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Prime Numbers

@ Any integer can be written as a unique product of
prime numbers (Fundamental Theorem of Arithmetic).

e Exact spacing of primes unknown but roughly growing
logarithmically (Prime Number Theorem).

@ We expect linearly increasing intervals to contain an
increasing amount of primes.
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Historical Introduction

Bertrand’s Postulate (1845)

For all integers x > 2, there exists at least one prime in
(x/2, x].
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Ramanujan Primes

The n-th Ramanujan prime R,: smallest integer such that
for any x > R, at least n primes in any (x/2, x].

e Ramanujan: For each integer n, R, exists.
@ Sondow: R, ~ pon.
@ Sondow: As n — oo, 50% of primes are Ramanujan.
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c-Ramanujan Primes

The n-th c-Ramanujan prime R ,: smallest integer such
that for any x > R. , have at least n primes in (cx, x].

e Does R;, exhibit asymptotic behavior?
For ¢ — 0, the interval is (0, x] and R; , = pn.
For ¢ — 1, the interval would be (x, x] so R, does

not exist.
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c-Ramanujan Primes

The n-th c-Ramanujan prime R ,: smallest integer such
that for any x > R. , have at least n primes in (cx, x].

e What percent of primes are c-Ramanujan?
Given R; , ~ P, it follows R n(1—c) ~ Pn.
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pm = mlog m+ O(mloglog m).

The Prime Number Theorem states:

m(x)
x—o0 X/ log(x)
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The Prime Number Theorem

The logarithmic integral function Li(x) is defined by

, X1
Ll(x)_/2 @dt.

The Prime Number Theorem gives us

w0 =Lt + 05 ).

log® x

i.e., there is a C > 0 such that for all x sufficiently large

X . X
—C@ < W(X)—LI(X) < C@
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Existence of R

Theorem (Amersi, Beckwith, Ronan, 2011)

Forallne Z and all ¢ € (0, 1), the n-th c-Ramanujan
prime R , exists.

Proof:
@ The number of primes in (cx, x] is 7(x) — 7(cx).
@ Using the Prime Number Theorem and Mean Value
Theorem:

m(x) —m(ex) = Li(x)—Li(cx) + O(xlog ™2 x)
= Li'(ye)(x — cx) + O(xlog 2 x)
with y.(x) € [ex, X].
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Existence of R

@ 7(x) —m(cx) = % + O(xlog 2 x).

@ Since log y, = log x — b, for b, € [0, —log ],
7(x) —n(cx) = =cx + 0 (L> :

log x — be log? x

e For sufficiently large x, 7(x) — w(cx) is strictly
increasing and 7(x) — w(cx) > n, for all integers n.
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@ R.n > pn > nlogn.

e Want R;, < acnlog(acn) for large n.

e Conjecture a, = 7%,.

@ To prove, must show
m(x) —m(cx) > n ¥x > acnlog(acn).

@ We then obtain bounds on log A. , :

_ Be loglogn Bcloglogn
(1 7Iog p logn<logRcn < |1+ W log n.
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Theorem (Amersi, Beckwith, Ronan, 2011)

For any fixed ¢ € (0, 1), the nth c-Ramanujan prime is
asymptotic to the " th prime as n — oo

By the triangle inequality
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Theorem (Amersi, Beckwith, Ronan, 2011)

In the limit, the probability of a generic prime being a
c-Ramanujan prime is 1 — c.

e Define N = | ].

1-c

| ] Il
T T T

an Pn bN

e Worst cases:
e R¢ = an and every prime in (an, pn] is c-Ramanujan,
e Rc¢ ., = by and every prime in [pn, by) is c-Ramanujan.
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Ramanujan Primes

2 3 5 7 11 13 17
19 23 29 31 37 41 43
47 83 59 61 67 71 73
/79 83 89 97 101 103 107/
109 113 127 131 137 139 149
151 157 163 167 173 179 181
191 193 197 199 211 223 227
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Coin Flipping Model (Variation on Cramer Model)

We define
e v=0.5772..., the Euler-Mascheroni constant,
e P, the probability of Heads,
e N, the number of trials,
@ Ly, the longest run of Heads.

log N 1 log(1-P)+~
b~ g /P)‘(é‘ iog(1/P) )

¢
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°

What is P?

e Define P, as the frequency of c-Ramanujan primes
amongst the primes,

@ AsN — oo, P, =1—c,
e For finite intervals [a, b], P, is a function of a and b,
@ Choose a=10°,b = 106.
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Distribution of generalized Ramanujan primes

Length of the longest run in [10°, 10°] of
c-Ramanujan primes | Non-c-Ramanujan primes
c | Expected | Actual | Expected Actual
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Distribution
°

Distribution of generalized c-Ramanujan primes

Length of the longest run in [10°, 10°] of
c-Ramanujan primes | Non-c-Ramanujan primes
c | Expected | Actual | Expected Actual
0.10 70 58 5 3
0.20 38 36 7 7
0.30 25 25 10 12
0.40 18 21 13 16
0.50 14 20 16 36
0.60 11 17 22 42
0.70 9 14 30 78
0.80 7 9 46 154
0.90 5 11 91 345
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@ Laishram and Sondow: p», < R, < ps, for n > 1.
Can we find good choices of a, and b, such that
Pasn < Ren < po.n for all n?

i TTSTSTSLSLSLSLSSSSSSSSSSSSSSSSSSSESSSSSSSSSSSEEEEEEEE D




Conclusion
[ ]

Open Problems

@ Laishram and Sondow: p», < R, < ps, for n > 1.
Can we find good choices of a, and b, such that
Pasn < Ren < po.n for all n?

© For a given prime p, for what values of cis p a
c-Ramanujan prime?

TA




Conclusion
[ ]

Open Problems

@ Laishram and Sondow: p», < R, < ps, for n > 1.
Can we find good choices of a, and b, such that
Pasn < Ren < po.n for all n?

© For a given prime p, for what values of cis p a
c-Ramanujan prime?

© Is there any explanation for the unexpected

distribution of c-Ramanujan primes amongst the
primes?
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