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Let p(x1,...,x) be a polynomial with complex coefficients and let

Z Z p(mi,...,m)" % s=o+it

myp=1 my=1

In 1904 Barnes and Mellin proved that (4(s; p) has a meromorphic
continuation to C.

Then in 1995 Essouabri showed that
Cr(S1yv s SniP1y-- -5 Pn)
o o
Z Z pi(mi,...,m) " pp(my,...,m,)"""
1=1 m,=1

has meromorphic continuation to C". A special case of this is the
Euler-Zagier r-fold sum

CEZ r(517 v Sr)

Z Zml (m+m) 2. . (m+-+m) ™.

mi=1 my=1
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Let

o0
:Zakrgsn), for1 < k<r.
m=1
Suppose that 1(s)
1. is absolutely convergent for Rs > ay > 0,
2. can be continued meromorphically to C,
3. is holomorphic but for a possible pole of order < 1 at s = ay,
4. is of polynomial order in any fixed strip o1 < o < 03.

In 2003 Matsumoto and Tanigawa showed that the r-fold sum

v (51,... sr|¢1,---,¢r)
a1( m1 az(mz) ar(mr)
Z Z “(m1+m2)52.“(ml—i—---—l—m,)sf'

m=1 my=1

has a meromorphic continuation to C".
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Let

M(s) = _2’((55)) = 21 Ar(:),

where A(n) be the von Mangoldt function. Also, define

$a(s) = Wp(0,5; M, M) = Z Z AA(m) _ i Caln)

k=1 m=1 k+m)5 n=1 n®
where
Ga(n) = Y A(K)A(n)
k4+m=n
In 1991 Fuji showed that
> Gy(n) = E 2> B + O((xlog x)*3), (1)
= 2 ~ r(1+7)

where p runs over the nontrivilal zeros of the zeta-function, ((s).
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By Perron’s formula,

1 c+iT xS
S Go( / ba(s) S ds + O(TT4), 2

277/ ;
n<x iT

Shifting the path of integration to R(s) = 1 + ¢, we see that
x2 /2 — H(x) equals the sum of the residues. So H(x) is closely
related ¢o(s) near R(s) = 3/2.
Also, for even values of n it is expected that Gy(n) ~ nSy(n), where
1 1
Sz(n):H<1+> 11 <1+2>,
p—1 - (p—1)

pln (p,n)=1

and since Montgomery and Vaughan showed that
1

Z nSy(n) = §X2 + O(x log x),

n<x
Fujii's formula in (1) may be rewritten as

> (Ga(n) — nSz(n)) = —H(x) + O((x log x)*3).

n<x
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Then in 2007 Egami and Matsumoto proved that ¢;(s)
1. can be continued meromorphically to fs > 1,

2. is holomorphic except for simple poles at s = 2 with residue 1,
and at s = 1 + p with residue —27(p)/p.

They also introduced the following

Hypothesis (B): Let Z be the set of ordinates of the nontrivial zeros
of ((s). There exists a constant «, with 0 < o < /2, such that if
1.y €Z, where1l <j <4,
2.1 +7#0,
3. (13,74) # (71,72) and (73,74) # (2, M),
then

(71 +72) = (73 +7a)| = exp(—a(|v1| + [v2] + [v3] + [7al))-
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Egami and Matsumoto showed that, on the Riemann Hypothesis
and Hypothesis (B), Rs = 1 is the natural boundary of ¢2(s). They
also conjectured that the error term in Fuji's formula (1) is at most
O(x**€) and Q(x).

Now, let H : R — C be periodic with period 1 such that
— Z Cn627rint’
neZ

and suppose that H(t) is C?. Also, let o > 0 and define

Fa.H,a( Z Z (m + ) H(a log(my + my)).

mi1=1my=1

Theorem 1. The function F, 4 o(s) is meromorphic in Rs > 3/2,
with poles at s = 2 + 2wian, where n € Z. Also, for most values of
a, Rs = 3/2 is the natural boundary of F 1 o(s).
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Theorem 2. If b,q > 0 and (b, q) = 1, then
A A
Z MH(Q log(my + m»))

F27q7b7Haa(S) = (ml + m2)5

my,my>1
mim=b (mod q)

is holomorphic in Rs > 3/2.

Outline of the proof of Theorem 1. The first assertion in Theorem
1 follows from an application of the Mellin-Barnes integral formula,
which is:

(1+))° = 1 (s = 2)l(2)

= — )\72 C/Z7
27 (c) F(s)

where s; A € C, A #0, |arg A\| < 7, and 0 < ¢ < Rs.
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In the second assertion, we can show that, for each n € Z and
v € Z, F,H,(s) has a singularity at each point

3 .
Pyn= 5+ i(y + 2wan).

Because the sequence {v/(2w«)} is uniformly distributed, the set
Dy, ={y+2ran:neZ,y€1}

is dense in R. Next, we show the behavior of F, 4 o(s) near the
points P, ,. Note that we may write

Fa H,a(s) = Z cm®2(s — 2waim).
meZ

Now fix n € Z, v € Z, and k = v + 2wan. Also, fix 0 < n < 1. We
write

$o(z — 2main) = Z_(;’/MJFgak <z— <2—|—i/<&>>k

for the Laurent series expansion of ¢2(z) at z = 3/2 + ik.
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Then
pa(m+3/24iy) = —+Zak77

Note that
Fo.H.a(s) = hna(s) + cadp2(s — 2main),

where

hn(s) = Z Cmp2(s — 2maim).
miZ

Putting s = n + 3/2 + ik, we obtain

hn(n+3/2+ir) = E cm®2(n +3/2 4 i(k — 2mram)).
mezZ
m#n

It remains to estimate the sum.
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Applying the Mellin-Barnes integral to ¢2(n + 3/2 + i(k — 2ram)),
we find that it equals

M (n+ 3 +i(k—2ram))

3.
n+ 1+ i(x — 2mam) — log(2m)M <17 + > +i(k — 27ram))
1 r (77 + % +i(k — 2ram) — z) r(z)yM(z)M (77 + % +i(k — 2ram) — z)
+ 7/ 3 N dz
2mi J_s) F(n+2+i(k—2ram))
_Z F(n+32+i(k—2mam) —p)T(p)M (n+ 3 + i(k — 2ram) — p)
= |'(77+ % +i(f~c—27r04m)) ’
Then employing Sterling’s formula, summation by parts, and
M(s) = —CI(S) =— Z L + O(log|t| +2)
¢(s) ~ s—p ’

[v—t|<1

which holds uniformly for s = o + it, where —1 < o < 2, to the
four quantities above, we find that

hn(n+3/2+ir) < C(e) + enﬂ +D,

where C(€), 5, and D are constants such that C(e) is independent
of n, B is independent of € and 7, and D is independent-of
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Outline of the proof of Theorem 2. Simply note that

_ A(m)A(k)
Foamtals) = mZk;I (m + k)°)

mk=b (mod q)

= Z Y(b)FZX,H,a(S),

H(alog(m + k))

X (mod q)
where
Fa.xH.a(s) = Z cn2(s — 2mian, x).
nez
Here

(k—l—m ns

(s, x) = Z Z /\(k)/\(m)x(/)(s)x(m) _ Z Ga(n, x)
n=1

with
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Theorem 3. Assume the Generalized Riemann Hypothesis. Let b,
g > 0, and r > 2 be any integers with (b, g) = 1. Also, let
H € C"(R) be periodic with period 1, and a > 0. Then

F”J],b,H,a(s) = Z H(a |Og(m1 +...+ mr))

m,...m>1
my---my=b (mod q)

_ Alm) - A(m,)
(m+...+m)s
is analytic in the half plane R(s) > r — 1/2, except for simple poles
at s=r+2wian, n € Z.
As an immediate corollary, we have the following result.

Corollary 4. Assume the Generalized Riemann Hypothesis. Let
(b1,q9) =1, (b2,q) =1, and H € C"(R) be as in Theorem 3. Then
Fr q.b1,H,0(S) — Fr.q,b,,H,(S) is analytic on the half plane

R(s) >r—1.
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