Identifying Symmetry Groups of Low-Lying Zeros of Families of L-Functions

Steven J. Miller (Joint with Eduardo Dueñez)

Number Theory and Random Matrix Theory Workshop (CMS Summer 2005)

Brown University

Waterloo, June 1^{st}, 2005 http://www.math.brown.edu/∼sjmiller

Measures of Spacings: n-Level Correlations {αj} an increasing sequence of numbers, B ⊂ Rn−1 a compact box. Define the n-level correlation by

lim N→∞ # � � αj_1 − αj_2, . . . , αj_{n−1} − αj_n � ∈ B, ji ≠ jk ≤ N �

N Results on Zeros (assuming GRH):

• Normalized spacings of ζ(s) starting at 10^{20} (Odlyzko) • Pair and triple correlations of ζ(s) (Montgomery, Hejhal) • n-level correlations for all automorphic cupsidal L-fns (Rudnick-Sarnak) • n-level correlations for the classical compact groups (Katz-Sarnak) • insensitive to any finite set of zeros • universality of answer

Measures of Spacings: n-Level Density and Families Let gi be even Schwartz functions whose Fourier Transform is compactly supported. Let L(s, f) be an L-function with zeros 1 2 + iγf (γf ∈ R) and conductor Cf . Define the n-level density by Dn,f (g) = � j1,...,jn ji≠±jk g1 � γf,j_1 log Cf 2π � · · · gn � γf,j_n log Cf 2π �

• Individual zeros contribute in limit • Most of contribution is from low zeros • Average over similar L-functions (family)

To any geometric family, Katz-Sarnak predict the n-level density depends only on a symmetry group (a classical compact group) attached to the family.

n-Level Density

As N → ∞: 1 |FN | � f∈FN

Dn,f (g) = 1 |FN | � f∈FN � j1,...,jn ji≠±jk � i gi � γf,j_i log Ct 2π �

−→ � · · · � g(x)Wn,G(F)(x)dx

−→ � · · · � ^g(u)^Wn,G(F)(u)du.

Conjecture: Distribution of Zeros near Central Point agrees with Distribution of Eigenvalues near 1 of a Classical Compact Group.

1-Level Densities

Let G be one of the classical compact groups: Unitary, Symplectic, Orthogonal (or SO(even), SO(odd)).

For test functions g with supp(^g) ⊂ (−1, 1), 1-level density of G is ^g(0) − cG g(0) 2 , where

cG = � � � 0 G is Unitary 1 G is Symplectic −1 G is Orthogonal.

Some Results: Simple Families • Orthogonal:

Iwaniec-Luo-Sarnak: 1-level density for H±k (N), N squarefree.

Miller, Young: families of elliptic curves. Güloğlu: 1-level for {Symrf : f ∈ Hk(1)}, r odd.

• Symplectic:

Rubinstein: n-level densities for L(s, χd). Güloğlu: 1-level for {Symrf : f ∈ Hk(1)}, r even.

• Unitary:

Hughes-Rudnick, Miller: Families of Primitive Dirichlet Characters.

Identifying the Symmetry Groups

Often an analysis of the monodromy group in the function field case suggests the answer.

All simple families studied to date are built from GL1 or GL2 L-functions.

Tools: Explicit Formula, Orthogonality of Characters / Petersson Formula.

How to identify symmetry group in general? One possibility is by the signs of the functional equation:

Folklore Conjecture: If all signs are even and no corresponding family with odd signs, Symplectic symmetry; otherwise SO(even).

Some Results: Rankin-Selberg Convolution of Families Notation:

• π a fixed cuspidal automorphic representation of GLn over Q; • ϕ a fixed Hecke-Maass cusp form of level 1; • Fχ_d: family of primitive quadratic characters; • FH_k: family of weight k cuspidal newforms of level 1; • Fsym2H_k: family of symmetric squares of above family. • Orthogonal:

Rubinstein: π × Fχ_d if L(s, sym2π) is entire. Dueñez-Miller: ϕ × Fsym2H_k.

• Symplectic:

Rubinstein: π × Fχ_d if L(s, sym2π) has a pole. Dueñez-Miller: ϕ × FH_k.

Explicit Formula • π: cuspidal automorphic representation on GLn. • Rπ > 0: analytic conductor of L(s, π). • By GRH the non-trivial zeros are 12 + iγπ,j. • Satake parameters {απ,i(p)}ni=1; λπ(pν) = �n i=1 απ,i(p)ν.

• L(s, π) = � n λπ(n)

ns = � p �n i=1(1 − απ,i(p)p−s)−1. � j g � γπ,j log Rπ 2π � = ^g(0)−2 � p ∞� ν=1 ^g � ν log p log Rπ � λπ(pν) log p pν/2 log Rπ g even Schwartz function, ^g compactly supported.

Usually no contribution from ν ≥ 3 (Ramanujan Conjectures).

1-Level Density for a Family Assuming conductors constant in family F, have to study λf (pν) = αf,1(p)ν + · · · + αf,n(p)ν

S1(F) = −2 � p ĝ � log p log R � log p √ p log R � � 1 |F| � f∈F λf (p) � �

S2(F) = −2 � p ĝ � 2 log p log R � log p p log R � � 1 |F| � f∈F λf (p2) � � • Except for families of elliptic curves with rank, first sum zero in all known cases (rank zero families).

• The corresponding classical compact group is determined by 1 |F| � f∈F λf (p2) = cF = � � � 0 Unitary 1 Symplectic −1 Orthogonal.

1-Level Density for Rankin-Selberg Convolution of Families Families F and G.

Satake parameters {αf,i(p)}ni=1 and {βg,j(p)}mj=1.

Family F×G, L(s, f×g) has parameters {αf,i(p)βg,j(p)}i=1...n,j=1...m.

af×g(pν) = n� i=1 m� j=1 αf,i(p)νβg,j(p)ν

= n� i=1 αf,i(p)ν m� j=1 βg,j(p)ν

= λf (pν) · λg(pν).

Technical restriction: need f and g unrelated (i.e., g is not the contragredient of f) for our applications.

1-Level Density for Rankin-Selberg Convolution of Families (cont) To analyze Sν(F × G) we must study 1 |F × G| � f×g∈F×G

λf (pν) · λg(pν) = � � 1 |F| � f∈F λf (pν) � � · � � 1 |G| � g∈G λg(pν) � � • ν = 1: If one of the families is rank zero, so is F × G;

S1(F × G) will not contribute.

• ν = 2: cF×G = cF · cG.

If each family is of rank 0, the symmetry type of the convolution is the product of the symmetry types.

One-Parameter Families of Elliptic Curves over Q(T ) One-parameter family E : y2 = x3 + A(T )x + B(T ) of rank r over Q(T ).

at(p) = λt(p) √ p is of size √ p, at+mp(p) = at(p).

Rational Elliptic Surfaces (Rosen and Silverman): If rank r over Q(T ): lim X→∞ 1 X � p≤X

� �1 p � t mod p

at(p) � � log p = −r

Surfaces with j(T ) non-constant (Michel): 1 p � t mod p

at(p2) = –p + O ( √ p) .

1-Level Density of One-Parameter Families of Elliptic

Curves

Rescale zeros by average log-conductor (for convenience).

First sum contributes

S1(E) = −2 � p ĝ � log p

log R � log p √ p log R 1 N � t∈[N,2N]

λt(p)

∼ −2 � p ĝ � log p

log R � log p √ p log R 1 N N p � t mod p

at(p) √ p ∼ −2 � p ĝ � log p

log R � log p √ p log R –r √ p ∼ 2r � p ĝ � log p

log R � log p

p log R

∼ rg(0).

1-Level Density of One-Parameter Families of Elliptic Curves Second sum handled similarly:

S2(E) = −2 � p ĝ � 2 log p log R � log p p log R 1 N � t∈[N,2N]

λt(p2)

∼ −2 � p ĝ � 2 log p log R � log p p log R 1 N N p � t mod p

at(p2) p ∼ −2 � p ĝ � 2 log p log R � log p p log R

–1 · p2 p2 ∼ 1 · 2 � p ĝ � 2 log p log R � log p p log R

∼ 1 · g(0) 2 .

1-Level Density of One-Parameter Families of Elliptic Curves

Combining we find that the 1-level density of a one-parameter family of Elliptic Curves of rank r over Q(T ) is

^g(0) + g(0) 2 + rg(0).

Agrees with scaling limits of � Ir×r SO(even) � or � Ir×r SO(odd) � .

What is the symmetry type of Er_1 ×Er_2, Er_i one-parameter family of ECs of rank ri?

1-Level Density for Er_1 × Er_2

To evaluate S1(Er_1 × Er_2) must study � p ĝ � log p

log R � log p √ p log R 1 NM � t1∈[N,2N] t2∈[M,2M]

λt_1,t_2(p)

∼ � p ĝ � log p

log R � log p √ p log R � � 1 N N p � t1(p)

at_1(p) √ p � � � � 1 M M p � t2(p)

~at_2(p) √ p � �

∼ � p ĝ � log p

log R � log p √ p log R –r1 √ p –r2 √ p ∼ O � 1 log R � . Ranks of families play no role in new family.

Similar to Goldfeld’s results on quadratic twists of a fixed elliptic curve.

Twisting by a Fixed Form Consider a GL2 form L(s, f) with Satake parameters α, α of size 1.

λf (p) = α + α, αα = 1

λf (p2) = α2 + α2 = α2 + 1 + α2 − 1 = λsym2f (p) – 1 = � λf (p)λf (p) − 1 � – 1 Thus

λf×g(p2) = λf (p2) · λg(p2) = λsym2f (p)λg(p2) – λg(p2).

The minus sign changes the sign of the contribution from p^2, flips symmetry: Symplectic ←→ Orthogonal.

Twisting by a Fixed Form π = ~π cuspidal automorphic representation on GLn.

1 X � p≤X λπ(p2) log p ∼ � 1 if L(s, sym2π) has a pole −1 if L(s, sym2π) is entire.

If χd is a quadratic character then for almost all primes, χd(p2) = 1.

Summary

• Theory of Low-Lying Zeros is more than a theory of signs of functional equations.

• Similar to Rudnick-Sarnak, second moment of Satake parameters seems to determine behavior.

• Ranks of families F and G do not play a role in the main term of the low-lying zeros of F ×G (though potential lower order correction).

• Danger in generalizing from just GL1 and GL2 examples;

attempts to use Trace Formulas to handle families on GLn.

Appendix I: Numerical Data on the Independence of the Family Zeros of Elliptic Curves wrt the Remaining Zeros

By the Birch and Swinnerton-Dyer conjecture and the Silverman specialization theorem, in a one-parameter family of elliptic curves of rank r over Q(T ), eventually all curves have rank at least r. The theoretical evidence suggests these family zeros are independent of the remaining zeros. While the numerical evidence is contrary (the family zeros seem to repel the nearby zeros), this is likely an effect of small log-conductors. The convergence is probably no better than log N_E, and in the regions investigated this is at most 25. Nevertheless, unlike the excess rank data (except for Watkins’ example), as the log-conductor increases we are able to noticeably see the repulsion decrease.

DEFINITIONS

D_{n,FN} (ϕ) = 1 |F_N | � E_t∈F_N � j1,...,jn ji≠±jk � i ϕ_i � γ_{t,ji} log C_t 2π �

D^{(r)}_{n,FN} (ϕ): n-level density with contribution of r zeros at central point removed.

F_N : Rational one-parameter family of elliptic curves of rank r over Q(T ), t ∈ [N, 2N], conductors monotone.

ASSUMPTIONS

1-parameter family of Ell Curves, rank r over Q(T ), rational surface. Assume

• GRH;

• j(T ) non-constant;

• Sq-Free Sieve if Δ(T ) has irred. poly. factor of degree ≥ 4.

Pass to positive percent sub-seq where conductors polynomial of degree m. ϕ_i even Schwartz, support σ_i:

• σ_1 < min

�_1 2 ,^2_{3m} � for 1-level.

• σ_1 + σ_2 <^1_{3m} for 2-level.

MAIN RESULT Theorem (M–): Under previous conditions, as N → ∞, n = 1, 2:

D(r)n,F_N (ϕ) −→ � ϕ(x)WG(x)dx, where G = � SO if half odd SO(even) if all even SO(odd) if all odd

1 and 2-level densities confirm Katz-Sarnak, Birch and Swinnderton- Dyer predictions for small support.

• Agree with Independent Model, note universality; • Dependence on F through lower order correction terms.

Theoretical Distribution of First Normalized Zero

First normalized eigenvalue: 230,400 from SO(6) with Haar Measure

First normalized eigenvalue: 322,560 from SO(7) with Haar Measure

Rank 0 Curves: 1st Normalized Zero

(Far left and right bins just for formatting)

750 curves, log(cond) ∈ [3.2, 12.6]; mean = 1.04

750 curves, log(cond) ∈ [12.6, 14.9]; mean = .88

Rank 2 Curves: 1st Normalized Zero

665 curves, log(cond) ∈ [10, 10.3125]; mean = 2.30

665 curves, log(cond) ∈ [16, 16.5]; mean = 1.82

Rank 2 Curves: y2 = x3 − T 2x + T 2: 1st Normalized Zero

35 curves, log(cond) ∈ [7.8, 16.1]; mean = 2.24

34 curves, log(cond) ∈ [16.2, 23.3]; mean = 2.00

Bibliography

[Bai] Z. Bai, Methodologies in spectral analysis of large-dimensional random matrices, a review, Statist. Sinica 9 (1999), no. 3, 611-677.

[BEW] B. Berndt, R. Evans and K. Williams, Gauss and Jacobi Sums, Canadian Mathematical Society Series of Monographs and Advanced Texts, vol. 21, Wiley-Interscience Publications, John Wiley & Sons, Inc., New York, 1998.

[Bi] B. Birch, How the number of points of an elliptic curve over a fixed prime field varies, J. London Math. Soc. 43, 1968, 57 − 60.

[BS] B. Birch and N. Stephens, The parity of the rank of the Mordell-Weil group, Topology 5, 1966, 295 − 299. [BSD1] B. Birch and H. Swinnerton-Dyer, Notes on elliptic curves. I, J. reine angew. Math. 212, 1963, 7 − 25. [BSD2] B. Birch and H. Swinnerton-Dyer, Notes on elliptic curves. II, J. reine angew. Math. 218, 1965, 79 − 108. [Bol] B. Bollobás, Random Graphs, Cambridge Studies in Advanced Mathematics, Cambridge University Press, 2001. [BCDT] C. Breuil, B. Conrad, F. Diamond and R. Taylor, On the modularity of elliptic curves over Q: wild 3-adic exercises, J.

Amer. Math. Soc. 14, no. 4, 2001, 843 − 939.

[Br] A. Brumer, The average rank of elliptic curves I, Invent. Math. 109, 1992, 445 − 472. [BHB3] A. Brumer and R. Heath-Brown, The average rank of elliptic curves III, preprint. [BHB5] A. Brumer and R. Heath-Brown, The average rank of elliptic curves V, preprint.

[BM] A. Brumer and O. McGuinness, The behaviour of the Mordell-Weil group of elliptic curves, Bull. AMS 23, 1991, 375−382. [BDJ] W. Bryc, A. Dembo, T. Jiang, Spectral Measure of Large Randm Hankel, Markov and Toeplitz Matrices, preprint. [CW] J. Coates and A. Wiles, On the conjecture of Birch and Swinnterton-Dyer, Invent. Math. 39, 1977, 43 − 67.

[Con] J. B. Conrey, L-functions and Random Matrices, Mathematics unlimited - 2001 and beyond, 331-352, Springer, Berlin, 2001.

[Cr] Cremona, Algorithms for Modular Elliptic Curves, Cambridge University Press, 1992.

[Da] H. Davenport, Multiplicative Number Theory, 2nd edition, Graduate Texts in Mathematics 74, Springer-Verlag, New York, 1980, revised by H. Montgomery.

[Di] F. Diamond, On deformation rings and Hecke rings, Ann. Math. 144, 1996, 137 − 166. [DM] E. Dueñez and S. J. Miller, The Low-Lying Zeros of a GL(4) and a GL(6) Family, preprint. [Dy1] F. Dyson, Statistical theory of the energy levels of complex systems: I, II, III,. J. Mathematical Phys., 3, 1962,140Ű156, 157-165, 166-175.

[Dy2] F. Dyson, The threefold way. Algebraic structure of symmetry groups and ensembles in quantum mechanics, J. Mathematical Phys., 3, 1962, 1199-1215.

[Ed] H. M. Edwards, Riemann’s Zeta Function, Academic Press, Inc., 1974. [Fe1] S. Fermigier, Zéros des fonctions L de courbes elliptiques, Exper. Math. 1, 1992, 167 − 173. [Fe2] S. Fermigier, Étude expérimentale du rang de familles de courbes elliptiques sur Q, Exper. Math. 5, 1996, 119 − 130. [FSV] P. J. Forrester, N. C. Snaith and J. J. M. Verbaarschot, Developments in Random Matrix Theory. [FI] E. Fouvry and H. Iwaniec, Low-lying zeros of dihedral L-functions, Duke Math. J. 116 (2003), no. 2, 189-217. [FP] E. Fouvrey and J. Pomykala, Rang des courbes elliptiques et sommes d’exponentelles, Monat. Math. 116, 1993, 111−125. [GM] F. Gouvéa and B. Mazur, The square-free sieve and the rank of elliptic curves, J. Amer. Math. Soc. 4, 1991, 45 − 65. [Go] D. Goldfeld, Conjectures on elliptic curves over quadratic fields, Number Theory (Proc. Conf. in Carbondale, 1979), Lecture Notes in Math. 751, Springer-Verlag, 1979, 108 − 118.

[GV] D. A. Goldston and R. C. Vaughan, On the Montgomery-Hooley asymptotic formula, Sieve methods, exponential sums and their applications in number theory (ed. G. R. H. Greaves, G. Harman and M. N. Huxley, Cambridge University Press, 1996), 117-142.

[Gr] Granville, ABC Allows Us to Count Squarefrees, International Mathematics Research Notices 19, 1998, 991 − 1009.

[Gü] A. Güloğlu, Low Lying Zeros of Symmetric Power L-Functions, IMRN, Vol. 2005, Issue 9, 517-550. [HM] C. Hammond and S. J. Miller, Eigenvalue spacing distribution for the ensemble of real symmetric Toeplitz matrices, to appear in the Journal of Theoretical Probability.

[Hej] D. Hejhal, On the Triple Correlation of the Zeroes of the Zeta Function, IMRN, 293-302, (1994). [He] H. Helfgott, On the distribution of root numbers in families of elliptic curves, preprint. [Ho] C. Hooley, Applications of Sieve Methods to the Theory of Numbers, Cambridge University Press, Cambridge, 1976. [HuMi] C. Hughes and S. J. Miller, Low-lying zeros of L–functions with orthogonal symmetry, preprint. [HuRu1] C. Hughes and Z. Rudnick, Mock Gaussian behaviour for linear statistics of classical compact groups, J. Phys. A 36, (2003) 2919–2932.

[HuRu2] C. Hughes and Z. Rudnick, Linear Statistics of Low-Lying Zeros of L-functions, Quart. J. Math. Oxford 54, (2003), 309–333.

[ILS] H. Iwaniec, W. Luo and P. Sarnak, Low lying zeros of families of L-functions, Inst. Hautes Études Sci. Publ. Math. 91, 2000, 55 − 131.

[JMRR] D. Jakobson, S. D. Miller, I. Rivin and Z. Rudnick, Eigenvalue spacings for regular graphs, Emerging applications of number theory (Minneapolis, MN, 1996), 317 − 327.

[Kn] A. Knapp, Elliptic Curves, Princeton University Press, Princeton, 1992.

[KS1] N. Katz and P. Sarnak, Random Matrices, Frobenius Eigenvalues and Monodromy, AMS Colloquium Publications 45, AMS, Providence, 1999.

[KS2] N. Katz and P. Sarnak, Zeros of zeta functions and symmetries, Bull. AMS 36, 1999, 1 − 26. [KeSn] J. P. Keating and N. C. Snaith, Random matrices and L-functions, Random matrix theory, J. Phys. A 36 (2003), no. 12, 2859–2881.

[K] H. Kim, Functoriality for the exterior square of GL_2 and the symmetric fourth of GL_2, Jour. AMS 16, 1, 2003, 139–183. [KiSh] H. Kim and F. Shahidi, Functorial products for GL_2 × GL_3 and the symmetric cube for GL_2, Annals of Math., 155, 2002, 837-893.

[Ko] V. Kolyvagin, On the Mordell-Weil group and the Shafarevich-Tate group of modular elliptic curves, Proceedings of the International Congress of Mathematicians, Vol. I, II (Kyoto, 1990), Math. Soc. Japan, Tokyo, 1991, 429 − 436.

[LS1] W. Luo and P. Sarnak, Mass equidistribution for Hecke eigenforms, Comm. Pure Appl. Math. 56 (2003), no. 7, 874-891. [LS2] W. Luo and P. Sarnak, Mass equidistribution for Hecke eigenforms II, preprint.

[Mai] L. Mai, The analytic rank of a family of elliptic curves, Canadian Journal of Mathematics 45, 1993, 847 − 862. [McK] B. McKay, The expected eigenvalue distribution of a large regular graph, Linear Algebra Appl. 40 (1981), 203 − 216. [Meh1] M. Mehta, On the statistical properties of level spacings in nuclear spectra, Nucl. Phys. 18, 1960, 395-. [Meh2] M. Mehta, Random Matrices, 2nd edition, Academic Press Inc., Boston, 1991.

[Mes1] J. Mestre, Formules explicites et minorations de conducteurs de variétés algébriques, Compositio Mathematica 58, 1986, 209 − 232.

[Mes2] J. Mestre, Courbes elliptiques de rang ≥ 11 sur Q(t), C. R. Acad. Sci. Paris, ser. 1, 313, 1991, 139 − 142. [Mes3] J. Mestre, Courbes elliptiques de rang ≥ 12 sur Q(t), C. R. Acad. Sci. Paris, ser. 1, 313, 1991, 171 − 174. [Mi] P. Michel, Rang moyen de familles de courbes elliptiques et lois de Sato-Tate, Monat. Math. 120, 1995, 127 − 136. [Mil1] S. J. Miller, 1- and 2-Level Densities for Families of Elliptic Curves: Evidence for the Underlying Group Symmetries, P.H.D. Thesis, Princeton University, 2002,

http://www.math.brown.edu/∼sjmiller/thesis/thesis.pdf.

[Mil2] S. J. Miller, 1- and 2-Level Densities for Families of Elliptic Curves: Evidence for the Underlying Group Symmetries, Compositio Mathematica 104, (2004), 952–992.

[Mil3] S. J. Miller, 1-Level Density for Square-Free Dirichlet Characters, preprint. [Mon1] H. Montgomery, Prime’s in arithmetic progression, Michigan Math. J. 17 (1970), 33-39. [Mon2] H. Montgomery, The pair correlation of zeros of the zeta function, Analytic Number Theory, Proc. Sympos. Pure Math.

24, Amer. Math. Soc., Providence, 1973, 181 − 193.

[Mor] Mordell, Diophantine Equations, Academic Press, New York, 1969. [Na1] K. Nagao, On the rank of elliptic curve y^2 = x^3 − kx, Kobe J. Math. 11, 1994, 205 − 210.

[Na2] K. Nagao, Construction of high-rank elliptic curves, Kobe J. Math. 11, 1994, 211 − 219.

[Na3] K. Nagao, Q(t)-rank of elliptic curves and certain limit coming from the local points, Manuscr. Math. 92, 1997, 13 − 32. [Od1] A. Odlyzko, On the distribution of spacings between zeros of the zeta function, Math. Comp. 48, 1987, no. 177, 273 − 308. [Od2] A. Odlyzko, The 10^{22}-nd zero of the Riemann zeta function, Proc. Conf. on Dynamical, Spectral and Arithmetic Zeta-Functions, M. van Frankenhuysen and M. L. Lapidus, eds., AMS, Contemporary Math. series, 2001,

http://www.research.att.com/∼amo/doc/zeta.html.

[PV] L. Pastur and V. Vasilchuk, On the Moments of Traces of Matrices of Classical Groups, Comm. Math. Phys. 252 (2004), no. 1-3, 149-166.

[Po] C. Porter (editor), Statistical Theories of Spectra: Fluctuations, Academic Press, 1965. [Ri] Rizzo, Average root numbers for a non-constant family of elliptic curves, preprint. [Ro] D. Rohrlich, Variation of the root number in families of elliptic curves, Compos. Math. 87, 1993, 119 − 151. [RSi] M. Rosen and J. Silverman, On the rank of an elliptic surface, Invent. Math. 133, 1998, 43 − 67. [Roy] E. Royer, Petits zéros de fonctions L de formes modulaires, Acta Arith. 99 (2001), no. 2, 147-172. [Ru1] M. Rubinstein, Evidence for a spectral interpretation of the zeros of L-functions, P.H.D. Thesis, Princeton University, 1998.

[Rub2] M. Rubinstein, Low-lying zeros of L-functions and random matrix theory, Duke Math. J. 109 (2001), no. 1, 147–181. [RubSa] M. Rubinstein and P. Sarnak, Chebyshev’s bias, Experiment. Math. 3 (1994), no. 3, 173-197. [RS] Z. Rudnick and P. Sarnak, Zeros of principal L-functions and random matrix theory, Duke Journal of Math. 81, 1996, 269 − 322.

[Sh] T. Shioda, Construction of elliptic curves with high-rank via the invariants of the Weyl groups, J. Math. Soc. Japan 43, 1991, 673 − 719.

[Si1] J. Silverman, The Arithmetic of Elliptic Curves, Graduate Texts in Mathematics 106, Springer-Verlag, Berlin - New York, 1986.

[Si2] J. Silverman, Advanced Topics in the Arithmetic of Elliptic Curves, Graduate Texts in Mathematics 151, Springer-Verlag, Berlin - New York, 1994.

[Si3] J. Silverman, The average rank of an algebraic family of elliptic curves, J. reine angew. Math. 504, 1998, 227 − 236. [Sosh] A. Soshnikov, Central limit theorem for local linear statistics in classical compact groups and related combinatorial identities, Ann. Probab. 28 (2000), 1353–1370.

[St1] N. Stephens, A corollary to a conjecture of Birch and Swinnerton-Dyer, J. London Math. Soc. 43, 1968, 146 − 148. [St2] N. Stephens, The diophantine equation X^3 + Y^3 = DZ^3 and the conjectures of Birch and Swinnerton-Dyer, J. reine angew. Math. 231, 1968, 16 − 162.

[ST] C. Stewart and J. Top, On ranks of twists of elliptic curves and power-free values of binary forms, Journal of the American Mathematical Society 40, number 4, 1995.

[Ta] J. Tate, Algebraic cycles and the pole of zeta functions, Arithmetical Algebraic Geometry, Harper and Row, New York, 1965, 93 − 110.

[TW] R. Taylor and A. Wiles, Ring-theoretic properties of certain Hecke algebras, Ann. Math. 141, 1995, 553 − 572. [TrWi] C. Tracy and H. Widom, Correlation functions, cluster functions, and spacing distributions for random matrices, J. Statist.

Phys., 92 (5-6), 1998, 809-835.

[Va] R. C. Vaughan, On a variance associated with the distribution of primes in arithmetic progression, Proc. London Math.

Soc. (3) 82 (2001), 533-553.

[Wa] L. Washington, Class numbers of the simplest cubic fields, Math. Comp. 48, number 177, 1987, 371 − 384. [Wig1] E. Wigner, On the statistical distribution of the widths and spacings of nuclear resonance levels, Proc. Cambridge Philo.

Soc. 47, 1951, 790 − 798.

[Wig2] E. Wigner, Characteristic vectors of bordered matrices with infinite dimensions, Ann. of Math. 2, 62, 1955, 548-564. [Wig3] E. Wigner, Statistical Properties of real symmetric matrices, Canadian Mathematical Congress Proceedings, University of Toronto Press, Toronto, 1957, 174-184.

[Wig4] E. Wigner, Characteristic vectors of bordered matrices with infinite dimensions. II, Ann. of Math. 2, 65, 1957, 203-207. [Wig5] E. Wigner, On the distribution of the roots of certain symmetric matrices. Ann. of Math, 2, 67, 1958, 325-327. [Wi] A. Wiles, Modular elliptic curves and Fermat’s last theorem, Ann. Math 141, 1995, 443 − 551. [Wom] N. C. Wormald, Models of random regular graphs.

[Yo] M. Young, Low Lying Zeros of Families of Elliptic Curves, preprint. [Za] I. Zakharevich, A Generalization of Wigner’s Law, preprint.