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Integer Decompositions and Why We Care

@ Integer decompositions have applications in modern
Computer Science, where storage space is a primary

concern.

@ One recognizable decomposition is the Binary System,
which represents integers as sums of powers of two.

Motivating Question
Are there other space-efficient ways of decomposing the
integers into unique collections of summands?
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Zeckendorf’s Theorem

Zeckendorf’s Theorem (1972)

Every integer can be written uniquely as a sum of
non-consecutive Fibonacci numbers of the form
Frni1 = Fn + Fr_1 (called the Zeckendorf decomposition).

Example 1: 65=55+8+2=Fg+ F5+ F>

Example2: 65=34+21+8+2=F+F +F+ F
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Far-Difference Representations

Definition
A far-difference representation is a sum of numbers and their
additive inverses.

Example: 65 =89 —21 -3 = Fjy — F7 — F3

@ Alpert [Al] proved that a Fibonacci far-difference
representation exists for all integers and is unique.

@ Miller-Wang [MW] extended the results for PLRS to
Alpert’s far-difference representations.
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What’s New in Our Results?
@ We apply the techniques of Alpert and Miller-Wang to a
much broader collection of recurrence relations.

@ We generalize the Fibonacci recurrence to a collection of
sequences called the k-Skipponaccis.

@ We find unique far-difference representations using our
Skipponacci sequences.

@ We prove Gaussianity for every far-difference
representation.
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Preliminary Definitions and Results

The k-Skipponaccis are recurrence relations of the form
Sn-1-1 = Sp+ Sn—k
for some k > 0 and initial terms 1,2,3,... k — 1, k.

Alpert [Al] proved the following result for the Fibonaccis (also
called the 1-Skipponaccis).

Alpert’s Theorem

Every x € Z has a unique far-difference representation for the
Fibonaccis such that all terms of the same sign are at least 4
apart in index, and all terms of opposite sign are at least 3
apart in index.
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Our First Result

Example: 119 =144 - 34 +8+1=F1 — Fg+ Fs + F4
—— N —
3 apart 4 apart
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°

Our First Result

Example: 119 =144 - 34 +8+1=F1 — Fg+ Fs + F4
—— N —
3 apart 4 apart

Every x € Z has a unique far-difference representation for the
k-Skipponnacis such that all terms of the same sign are at least
2k + 2 apart in index and all terms of opposite sign are at least
k + 2 apart in index.
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Outline of Proof

Let R(n) = Z Snfb(2k+2) = Sn+Sp_ok_2+Sn_ak_a+-..
0<n—b(2k+2)<n

We first partition the integers into intervals of the form:
[Sh— R(n—k—-2),S,+ R(n—2k — 2)].

For the inductive step, assume that all integers on [0, R(n — 1)]
have a unique far-difference representation.

Next, for an integer x on the above interval, we have:
@ Ifx<Spthen0<S,—x<S,—R(n—k—-2).

@ If x> Spthen0<x—-S5,<S,—R(n—2k —2).

DD
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Outline of Proof

By induction, we show that:

@ x — Sp has a unique decomposition with main term at most
Sh—2k—2

@ S, — x has a unique decomposition with main term at most
Sn—k—2
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°

Outline of Proof

By induction, we show that:
@ x — Sp has a unique decomposition with main term at most
Sh—2k—2
@ S, — x has a unique decomposition with main term at most
Sn—k—2

Adding S, to the representations above gives us:
@ S+ S oo+ ...
@ S5, —Sh_ko+...
which are both legal decompositions. O]
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representation.
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Distribution of number of summands

@ We have shown that, on the interval (Rp, R,.1], each
integer x has an unique representation
x=3",8, —>_, Sk, where x has m positive
summands and ¢ negative summands in its far-difference
representation.

@ We are interested in the distribution of the number of
positive and negative summands when considering all
integers in a single interval.

@ We prove this distribution converges to a Gaussian
(normal) distribution when n — oc.
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Recurrence Relation

@ Let pym¢ denote the number of numbers in the interval
(Rn, Rn+1] whose decomposition consists of m positive
summands and ¢ negative summands.

@ We derive the following recurrence relation for the number
of positive and negative summands:

Recurrence relation of p,

Pnm¢ = 2Pn—1,m¢ — Pn—2,m¢ + Pn—(2k+2),m—1,¢ + Pn—(2k+2),m,e—1
+ Pn—(2k+3),m—1,6 — Pn—(2k+3),m,t—1 + Pn—(2k+4),m—1,0—1
— Pn—(4k+4),m—1,6—1
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Generalized Generating function

Let G(x,y,2) = Pnmex™y"z" be the generating function of
pn,m,e-

Consider the product P(x, y, z)G(x, y, z), where P(x,y, z) is
the characteristic polynomial of the recurrence relation given by:

P(x.y.2) = 1-22+2°~(xty) (22472 4 2243 ) xy (22474 4 244)

Key Insight: For any p, m ¢ that satisfies the recurrence relation,
the coefficient in the above product will be zero.

The only terms that remain are:
2k+3

P(x,y,2)G(x,y,z) = xz — xz? +Xyzk+3 — Xyz
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Generalized Generating Function

Now solving for G(x, y, z) gives us:

Generating function of p;,

G(x,y,2)

B Xz — XZ2 + xyzK+3 — xyz2k+3
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Generalized Generating Function

Now solving for G(x, y, z) gives us:

Generating function of p;,

G(x,y,2)

B Xz — XZ2 + xyzK+3 — xyz2k+3

It will be useful to factor out (z — 1) from G(x, y, z), which gives
us the following modified generating function:

XZ + Xy ZZK,}fs z

1—z— (x+y)z2k2 —xy Y32 21

G(x,y,z) =
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Using G(x, y, z) to Prove Gaussian Behavior

@ Let K, and £, be the corresponding random variables
denoting the number of positive summands and the
number of negative summands in the far-difference
representation for integers in (R,_1, Rn).

@ We prove that for any a, b > 0, the random variable
Xn = akn, + bL, converges to the Gaussian distribution as
n— oo

@ This can be achieved by proving that every moment of
(Xn — E[Xy])/on approaches the corresponding moment of
the standard normal N(0, 1).
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Calculating Moments

@ For a fixed n consider g(x,y) = > pn.m/x™y'. Letting
x=way=wP, we get g(w) =" pp m wamH.

@ The range of X, is g(1) = Zm,/zo Pn.m, = Rny1 — Ry and

since g'(w) = >_(am + bl)py m wa™PI=1 we get:

E[X] = g'(1)/9(1) = pn.

@ To find the other moments, we construct a sequence of
functions gj(w) such that g1 = (xg;(x))’. By induction the
mt moment of X, — 1, denoted pn(m), is calculated as

gm(1)/9(1).

A1
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Useful Result from Miller-Wang [MW]

We have Gaussianity if we can prove that each moment tends
to that of the normal, or equivalently:

Theorem 2 (Miller-Wang)

For any integer u > 1:

2u — 1 2
%%o and Mn(ZUU)%(QU*U” as u— oo
On On
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Useful Result from Miller-Wang [MW]

We have Gaussianity if we can prove that each moment tends
to that of the normal, or equivalently:

Theorem 2 (Miller-Wang)

For any integer u > 1:

2u — 1 2
%%o and Mn(zuu)—)(2u—1)!! as u— oo
On On

@ Fortunately for us, Miller-Wang proved this theorem for a
large subset of recurrence relations.

@ Thus, if we can prove the conditions specified by
Miller-Wang, we can extend these results to handle a
greater range of recurrences.

AAd
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@ We factor out the denominator P our generating function
and use partial fractions to get an explicit formula for g(w),

namely S#53 wq;(w),/e(w) where e;(w) are roots of P.

@ We want to reduce g(w) to wgy(w)/ef(w) so that it
behaves similarly to an n-power function. It is enough to
prove that P has no multiple roots and a single root whose
norm is strictly less than that of all others.
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Conditions for Gaussianity

@ We factor out the denominator P our generating function
and use partial fractions to get an explicit formula for g(w),

namely S#53 wq;(w),/e(w) where e;(w) are roots of P.

@ We want to reduce g(w) to wgy(w)/ef(w) so that it
behaves similarly to an n-power function. It is enough to
prove that P has no multiple roots and a single root whose
norm is strictly less than that of all others.

@ We also want a formula for €/(w) to prove that the mean
and variance grow linearly with n.

A7
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Proposition 1: There exists € € (0, 1) such that for any
wel=(1-¢1+¢):

(a) The denominator of our generating function has no
multiple roots.
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Proposition 1

The following captures most of the necessary conditions.

Proposition 1: There exists € € (0, 1) such that for any
wel=(1-¢1+¢):

(a) The denominator of our generating function has no
multiple roots.

(b) There exists exactly one positive real root e{(w) such that
e1(w) < 1and e (w) < |ej(w)| forall i > 2.

(c) Each root ej(w) is continuous and ¢-times differentiable for
any ¢ > 1 and

- - —1 4k
(@@ 1 owb =)o, (w)2K 24 (at bywaTD 1Zj:;!<3+4

14+(watwb)(2k-+2)e;(w)2k+1 4 watb z;‘jzﬁfﬂ jej(wyi—1

ey (wy

ej(w)=—
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Proof of (a)

Let Aw(z) be the denominator of our generating function. We
will consider only the case where w = 1. This gives us:

Az)=1-2z+ 22 _ o52k+2 + 0 ,2k+3 _ S2k+4 4 Z4k+47

which factors nicely to:
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Proof of (a)

Let Aw(z) be the denominator of our generating function. We
will consider only the case where w = 1. This gives us:

Az)=1-2z+ 22 _ o52k+2 + 0 ,2k+3 _ S2k+4 4 Z4k+47
which factors nicely to:

A(z) = (K2 1))+ z - 1) -z 1),

We prove that no roots are repeated by:
@ Showing that the factors are pairwise co-prime.
@ Showing that the gcd of each factor and its derivative is 1.
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Proof of (b)

Let A, (z) be the denominator of our revised generating
function. We once again consider the case where w = 1, which

gives us:
4k+3

Az)y=1-z-27%2_ N 4
j=2k+4
) 443
A(z)=-1-2(2k+2)22" — Y jA7!
j=2k+4
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Proof of (b)

Let A, (z) be the denominator of our revised generating
function. We once again consider the case where w = 1, which

gives us:
4k+3

Az)y=1-z-27%2_ N 4
j=2k+4

. 4k+3
A(z)=—1-2(2k +2)2%+ - Y~ jz
j=2k+4

@ Note that A(0) > 0, while A(1) < 0, so there must be a root
e1 on (0,1)

@ Moreover, since A'(z) is negative for all z > 0, the function
is strictly decreasing on (0, o). Thus ey is unique.

-3
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Proof of (b)

Let e; be another root of A(z) and assume that |e;| < ey < 1.
Then |eilf < |e1) = €.
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Proof of (b)

Let e; be another root of A(z) and assume that |e;| < ey < 1.
Then |eilf < |e1) = €.

4k+3 4k+3 ,
1= le+2ef" 2+ Y el < lef+2e* 2 Y e
j=2k-+4 j=2k+4
4k+3 4k+3

IA

e+ 262+ D e = ey +28 24+ N o = A
j=2k+4 j=2k+4

57
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Proof of (b)

Let e; be another root of A(z) and assume that |e;| < ey < 1.
Then |eilf < |e1) = €.

4k+3 4k+3
1= le+26P+ Y gl < lal+2e* 2+ Y el
j—2k+4 j—2k+4
4k+3 4k+3
<lef +2leP 2+ D Jerl = e +2e8 P4 Y € = 1
j—2k 44 j—2k+4

Thus equality must hold everywhere, but this contradicts (a). It
follows that e; < |gj|. O
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Since Ale;(w)] = 0, for some small neighborhood Aw we have
Alei(w + Aw)] = 0. This gives us:
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0 = Aei(w)-Ales(w+aw)]
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Proof of (c)

Since Ale;(w)] = 0, for some small neighborhood Aw we have
Alei(w + Aw)] = 0. This gives us:

0 = Alei(w)]-Aler(w+Aw)]
= [t—ei(w)—(w+wP)es (w)?+2— Wa+bz4k§r;?+4e1(w)j]*
[1—ey(WwH+AwW)—((W+Aw)34+(w+Aw)b) e (wHAw)2k+2
—(w+Aw)atb Z;‘k;ksﬂ e (w+Aw)]
= er(wH+Aw)—ey (w)+(wa+wP)[e (w+Aw)2 2 ey (w)2+2
+wath Z4k2k+4[91 (w+Aw) —eq(w)]
+er (WHAWP R [(wAw) —wi+(w+Aw) —w?]

S0 e Awy ] [(w Aw) 70— wet]
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Proof of (c)
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Proof of (c)

0 = [ei(wraw)—e(w)] (1+wo+w?) S5 ey (w+aw) e (w)+1-1
+watb Z;‘i;,(s+4 /,:;3 er(w+Aw)'ey (w)/*1*f)

+AW(e1 (W+AW)2k+2[Zia;01 (W+AW)’W‘3717’.+ZF;O1 (W+AW)'.Wb*17"]

M2 s er(wAwY] SO (wr Aw) wate—1-7)
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Proof of (c)

0 = [ei(wraw)—e(w)] (1+(wa+wd) 25 o (whaw) ey (wy2k+1—/
+Wa+bz;‘£2+k3+4 i- 1e1(w-i-Aw)’e1(w)l 1— ')

+AW(81(W+AW)2k+2[Zia;01(W+AW)’W‘3717’+Z?;01(W+AW)'.Wb717"]
+H[ 0 s e (wAwY ] SE T (wAw) wart 1)
Now, since e;j(w) is continuous, and w?, w?, and wat? are
differentiable at w = 1, we can rearrange terms and take the
limit of the above equation, which gives us:

/ . Aw)—
e1 (W) = limaw—o s AWV)V &1 ()
(aw a_1+bwb_1)e1( )2k+2 +(a+b)w watb— 1E4i(+3+4 e1(w)j

1+ (wa+wb)(2k+2)eq (w)2k+11watb ka;k3+4 jeq (w)i—T1
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Home Stretch

We now seek an expression for the coefficients of z” in our
generating function. As before, will denote this function as:

g(w) = Z pn,m,IWamH)é

m>0,/>0
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Home Stretch

We now seek an expression for the coefficients of z” in our
generating function. As before, will denote this function as:

g(w) = Z pn,m,IWamH)é

m>0,/>0

For our calculations, it will be convenient to express the
denominator of our generating function in terms of it’s partial
fraction expansion.

4k+3

L 1

A~ W 2 (7 e Il (e (W) — &(w)
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Home Stretch

We rearrange this formula to get:

4k+3

1 1 Z 1 ' 1
Anz) — watt (1= 225) ei(w) ;4 (e(w) — &(w))

ei(w)
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Home Stretch

We rearrange this formula to get:

1 1 4k+3 1 1
@)~ w2 (T2 e T (ew) — aw)

Key Insight: 1,14 represents a geometric series.

ej(w)
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Home Stretch

We rearrange this formula to get:
4k+3

1 1 1 1
@)~ w2 (T2 e T (ew) — aw)

ei(w)

Key Insight: 1,14 represents a geometric series.

ej(w)

We now sum over all coefficients of z” in the numerator of our
generating function, which gives us:

4k+3 b1 _ A k+2 _ a2k+2
g(w) = ZW (1 — e(w)) + e =(w) — e”™=(w)

= e(w) [1.i(ej(w) — ei(w))
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Home Stretch

If we let g;(w) denote all terms of g(w) that do not depend on
n, then g(w) reduces to 7% wq(w) /el (w).
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Home Stretch
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Home Stretch

If we let g;(w) denote all terms of g(w) that do not depend on
n, then g(w) reduces to 7% wq(w) /el (w).

Notes (from our Proposition):

@ Since ej(w) is ¢-times differentiable, so is g;(w).

@ For all e;(w) where i > 2, we have ef(w) < ef'(w) as
n — oo.

@ g(w) = wqi(w)/ef(w) + o(v, ), where v, is dependent
only on a, b and is negligible for n large.

TA
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Almost There!

We now have everything we need to solve for the mean! Recall
that this is equivalent to finding g’(1)/g(1).
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Almost There!

We now have everything we need to solve for the mean! Recall
that this is equivalent to finding g’(1)/g(1).

g() _ qi(1)e"(1) — ngi(1)ef "' (1)eh(1) ef(1)

g(1) e2(1) a:1(1)
_ qi(1)€"(1)  ngi(1)ei"'(1)eq(1)
E'(Mai(1) e"(Hai(1)

CIONCTON

Cai() el(1)

Letting C,p = —€/(1)/es(1) and dap = p/(1)/p1(1) gives us a
computable expression for the mean in the form:

Capn + dap + O('Yg,b)

TS
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Grand Finale!

Since our mean grows linearly with n, Miller-Wang [MW] gives
us a way to find the variance in the form:

Lo(Mn+qi(1) + o(7]p)

Where h, p(w) = % Cap, and the constants 7, € (0,1)

and p//(1) depend only on a and b.
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h,p # 0, and thus the mean and variance are not
independent of n.
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Grand Finale!

Since our mean grows linearly with n, Miller-Wang [MW] gives
us a way to find the variance in the form:

Lo(Mn+qi(1) + o(7]p)

Where h, p(w) = qu(%) — Cap, and the constants 77, € (0, 1)

and p//(1) depend only on a and b.

@ Using our proposition, it is easy to verify that C, , and
h,p # 0, and thus the mean and variance are not
independent of n.

@ Now that we have a mean p, and a variance o, that grow
in linear time, we are done! ]
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Recap: What Just Happened?

1. We generalized the Fibonacci recurrence to a broader set
of recurrences called the k-Skipponaccis.
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What Just Happened?

1. We generalized the Fibonacci recurrence to a broader set
of recurrences called the k-Skipponaccis.

2. We proved that every k-Skipponacci sequence creates a
valid far-difference representation.

3. We proved that the distribution of summands in any
k-Skipponacci far-difference representation approaches a
Gaussian distribution.
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Further Research and Open Questions

@ We have further generalized the k-Skipponacis to
recurrence relations of the form S, = S,_1 + Sp—x + Sh—y,
where x is the distance between same-sign summands
and y is the distance between opposite-sign summands.
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Further Research and Open Questions

@ We have further generalized the k-Skipponacis to
recurrence relations of the form S, = S,_1 + Sp—x + Sh—y,
where x is the distance between same-sign summands
and y is the distance between opposite-sign summands.

Example: The Fibonacci recurrence can be written as:
Fn = Fn—1+Fn—2 = Fn—1 +(Fn—3+Fn—4)

@ We believe it can be shown that every far-difference
restriction (x, y) uniquely defines a sequence of numbers.

@ We want to prove that the number of summands in every
(x, y) far-difference representations approaches a
Gaussian.
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