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Introduction

A pair of equations

For relatively prime a, b € N, consider

ax + by = (a—1)2(b—1)
1+ax+by = (3_1)2“’_1)
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Introduction

A pair of equations

For relatively prime a, b € N, consider

ax+ by =

l1+ax+ by =

Theorem (Beiter (1964), extended by Chu (2020))

Exactly one of the equations has a nonnegative integral solution
(x,y). The solution is unique.

Solutions to a Pair of Diophantine Equations



Introduction

Fibonacci numbers

Fi=1, Fb=1 FR =2 F4=3, Fs=5, Fg=38,...
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Introduction

Fibonacci numbers

Fi=1, Fb=1 FR =2 F4=3, Fs=5, Fg=38,...

ged(Fp, Fpy1) = 1

)+ by] = D=
1+a[x]+b[y] = (a_l)z(b_l)
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Introduction

Fibonacci numbers

Fi=1 F=1 FR=2 F,=3, Fs=5, Fe=38,...

gcd(Fp, Froy1) = 1

(Fn = D(Fa1 — 1)

Fn+Fn+1: 5
Fp—1)(Fpy1 — 1
LR Fan[y] = S e =D
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Introduction

Fibonacci numbers

Fi=1 F=1 FR=2 F,=3, Fs=5, Fe=38,...

gcd(Fp, Froy1) = 1

(Fn = D(Fa1 — 1)

Fn+Fn+1: 5
_ (P =1)(Fay1 — 1)
1+Fn+Fn+1— 5
(x,y) =7
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Chu's six cases (2020)

Fox -

Fékt1 -

Feki2 -

1+ Fores -

1+ Fokqa -

14 Ferqs -

Solutions to a Pair of Diophantine Equations

For—1—1
2
Feryr — 1
2
Fert1 — 1
2
Foxi2 — 1
2
Fokpa — 1
2
Fokta — 1
2

+ Fory1 -

+ Fory2 -

+ Feky3 -

~+ Fokta -

+ Fokys -

+ Fok+e -

Fer—1—1 (Fex — 1)(Fek+1 — 1)
2 2

Fok—1—1 (Fex+1 — 1)(Foks2 — 1)
2 2

Ferr1 — 1 (Fek+2 — 1)(Fekts — 1)
2 2

Feri2 —1 (Fek+3 — 1)(Feksa — 1)
2 2

Forio — 1 (Fok+s — 1)(Fokss — 1)
2 2

Feiia — 1 (Fok+s — 1)(Feke — 1)
2 2
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Motivation

Generalize the problem to

cover all Fibonacci-like sequences
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Motivation

Generalize the problem to
cover all Fibonacci-like sequences
explain why 6 cases

Why 6 cases:

Cassini's identity (2): Fpi1F, 1 — F2 = (=1)"
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Introduction

Motivation

Generalize the problem to
cover all Fibonacci-like sequences
explain why 6 cases
Why 6 cases:
Cassini's identity (2): Fpi1F, 1 — F2 = (=1)"

Fibonacci pairs (3): (Fen, Fon+3)s (Fent1; Fen+a), (Fen+2, Fonts)
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Research problem

Problem

Let (u,v) € N? with ged(u, v) =1
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Problem

Let (u,v) € N? with ged(u, v) =1

Define (t{"*))o0, ¢l =y gl = glev) = (e 4 ple)

n=1 -
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Research problem

Problem

Let (u,v) € N? with ged(u, v) =1
Define (t,(,”’v))OO ; tiu’v) = u, té”’v) —v, "= t,(,ﬂ) + t,(ff;)

n=1 -

Then gcd(t,(f”v), t,(,i;)) =1
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Research problem

Problem

Let (u,v) € N? with ged(u, v) =1

Define (t,(,”’v))OO ; tiu’v) = u, té”’v) —v, "= t,(,ﬂ) + t,(ff;)

n=1 -

Then gcd(t,(f"v), t,(,i;)) =1

(u,v) (uv), _ \tn_ +1
At ey = (,
(u,v) (u,v)
th —1)(t -1
tr(,u,v)X+ t,(f_t;)y +1 = ( )2( n+1 )

Nonnegative integral (x,y) =7
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Research problem

Problem

Let (u,v) € N? with ged(u, v) =1
Define (t,(,”’v))z":1 ; tiu’v) =u, té”’v) —v, )= t,(,Lf;) + t,(ff;)

Then ged(ty £, ,(,”Jr;)) =1

. , (e — 1)y — 1)
,(7' )X+tr(7u+1)y _ > +1

(u,v) (u,v)
th —1)(t -1
x t’gi;)y 1 ( )2( n+1 )

Nonnegative integral (x,y) = ? Depend on n modulo 6.

I(]u v)
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Main result

Sample case: n=4 mod 6

Polymath Jr. 25 Diophantine Group

Given (u, v, n,r) € Z* with even n, it holds that

141 <(u — r)Fa_1 + (u—rv+l ru)v Pl 1) £l 4

2
(u,v) (u,v)
— ty ) —1)(t =1
vr ]. n 1_1>t(uv ( )( n+1 )

n+l 2 9

(an72 ar

N =

Solutions to a Pair of Diophantine Equations



Main result

Sample case: n=4 mod 6

Polymath Jr. 25 Diophantine Group

Given (u, v, n,r) € Z* with even n, it holds that
1+1<(u_r)Fn71+(U_r)V"‘an_l)tgu,v)_’_
2 u

1 w1, wy _ (89 1)l —1)
§<an72+ T Fn_ 1_1>t,(,+1 = 2 - ’
1 ( r)v — 1 (u,v)
5 <(u —r)Fo_1 + " 1> t SiE
1 v+ 1 (" — (e 1)
5 an—2 =P Fn 1 — 1 n+1 2
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Main result

Sample case: n=4 mod 6

Polymath Jr. 25 Diophantine Group

Given (u, v, n,r) € Z* with even n, it holds that
1+1<(u_r)Fn71+(U_r)V"‘an_l)tgu,v)_’_
2 u

1 w1, wy _ (89 1)l —1)
§<an72+ T Fn_ 1_1>t,(,+1 = 2 - ’
1 ( r)v — 1 (u,v)
5 <(u —r)Fo_1 + " 1> t SiE
1 v+ 1 (" — (e 1)
5 an—2 =P Fn 1 — 1 n+1 2

Need r such that the solutions are nonnegative integers
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Main result

Choose r when n =4 mod 6

Given (u,v) € N? with ged(u, v) = 1 and odd u,

3l odd r € [1,u] with vr = +1 mod u.
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Main result

Choose r when n =4 mod 6

Given (u,v) € N? with ged(u, v) = 1 and odd u,
3l odd r € [1,u] with vr = +1 mod u.

Denote r by O(u, v).
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Choose r when n =4 mod 6

Given (u, v) € N? with ged(u, v) = 1 and odd u,
3l odd r € [1,u] with vr = +1 mod u.

Denote r by O(u, v).

Given (u, v) € N? with ged(u, v) = 1 and even v,

3! odd r € [1, u] with vr = +1 mod 2u.
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Choose r when n =4 mod 6

Given (u, v) € N? with ged(u, v) = 1 and odd u,
3l odd r € [1,u] with vr = +1 mod u.

Denote r by O(u, v).

Given (u, v) € N? with ged(u, v) = 1 and even v,

3! odd r € [1, u] with vr = +1 mod 2u.

Denote r by O(u, v).
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Main result

Solutions when n=4 mod 6

Let r = O(u, v).
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Main result

Solutions when n=4 mod 6

Let r = O(u, v).
If uisodd and vr =1 mod u or uis even and vr =1 mod 2u,

+ % <(u — r)Fa_1 + (u=—nv+1 ru)v tlp _ 1) £ 4

(u,v) (u,v)
-1 ty = 1)(t -1
(an—Z + Fn 1— 1> r(1u+]‘./ = ( )2( = )

N =
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Main result

Solutions when n=4 mod 6

Let r = O(u, v).

If uisodd and vr =1 mod u or uis even and vr =1 mod 2u,

+% <(U o I‘)anl + (U — I3V+1Fn - 1>t£u,v)+

(u,v) (u,v)
1 -1 uv ty = 1)(t, — 1
5<rFH+ Fa 1—1> ) = ( )2( +1 ),
If uisodd, u>1, and vr = —1 mod v or uis even and vr = —1 mod 2u,
-1

5 <(u — r)Fa1 + (uznv-1 rgv Fo — 1)t£””)+

1 vr + 1 (u,v) ( L“v‘/) B 1)(tl(7u+’i/) B 1)

E rF,— u n—1 — 1 tn+]_ = 2 .
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Main result

Integral solutions

Let r = O(u, v) (which is odd).

If uisodd and vr =1 mod u,

1+1 (u—r) Fn_l+w Fp —1 |ty
2 ~—~—— u A
even av_dd odd
1 —1 (e — 1)y — 1)
= r Fn_ 2-|- Fo_1—1 t(u’v) = r n+1 .
2 \/v u —— 1 2
odd  ,4q even
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Main result

Integral solutions

Let r = O(u, v) (which is odd).

If uisodd and vr =1 mod u,

141 (u—r)Fo_1+ (w—rv+1 F, —1 |ty
2 —— u
even ~———~—"" odd
odd
1 1 tnu’V - t “ - 1
= r Fn,_ 2_|_ Fo,_1—1 tgi;) _ ( )(tns1 )
2 vv u —— 2
odd ;44 even
If uisevenand vi =1 mod 2u,
1 vr—1
E r Fn—Z + Fn—l — 1

—— u
odd 44 ——

even
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Main result

Example: v =10,v=3,n=10

When v =10,v =3,n =10, t.>7) = 312 and t/%° = 505.
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Main result

Example: v =10,v=3,n=10

When v =10,v =3,n =10, t.>7) = 312 and t/%° = 505.
312 — 1)(505 — 1
312x 4505y = )2( 05-1)
12 — 1)(505 — 1
1 +312x 4505y = & )2(505 )
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Main result

Example: v =10,v=3,n=10

When v =10,v =3,n =10, t.>7) = 312 and t/%° = 505.

(312 — 1)(505 — 1)
2
(312 — 1)(505 — 1)
2

312x + 505y =

1+ 312x + 505y =

r=0(u,v)=7

(u—r)jv+1
u

1
1+§ ((U—I’)F9+

Fio — 1> 312+

78

~1 12— 1)(505 — 1
w F9—1>505 _ @ )2(505 ).

<ng +

N | =

107
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Main result

Application: u = v =1 (Fibonacci) and n = 6k + 4
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Main result

Application: u = v =1 (Fibonacci) and n = 6k + 4

1 u—r)v+1
Lt 2 <(u — NFeres+ (3F6k+4 - 1) Fer+a+
Fek+a—1
1 vr— 1 Forra — 1)(Fops — 1
2 (rF6k+2 + Fer+3 — 1) Fekis = (Foress )2( o — 1)

Fek+2—1
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Main result

Application: u = v =1 (Fibonacci) and n = 6k + 4

1+ ; <(“ — r)Fek+3 + (u_rJVHFﬁkH — 1) Fekyat+
Forsa—1
; (rF6k+2 + 7= 1F6k+3 - 1) For+s = Uokts = 1)2(F6k+5 — 1).
Foso—1
This matches Chu's (2020)
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What's next?

Future investigations

Study the solutions when (a, b) = (F}, F., ) for i,j € N
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What's next?

Future investigations

Study the solutions when (a, b) = (F}, F., ) for i,j € N

Study other recurrences
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