

t′=0

ãr
d,i,p(t

′)Gd,i,p(t
′)

=

(
[N/d2]

p
Ar,F(p) + O

(
pR

))
Gd,i,p([N/d2])

−
[N/d2]−1∑

u=0

(
u

p
Ar,F(p) + O

(
pR

))

·
(

Gd,i,p(u)−Gd,i,p(u + 1)

)
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First, Second and Third Sums

First Sum: Taylor Expansion. Gives the main term:

Sc(r, P )GP (N)

P
.

Second Sum: Sum over primes won’t contribute for small
support.Gd,i,P term isO(1), left with

1

N

∏
i

Nα∑

pi=logl N

1

pi
p

1+
ri
2

i .

Third Sum: Apply Partial Summation again. Taylor Ex-

pansion gains aO
(

1
log N

)
, which is sufficient.

S3(d, i, r, P ) =

(
Gd,i,P (0)−Gd,i,P

(
[N/d2]

))
[N/d2]− 1

P
Sc(r, P )

−
[N/d2]−2∑

u=0

(
Gd,i,P (0)−Gd,i,P (u + 1)

) 1

P
Sc(r, P ).
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Difficult Piece: Fourth Sum I

[N/d2]−1∑
u=0

O(PR)
(
Gd,i,P (u)−Gd,i,P (u + 1)

)

TaylorGd,i,P (u)−Gd,i,P (u+1) givesPRN
d2

1
P r log N .

1
|F|

∑
i,d givesO( PR

P r log N ).

Problem is in summing over the primes, as we
no longer have1

|F|. We multiply by 1
P r .

Considerr = (1, 0). ThenP = p1 = p,
R = 1 + r1

2 = 3
2, and 1

P r = 1
p. We have

Nmσ∑

p=logl N

1

p

p
3
2

log N
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Fourth Sum: II

If exactly one of therj’s is non-zero, then

[N/d2]−1∑
u=0

∣∣∣∣∣Gd,i,P (u)−Gd,i,P (u + 1)

∣∣∣∣∣

=

[N/d2]−1∑
u=0

∣∣∣∣∣g
(

log p

log C(ti(d) + ud2)

)
− g

(
log p

log C(ti(d) + (u + 1)d2)

)∣∣∣∣∣

If the conductors are monotone, for fixedi, d
andp, small.

If two of the rj’s are non-zero:

|a1a2 − b1b2| = |a1a2 − b1a2 + b1a2 − b1b2|
≤ |a1a2 − b1a2| + |b1a2 − b1b2|
= |a2| · |a1 − b1| + |b1| · |a2 − b2|
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Handling the Conductors: I

y2+a1(t)xy+a3(t)y = x3+a2(t)x
2+a4(t)x+a6(t)

C(t) =
∏

p|∆(t)

pfp(t)

D1(t) = primitive irred. poly. factors
∆(t) andc4(t) share

D2(t) = remaining primitive irred. poly.
factors of∆(t)

D(t) = D1(t)D2(t)

D(t) sq-free,C(t) like D2
1(t)D2(t) ex-

cept for a finite set of bad primes.

Careful:t(t + 1)(t + 2)(t + 3).
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Handling the Conductors: II

y2+a1(t)xy+a3(t)y = x3+a2(t)x
2+a4(t)x+a6(t)

Let P be the product of the bad primes.

Tate’s Algorithm givesfp(t), depend only
onai(t) mod powers ofp.

Apply Tate’s Algorithm toEt1. Getfp(t1)
for p|P . Form large,p|P ,

fp(τ ) = fp(P
mt + t1) = fp(t1),

and order ofp dividing D(Pmt + t1) is
independent oft.

Get integers stC(τ ) = cbad
D2

1(τ )
c1

D2(τ )
c2

,
D(τ ) sq-free.
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Excess Rank

One-parameter family, rankr overQ(t).

RMT =⇒ 50% rank r, r+1.

For many families, observe

Percent with rank r = 32%
Percent with rank r+1 = 18%
Percent with rank r+2 = 48%
Percent with rank r+3 = 2%

Problem: small data sets, sub-families.
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Application:
Bounding Excess Rank

D1,F(f1) = f̂1(0) +
1

2
f1(0) + rf1(0).

To estimate the percent with rank at leastr +
R, PR, we get

Rf1(0)PR ≤ f̂1(0) +
1

2
f1(0), R > 1.

Note the family rankr has been cancelled
from both sides.

The2-level density givessquaresof the rank
on the left, get a cross termrR.

The disadvantage is our support is smaller.

OnceR is large, the2-level density yields
better results.
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Excess Rank Calculations
Families with y2 = ft(x); D(t) SqFree

Family t Range Num t r r r + 1 r + 2 r + 3

+4(4t + 2) [2, 2002] 1622 ∗ 95.44 4.56

−4(4t + 2) [2, 2002] 1622 0 70.53 29.35

9t + 1 [2, 247] 169 0 71.01 28.99

t2 + 9t + 1 [2, 272] 169 1 71.60 27.81

t(t− 1) [2, 2002] 643 0 40.44 48.68 10.26 0.62

(6t + 1)x2 [2, 101] 93 1 34.41 47.31 17.20 1.08

(6t + 1)x [2, 77] 66 2 30.30 50.00 16.67 3.03

1. x3 + 4(4t + 2)x, 4t + 2 Sq-Free, odd.

2. x3 − 4(4t + 2)x, 4t + 2 Sq-Free, even.

3. x3 + 24(−3)3(9t + 1)2, 9t + 1 Sq-Free, even.

4. x3 + tx2 − (t + 3)x + 1, t2 + 3t + 9 Sq-Free, odd.

5. x3 + (t + 1)x2 + tx, t(t− 1) Sq-Free, rank0.

6. x3 + (6t + 1)x2 + 1, 4(6t + 1)3 + 27 Sq-Free, rank1.

7. x3− (6t + 1)2x + (6t + 1)2, (6t + 1)[4(6t + 1)2− 27]

Sq-Free, rank2.
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Excess Rank Calculations
Families with y2 = ft(x); All D(t)

Family t Range Num t r r r + 1 r + 2 r + 3

+4(4t + 2) [2, 2002] 2001 ∗ 6.45 85.76 3.95 3.85

−4(4t + 2) [2, 2002] 2001 0 63.52 9.90 25.99 .50

9t + 1 [2, 247] 247 0 55.28 23.98 20.73

t2 + 9t + 1 [2, 272] 271 1 73.80 25.83

t(t− 1) [2, 2002] 2001 0 42.03 48.43 9.25 0.30

(6t + 1)x2 [2, 101] 100 1 32.00 50.00 17.00 1.00

(6t + 1)x [2, 77] 76 2 32.89 50.00 14.47 2.63

1. x3 + 4(4t + 2)x, 4t + 2 Sq-Free, odd.

2. x3 − 4(4t + 2)x, 4t + 2 Sq-Free, even.

3. x3 + 24(−3)3(9t + 1)2, 9t + 1 Sq-Free, even.

4. x3 + tx2 − (t + 3)x + 1, t2 + 3t + 9 Sq-Free, odd.

5. x3 + (t + 1)x2 + tx, t(t− 1) Sq-Free, rank0.

6. x3 + (6t + 1)x2 + 1, 4(6t + 1)3 + 27 Sq-Free, rank1.

7. x3− (6t + 1)2x + (6t + 1)2, (6t + 1)[4(6t + 1)2− 27]

Sq-Free, rank2.
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More Data on Excess Rank

y2+a1xy+a3y = x3+a2x
2+a4x+a6

Family: a1 : 0 to 10, rest−10 to 10.

Percent with rank 0 = 29.37%
Percent with rank 1 = 48.75%
Percent with rank 2 = 19.81%
Percent with rank 3 = 2.03%
Percent with rank 4 = .04%

14 Hours, 2,136,319 curves (1% repeat).
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More Data on Excess Rank

y2 + y = x3 + tx.

Each data set 2000 curves from start.

t-Start Rk 0 Rk 1 Rk 2 Rk 3 Time (hrs)

-1000 39.4 47.8 12.3 0.6 ??
1000 38.4 47.3 13.6 0.6 ??
4000 37.4 47.8 13.7 1.1 1
8000 37.3 48.8 12.9 1.0 2.5

24000 35.1 50.1 13.9 0.8 6.8
50000 36.7 48.3 13.8 1.2 51.8
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Summary

• Similar behavior in different systems.

• Find correct scale.

• Average over similar elements.

• Need an Explicit Formula.

• Different statistics tell different sto-
ries.

• Evidence for B-SD, RMT interpre-
tation of zeros

• Need more data.
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Appendices
First two appendices list various standard conjectures.

The second provides (at least conjecturally) when a fam-
ily should have equidistribution of signs of functional
equations. Experimental evidence is provided in the third
appendix, which is on the distribution of signs of ellip-
tic curves in a one-parameter family. Testing whether
or not a generic family is equidistributed in sign. We
looked at 1000 consecutive elliptic curves, and calcu-
lated the excess of positive over negative. We did this
many times, and created a histogram plot. The fluctua-
tions look Gaussian! The final appendix gives the for-
mula to numerically approximate the analytic rank of an
elliptic curve. For a curve of conductorNE, one needs
about

√
NE log NE Fourier coefficients.
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Appendix I: Standard Conjectures

Generalized Riemann Hypothesis (for Elliptic Curves)
Let L(s, E) be the (normalized)L-function of the ellip-
tic curveE. Then the non-trivial zeros ofL(s, E) satisfy
Re(s) = 1

2.

Birch and Swinnerton-Dyer Conjecture [BSD1], [BSD2]
LetE be an elliptic curve of geometric rankr overQ (the
Mordell-Weil group isZr ⊕ T , T is the subset of torsion
points). Then the analytic rank (the order of vanishing of
theL-function at the critical point) is alsor.

Tate’s Conjecture for Elliptic Surfaces [Ta] LetE/Q
be an elliptic surface andL2(E , s) be theL-series at-
tached toH2

ét(E/Q,Ql). ThenL2(E , s) has a meromor-
phic continuation toC and satisfies−ords=2L2(E , s) =

rank NS(E/Q), whereNS(E/Q) is theQ-rational part
of the Néron-Severi group ofE . Further, L2(E , s) does
not vanish on the line Re(s) = 2.

Most of the 1-param families we investigate are rational
surfaces, where Tate’s conjecture is known. See [RSi].

46



Appendix II: Equidistribution of Signs

ABC Conjecture Fix ε > 0. For co-prime positive integersa, b and c with
c = a + b andN(a, b, c) =

∏
p|abc p, c ¿ε N(a, b, c)1+ε.

The full strength of ABC is never needed; rather, we need a consequence of
ABC, the Square-Free Sieve (see [Gr]):

Square-Free Sieve ConjectureFix an irreducible polynomialf(t) of degree
at least4. AsN → ∞, the number oft ∈ [N, 2N ] with f(t) divisible byp2 for
somep > log N is o(N).

For irreducible polynomials of degree at most3, the above is known, complete
with a better error thano(N) ([Ho], chapter4).

Restricted Sign Conjecture (for the FamilyF) Consider a one-parameter
familyF of elliptic curves. AsN → ∞, the signs of the curvesEt are equidis-
tributed fort ∈ [N, 2N ].

The Restricted Sign conjecture often fails. First, there are families with con-
stantj(Et) where all curves have the same sign. Helfgott [He] has recently related
the Restricted Sign conjecture to the Square-Free Sieve conjecture and standard
conjectures on sums of Moebius:

Polynomial MoebiusLetf(t) be a non-constant polynomial such that no fixed
square dividesf(t) for all t. Then

∑2N
t=N µ(f(t)) = o(N).

The Polynomial Moebius conjecture is known for linearf(t).
Helfgott shows the Square-Free Sieve and Polynomial Moebius imply the Re-

stricted Sign conjecture for many families. More precisely, letM(t) be the prod-
uct of the irreducible polynomials dividing∆(t) and notc4(t).

Theorem: Equidistribution of Sign in a Family [He]: Let F be a one-
parameter family withai(t) ∈ Z[t]. If j(Et) andM(t) are non-constant, then the
signs ofEt, t ∈ [N, 2N ], are equidistributed asN → ∞. Further, if we restrict
to goodt, t ∈ [N, 2N ] such thatD(t) is good (usually square-free), the signs are
still equidistributed in the limit.
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Distribution of Signs: y2 = x3 + (t + 1)x2 + tx
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y2=x3+(t+1)x2+tx
t(t−1) square free
Rank: 0
2,021,699 curves
BlockSize=1000
BinSize=16
Excess Sign: −1424

Histogram plot:D(t) sq-free, first2 · 106 sucht.
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Distribution of signs: y2 = x3 + (t + 1)x2 + tx
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0
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y2=x3+(t+1)x2+tx
all t
Rank: 0
50,000,000 curves
BlockSize=1000
BinSize=16
Excess Sign:  +1218

Histogram plot: Allt ∈ [2, 5 · 107]

The observed behavior agrees with the predicted be-
havior. Note as the number of curves increase (compar-
ing the plot of5 · 107 points to2 · 106 points), the fit to the
Gaussian improves.

Graphs by Atul Pokharel
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Appendix III:
Numerically Approximating Ranks:

Preliminaries

Cusp formf , levelN , weight2:

f (−1/Nz) = −εNz2f (z)

f (i/y
√

N) = εy2f (iy/
√

N).

Define

L(f, s) = (2π)sΓ(s)−1

∫ i∞

0

(−iz)sf (z)
dz

z

Λ(f, s) = (2π)−sN s/2Γ(s)L(f, s) =

∫ ∞

0

f (iy/
√

N)ys−1dy.

Get

Λ(f, s) = εΛ(f, 2− s), ε = ±1.

To eachE corresponds anf , write
∫∞

0 =
∫ 1

0 +
∫∞

1 and
use transformations.
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Algorithm for Lr(s, E): I

Λ(E, s) =

∫ ∞

0

f (iy/
√

N)ys−1dy

=

∫ 1

0

f (iy/
√

N)ys−1dy +

∫ ∞

1

f (iy/
√

N)ys−1dy

=

∫ ∞

1

f (iy/
√

N)(ys−1 + εy1−s)dy.

Differentiate k times with respect to s:

Λ(k)(E, s) =

∫ ∞

1

f (iy/
√

N)(log y)k(ys−1 + ε(−1)ky1−s)dy.

At s = 1,

Λ(k)(E, 1) = (1 + ε(−1)k)

∫ ∞

1

f (iy/
√

N)(log y)kdy.

Trivially zero for half ofk; let r be analytic rank.
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Algorithm for Lr(s, E): II

Λ(r)(E, 1) = 2

∫ ∞

1

f (iy/
√

N)(log y)rdy

= 2

∞∑
n=1

an

∫ ∞

1

e−2πny/
√

N(log y)rdy.

Integrating by parts

Λ(r)(E, 1) =

√
N

π

∞∑
n=1

an

n

∫ ∞

1

e−2πny/
√

N(log y)r−1dy

y
.

We obtain

L(r)(E, 1) = 2r!

∞∑
n=1

an

n
Gr

(
2πn√

N

)
,

where

Gr(x) =
1

(r − 1)!

∫ ∞

1

e−xy(log y)r−1dy

y
.
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Expansion ofGr(x)

Gr(x) = Pr

(
log

1

x

)
+

∞∑
n=1

(−1)n−r

nr · n!
xn

Pr(t) is a polynomial of degree r,Pr(t) = Qr(t− γ).

Q1(t) = t;

Q2(t) =
1

2
t2 +

π2

12
;

Q3(t) =
1

6
t3 +

π2

12
t− ζ(3)

3
;

Q4(t) =
1

24
t4 +

π2

24
t2 − ζ(3)

3
t +

π4

160
;

Q5(t) =
1

120
t5 +

π2

72
t3 − ζ(3)

6
t2 +

π4

160
t− ζ(5)

5
− ζ(3)π2

36
.

For r = 0,

Λ(E, 1) =

√
N

π

∞∑
n=1

an

n
e−2πny/

√
N .

Need about
√

N or
√

N log N terms.
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