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Classical
Random Matrix Theory




Origins of Random Matrix Theory

Problem: What are energy levels of heavy nuclei?

Fundamental Equation: Hy, = Epp,.
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Origins of Random Matrix Theory

Problem: What are energy levels of heavy nuclei?
Fundamental Equation: Hy, = Eqp.

Motivation: Statistical Mechanics - To compute quantity
(e.g. pressure), calculate for each configuration, take the
average.

Idea: Nuclear Physics - Choose matrix at random,
calculate eigenvalues, average over matrices (real

Symmetric A = A", complex Hermitian A= A).



Random Matrix Ensembles

dyy a2 a3 - ain
a2 dop doz - aoN
A = : : : .- : = AT? aj = dji
aN an asn - amn
Fix p, define
Prob(A) = ] n(ay).
1<i<j<N
This means
Bij
Prob(A: aj € [ay, 5]) = ] / p(x;)dx;.
1<i<j< N X=a

Want to understand eigenvalues of A.




Eigenvalue Distribution

d(X — Xp) is a unit point mass at xo:
[ f(x)d(x — xo)dx = f(Xo).

To each A, attach a probability measure:

pan(x) = NZ ( 2\/—))

/buA,N(X)dX ) #{)\, : %il € [a, b]}

k™ moment = EL Ai(A)F _ Trace(AK)
Ok N3+ okNE+ T




L-functions ]




Riemann Zeta Function

¢(s) = “%: 1T (1—#>_1, Re(s) > 1.

n=1 p prime

Functional Equation:

§(s) = r(Z)n i) = €1 ).
Riemann Hypothesis (RH):

, 1.
; can write zeros as ~+iv.

All non-trivial zeros have Re(s) = 5

N =




General L-functions

L(s,f) = Z af(n = [] Le(s.H)". Re(s)>1.

n=1 p prime
Functional Equation:
A(s, f) = No(s, fL(s, f) = A1 —s,f).
Generalized Riemann Hypothesis (GRH):
1

. 1.
; can write zeros as s +/v.

All non-trivial zeros have Re(s) = 5

N
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Why Study Zeros of L-functions?

RMT
0000000

@ Infinitude of primes, primes in arithmetic progression.

@ Chebyshev’s bias: m34(x) > m1.4(x) ‘most’ of the time.

@ Birch and Swinnerton-Dyer conjecture.

e Goldfeld, Gross-Zagier: bound for h(D), the class
number, i.e. the number of inequivalent binary
quadratic forms with discriminant D, from L-functions
with many central point zeros.



Random Matrix Theory - Number Theory Connection J




Zeros of ((s) vs GUE

08 B

06

04 =

02 =

0.0 2 — N}
0.0 0.5 1.0 15 2.0 2.5 3.0

70 million spacings b/w adjacent zeros of ((s), starting at
the 102%™ zero (from Odlyzko) versus RMT prediction.




Measures of Spacings: n-Level Density and Families

Let ¢; be even Schwartz functions whose Fourier
Transform is compactly supported, L(s, f) an L-function
with zeros } + iy and conductor Qy:

log Q log Q
Dn,f(¢) = ol <7]'1;f gﬂ_ f) < n <7j,,;f g;r f)
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Measures of Spacings: n-Level Density and Families

Let ¢; be even Schwartz functions whose Fourier
Transform is compactly supported, L(s, f) an L-function
with zeros } + i and conductor Qy:

| |
Dn,f(¢) = Z ¢1 <'Y/1 Ogﬂ_of) .. an <'an;f ogﬂ_of)

1>
Ji# i/k

e Properties of n-level density:
¢ Individual zeros contribute in limit
< Most of contribution is from low zeros
o Average over similar L-functions (family)

14
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n-Level Density

n-level density: F = UFy a family of L-functions ordered
by conductors, ¢x an even Schwartz function: D, »(¢) =

. log Q¥ log Q¥
N \.FN! G a4 (“”1 2r ) ¢n (W o )
/k

As N — oo, n-level density converges to

/¢ )ong(r)(X)dX = /cf) Vong(r)(U)dU.

Conjecture (Katz-Sarnak)

Scaled distribution of zeros near central point agrees with
scaled distribution of eigenvalues near 1 of a classical
compact group (in the limit).




Correspondences

Similarities between L-Functions and Nuclei:

Zeros <+— Energy Levels
Schwartz test function +— Proton

Support of test function «+—  Proton Energy.




Number Theory: Extending the Support J
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Goal:
Prove n-level densities agree for supp(¢) C (-5, 715)-

Philosophy:
Number theory harder - adapt tools to get an answer.
Random matrix theory easier - manipulate known answer.

Theorem (ILS)

Let W be an even Schwartz function with supp(V) C (=2,2). Then

Z oy R(m2, b)R(1, b)/ et () <2|og(bym/47rm)> dy

m<ne M (b N w(b) log R log R
1 b sin 27w x kloglog kN)
= —— 1\ dx — f\u LR
2 [/m )%k (0)} O( logkN )’

where R = k2N, ¢ is Euler’s totient function, and R(n, q) is a Ramanujan sum.




New Results: Number Theory Side: lyer-Miller-Triantafillou:
supp(9) C (— 73 7'p)

Sequence of Lemmas - New Contributions Arise
@ Apply Petersson Formula

@ Restrict Certain Sums
© Convert Kloosterman Sums to Gauss Sums
© Remove Non-Principal Characters

© Convert Sums to Integrals




New Results: Number Theory Side: lyer-Miller-Triantafillou:
Supp(9) C (— 73, 7p)

Typical Argument
If any prime is ‘special’, bound error terms

1 1
<<WV ZNUn;VE,ZfM rp\/_ VP Pn

P15 Pn<
n—1

< N—1—|—e' Z 1 < N—1+(I’I—1)0’—|—E/
pP<Ne

Bounds fail for large support - new terms arise.
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New Results: Number Theory Side: lyer-Miller-Triantafillou:
supp(¢) C (—7'3; 73)
Fix n >4 and let ¢ be an even Schwartz function with
supp(¢) C (—+15, -5). Then, the nth centered moment

of the 1-level density for even or odd holomorphic cusp
forms is

T (2‘”" (-1 (2~ és(y)zywy)"/z

(2" (7 otoratax - so(or)

(—2)"'n (/ 3% / 6" S'”(zﬂ')ﬁ( + |X2|))dx1 o — %¢n(0)> ‘

2TI'X1

Agrees with Random Matrix Theory!
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Pushing Beyond 2/n.

Hypothesis T: There exist constants A > 0 and
7 < a < 2 such that

Y e (@) < Axyx2).

p1p2=a(c)
1<p;<x;

Assume Hypothesis T then, the 2nd centered moment of
the 1-level density for all holomorphic cusp forms is

2 / " 3y Plyldy ifsupp(@) C (~5/4.5/4)
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Pushing Beyond 2/n.

Assume Hypothesis T then, the 2nd centered moment of
the 1-level density for all holomorphic cusp forms is

> / " By 2lyldy ifsupp(@) C (~5/4.5/4)

The 2nd centered moment of the 1-level density for the
full orthogonal ensemble is

2/: o(y)2min(1, ly|)dy + (% <$(y)dy>2

ly|>1

Disagreement! Hypothesis T is probably false.



Recap J
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Recap

@ Difficult to compare n-dimensional integral from RMT
with NT in general. Harder combinatorics worthwhile
to appeal to result from ILS.

© Solve combinatorics by using cumulants; support
restrictions translate to which terms can contribute.

© Extend number theory results by bounding Bessel
functions, Kloosterman sums, etc. New terms arise
and match random matrix theory prediction.

© Better bounds on percent of forms vanishing to large
order at the center point.
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Converting Sums to Integrals - Hughes-Miller:
supp(¢) C (=717, 77)

We want to evaluate

3 [lﬁ[(g (Iog n,-) Xo(n,-)A(n,-)] e <4wmm)

min Lisa \I09 R/ /nilog R bV N
H Z log ni\ xo(ni)A(n;)
27rl Re(s)=1 | iy ‘7 logR,/) +/nilog R

X (47Tmb”\;1ﬁ' : n,,) - Gk_1(s)ds




Converting Sums to Integrals - Hughes-Miller:
supp(¢) C (—7t1, 77)

Important Observation

> |Og r Xo(r)/\(r) B 1_s

;gb (Iog F:’) r(+9)2logR ¢ a7 log R ) + £(s),
where

1 (2z—1-s)logR\ L
£(s) = 5 M)J( - ) (2. xo)dz

For convenience, rename expressions, X = Y + Z.




Converting Sums to Integrals - Hughes-Miller:
supp(9) € (717, 757)

Important Observation
By the binomial theorem,

1 4rm\ ~°
— X" Gk_1(8)ds
2ri /me(s)_1 <bv N> k()

1 4m

=— Y+2)| ——= : Gk_1(8)ds
271 Jyre(s)= 1( ) (bVN) k=1(9)
. (4rm\ °
Y-z Gk_1(s)ds
Z;( )27” /m (5)=1 <b\/N> ki(9)




Converting Sums to Integrals - Hughes-Miller:
SUPP(¢) C (— 71 7y)

Z = £(8) is easy to bound (shift coutours), get
1 47tm

— n—j zi (
271 Jope(s)=1 bv'N
< N(n—=io/2+¢"

)_S G 1(s)ds




Converting Sums to Integrals - Hughes-Miller:
supp(9) < (=57, 5y)

Z = £(8) is easy to bound (shift coutours), get
1 47tm

— n—j zi (
271 Jope(s)=1 bv'N
< N(n—=io/2+¢"

)_S G 1(s)ds

For o < —-, only j = 0 term is non-negligible.




Converting Sums to Integrals - Hughes-Miller:
supp(9) € (717, 757)

Z = £(8) is easy to bound (shift coutours), get
1 4tm

— n—j zi (
271 Jope(s)=1 bv'N
< N(n—=io/2+¢"

>_S G 1(s)ds

For o < -1, only j = 0 term is non-negligible.

For o < 15, j = 1 term also non-negligible.

n-27




Converting Sums to Integrals - Hughes-Miller:
supp(¢) C (—7t1, 77)

Z = £(8) is easy to bound (shift coutours), get
1 4tm

- yn-izi (
271 Jope(s)=1 bv'N

< N(-Do/2+¢"

>_S G 1(s)ds

For o < =, only j = 0 term is non-negligible.

For 0 < —, j = 1 term also non-negligible.

n2’

Unfortunately, Z = £(s) is hard to compute with.




Converting Sums to Integrals - lyer-Miller-Triantafillou:
supp(®) C (—7'3, 73)

Big Idea! Recall X =Y + Z,write Z =X —-Y.




Classical RMT L-functions Katz-Sarnak Conj Number Theory Recap Proofs
000 [e]e) 0000 000000 (e]e] 0000e0

Converting Sums to Integrals - lyer-Miller-Triantafillou:
supp(¢) € (~ 513 7p)

Big Idea! Recall X =Y + Z,write Z =X —-Y.

n 47m\ °
— yr-1z ( ) Gi_1(s)ds
2mi /m(sm bv N k-1(9)
n 47m\ °
== Xy 1 < > Gr_1(s)ds
2mi /Df{e(s)1 bv' N k-1(9)
n 47m\ —°
i yn Gi_1(8)ds.
2mi /me(s)_1 (b\/ N) k1)

Hughes-Miller handle Y” term, XY"' term is similar.

2R

RMT
0000000
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Converting Sums to Integrals - lyer-Miller-Triantafillou:
supp(¢) € (~ 513 7p)

When the dust clears, we see

(4wmm>
Ji—1

L. (log ni\ xo(n)A(n;)
> [H¢<|ogﬂ) V/Ailog R

P bv'N
o in2 1
=) ([ oS35 o gotor)
o[

~50"0)) + o(1)

27



Random Matrix Theory: New Combinatorial Vantage J




n-Level Density: Katz-Sarnak Determinant Expansions

Example: SO(even)

/ / ¢x1 x,,)det (K1(X/’X"))1§j,k dxq - - - dxp,
where

sin (w(x — y)) sin (w(x +y)>
fx-y) L abcry)

Ki(x,y) =




n-Level Density: Katz-Sarnak Determinant Expansions

Example: SO(even)

/ / o(x1) - Xn)det(lﬂ(x,,xk)) g - dxy,

1<j,k<n

where

sin (7r(x — y)) sin (w(x + y))
fx-y) L abcry)

Ki(x,y) =

Problem: n-dimensional integral - looks very different.




Preliminaries

Easier to work with cumulants.

= . (it)" =
ch(n? = log P(t),
n=1

where P is the probability density function.

n—1
/ n—1 /
Mn = Cn+ n; (m_ 1)Cm:un—m;

where u;, is uncentered moment.




Preliminaries

Manipulating determinant expansions leads to analysis of

. (—=1)y™t  nl
K(y1,~--,yn)=Z Z m Al A

m=1 X\+...4+Am=n

>‘j21

Z Hx{yz, eyl <t

€1,...,en==%1 £=1

where ’
N (S B S S AP
n(t.]) = { —1 >3 A
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New Result: lyer-Miller-Triantafillou: Large Support:
supp(3) € (~ 715 72 )

-~

Hughes-Miller solved for supp(¢) C (—-1+, -1=).

~

New Complications: If supp(¢) C (—-1, —15),

Q (¢, ))¢jy; need not have same sign (at most one can
differ);

© more than one term in product can be zero (for fixed
m, \;, Ej).

RMT
0008000
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New Result: lyer-Miller-Triantafillou: Large Support:
supp(3) € (~ 715 72 )

-~

Hughes-Miller solved for supp(¢) C (—-1+, -1=).

~

New Complications: If supp(¢) C (—-1, —15),

Q (¢, ))¢jy; need not have same sign (at most one can

differ);

© more than one term in product can be zero (for fixed

m, )\j, Ej).

Solution: Double count terms and subtract a correcting
term p;.

RMT
0008000






Generating Function Identity - \; > 1

00_1nn —X
Z(n!)X:e 1—(1—eX 2(1_6

< (&1 & —nm
S BE 5 )




Generating Function Identity - \; > 1

00_1nn —X
Z(n!)X:e 1—(1—eX 2(1_6

< (&1 & —nm
S BE 5 )

- —1)™n!
SLED YD ﬁ

=1 A+ =n

3




All A, X > 1.

o (-1)™ n
pf:ZZ Z m Al A
m=1 I=1 \++X_1=j—1
)\521

AgyqteHAm=n—j




New Result: Dealing With ‘p;’s

All A, X > 1.

n

m _4\m
zp, )3) 5> SID SIS AL
=1 m=1 f=1 A+ 4;2\411_/ 1 v m:

Xgpq1t+HAm=n—j




New Result: Dealing With ‘p;’s

n n n m (_1)m n!

D=2.2.2. 2 oo

Jj=1 j=1 m=1 ¢=1 )\1+...+)\£T1:j_1 1: m:
Ap=

ApgttAm=n—j

S —1)™ (n-1)
O (m) M(!I-H’--X,,L!




New Result: Dealing With ‘p;’s

All A, X > 1.

n n n m (_1)m nl

ijzzzz Z m Ao\

j=1 j=1 m=1 ¢=1 )\1.1,.....;,;\)\2;1:]‘_1 1: m:
=

Agiq et Am=n—]

by ~1)"  (n—1)!
=n3 ). 2 (m) Aq(!é--x,,),_g

m—1""
n
(=)™ (n— 1)
=N Z (—1) SARSY |
m=1 X4+ =n—1 v m—1*




New Result: Dealing With ‘p;’s

All A, x> 1.

n n n m (_1)m nl

2= 2 hato

J=1 j=1 m=1 ¢=1 >\1+..._|;,\ZT1ZJ-_1 1 m:
e

AppqtetHAm=n—j

n m
(=)™ (n-1)
nd > X ]
m=1 ¢=1 }\1+...+)\;n_1:n_1 1 m—1

(—1)™"(n—1)!
:nZ Z (=1) NN
m=1 X4+ =n—1 1 m—1
=n(—1)".

3




After Fourier transform identities:




New Result: lyer-Miller-Triantafillou: Large Support:

supp(9) € (—7%2: 7'z

After Fourier transform identities:

cio0) = ([ ot =g ax - Zocor)

n(1 (/ (% /¢n1(x1

sin(2rx1(1 + |x2])) 1
Drx, dxidxo — 2<;5 (O)).




New Result: lyer-Miller-Triantafillou: Large Support:

supp(9) € (—7%2: 7'z

After Fourier transform identities:

o) = S ([ starp2 o - jotor)

S (/ 30e) [0 0)

sin(2rx1(1 + |x2])) 1.
Drx, dxidxo — 2<;5 (0) | .

Agrees with number theory!
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