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Introduction

eF and F denote finite Galois extensions of Q of degrees ¢ and ¢/,
respectively.

e Let (7, Vi) (resp. (o, V,;)) be an automorphic cuspidal
representation of GL,(Ag) (resp. GL,(Af)) with unitary central
character.

e For any place lying over p denote by f,, e, (resp. f;, ;) the
modular degree and ramification index of E/Q (resp. F/Q) (these
only depend on p since E/Q and F/Q are Galois).

e Denote by {a(i,v)}i=1,..m (resp. {ao(j,w)}j=1,..n) the local
parameters coming from the representation at the finite place v of
E (resp. w of F).

e Denote by {ix(i,v)}iz1,..,m (resp. {1to(j,w)}j=1,..n)the local
parameters coming from the representation at the infinite place v
of E (resp. w of F)
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Classical Case

We will use the Rankin-Selberg L-functions L(s, 7 x o) as
developed by Jacquet, Piatetski-Shapiro, and Shalika [2], Shahidi
[3], and Moeglin and Waldspurger [4]. The Rankin-Selberg
L-function is defined as the infinite product

L(s, 7 x o) H HHH(I—aﬁll/oeg(J v)p~ )

p prime v|p i=1j=1
which converges absolutely for Re(s) > 1.(Jacquet and Shalika
[5]). Now let
L/

. A(n)arxq(n)
T(s,w X o) = —27 for Re(s) > 1

nS

where arxo(n) = f,32,, Doy 2 an(i V)< ag(j, v)k for
n=pk, folk, p prime.
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Classical Case

By a prime number theorem for L(s, 7 X &) we mean the
asymptotic behavior of the sum

> A(n)axxs(n) (0.1)

n<x

Where G denotes the contragredient of o. In this case, if one of 7
or o is self-contragredient (m = 7 or 0 = &) we have the following
asymptotic formula for (0.1) (Ji, Gillespie [6]) due to Liu and Ye

for E=Q [7]
1+I7‘0

1 Tt O{xexp(—cy/log x)}
_ if 0 =2 7 ® |det|™ for some 1 € R;
O{x exp(—cy/log x)} '
if c 7 ® |det|" for any t € R.
for some constant ¢ > 0.

Tim Gillespie, Guanghua Ji A Prime Number Theorem for Rankin-Selberg L-functions



Non-classical case

Suppose that E and F are cyclic extensions of prime degree ¢ and
¢’ respectively. Also suppose that 77 = 7 and 07 2 & where v is a
generator of Gal(E/Q), and 7/ is a generator of Gal(F/Q). Here
the Galois action is defined by 77(g) = m(g”). By a result of
Arthur and Clozel [1], 7 (resp. o) is the base change lift of exactly
¢ (resp £') non-equivalent cuspidal representations {mgp ® nE/Q . 1

(resp. {mg ®§F/Q}£ ) of GLm(Ag) (resp. GLn(Ag)) thus

(-1

L(s,m) = [ ] L(s, 7o @ 1gq)
b=0

-1

L(s,0) =[] L(s, 00 ® & o)
q=0

here 11g g and {gq are idele class characters on Af associated to
E and F by class field theory.
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Non-classical case

Define the Rankin-Selberg L-function over different fields
L(s,m™ xg F &) by

0—14'-1

L(ST('XEFO' HHLSWQ®HE/QXUQ®€F/Q)
b=0 q=0

then for n = pX a prime power

{—1¢0-1
a7l‘><EFO' 7r® “7q n)
, 2:2: @nEQ U®q
b—0 a=0 / o®Eg,
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Non-classical case

Suppose that one of mg or ogq is self-contragredient, then

Z A(n)aﬂ'xE,F&(n)

n>1

_ min{ﬂ, 4 ’{ILI;? + O(x exp(—c+/log x))
if mQ @ g g = ng/@ ® | det|'™ for some i,j and 7o € R

' O(x exp(—cy/log x))
if T ®77;5/@ & &/Q ® | det|'” for any i,j and T € R

for some constant ¢ > 0.
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Why the self-contragredient assumption?

In order to obtain the error term in the asymptotic formulas above
we need classical results about zero free regions for L(s, 7 x 7).
More specifically: L(s,m x &) is non-zero in Re(s) > 1 (Shahidi
[3]). Furthermore, if at least one of 7 or o is self-contragredient, it
is zero-free in the region

— 3
log(Qrxz(It] +2))’

and there is at most most one exceptional zero in the region

Re(s) > 1

|t| > 1

3

Re(s) 2 1 = g (@rracr)

<1

For some effectively computable constants ¢3 and ¢4 (Moreno [8],
Sarnak [9], and Gelbart, Lapid, and Sarnak [10]). Here Q,«z
denotes the conductor.
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e (Methods of Liu and Ye [7]) For the classical case:
Step 1: Prove a weighted version in the diagonal case

> (1= DIA(M)agxr(n) = 5 + O(xexp(—cy/log x))

n<x

More specifically using the formula

EE ' gl i=yify>1
2mi Jpy s(s+1) 0ifo<y<1

taking b=1+1/log x we get

S

n 1 X
S = DAarr(n) = 5 /( NOFRST

n<x

where J(s) = — 37,5, Mmarxz(n)

nS
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Method of Proof

1 b+iT s
e LG e
27TI b—iT 5(5 -+ 1)

ds + O(%)

Now choose —2 < a < —1 and a large T > 0 (avoiding poles of
gamma factors) and shift the contour to Re(s) = a picking up
residues along the way.

:%(/Cl—l—/cz—i—/q)—l—ReSJ(s)s(SX—j_)

where
G:b>Re(s)>a, t=—-T; (0.2)

G Re(s)=a, —T<t<T, (0.3)
G:a<Re(s)<bt=T
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Method of Proof

The three poles s = 0,1, —1, some trivial zeroes and certain
nontrivial zeroes will be passed by shifting the contour. For the
residues corresponding to the trivial zeros it is enough to use the
functional equation of the complete L-function

O(s,m x7T) = L(s,7)Loo(s,7) = €(s, 7 X T)P(1 — 5,7 x 1) (0.4)

and the trivial bound Re(p,xz(i,j,v)) > —1.
where

LOO(S7 T X %) = H H H rr/(s + ,Uf7r><%(i7j’ V))
v|oo i=1j=1
and €(s,m x ) = 7(m x ) Q- with Q% > 0 and
r(m X F) = £Q)%.
zero free region.

For the nontrivial zeroes we need the above
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For the integral over C; we use the fact that for any large 7 > 0 we
can choose T in 7 < T < 7+ 1 so that whenever —1 < § < 2 then

J(B+IT) < 10g%(Qrxz)

thus

X|Og (QrxzT)
| d
Al <</3 Og 7r><7r )T2 ﬂ -,—2

and the same bound holds for the integral over C3. For (> we need
the fact that we can choose a so that whenever |t| < T, then
J(a+it) < 1 so that

T x? 1
[of 2 mel
e J-r(lt/+1) x

Taking T > exp(+/log x) the three integrals are
< x exp(—cy/log x).
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Step2: Since the coefficients of the sum are nonnegative we can

remove the weight (1 — ) using a classical method of de la Vallee

Poussin to get
> A(n)axz(n) = x + O(x exp(—c+/log x))
n<x

by considering

/:;X/\(n)aﬂﬁ(n) = X22 +0 {X2 exp(—c\/@)}
thus
i/ S Aesn) = x + O fxexp(- S ogx}  (05)

where h = x exp(—5+/log x)

/17/;:/7 Z/\(n)aﬂx%(n) =x+0 {XGXP(—%\/@)} (0.6)

n<x
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and since >, A(n)arxz(n) is and increasing function of x we get
that it is bounded above by (0.5) and below by (0.6) so the result
follows.
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Step 3: Apply the following version of Perron’s formula due to Liu
Ye [7]

o Let f(s) = >, 2¢ with abscissa of absolute convergence .
Let B(Re(s)) = >_,>1 % Then, for b> o0, x>2, T > 2 we

have
S an=

n<x

b
+0 3 lan| § + O {X B\(/R;(S))}
x—x/VT<n<x4+x/VT

1 b+iT xS

% T f(s)?ds (07)
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Method of Proof

So in our case

1 bHT g s
;A(”)awxg(”) = o /biT {_T(S,ﬂ' X U)}?ds
Xt /\(")|a7rbxa(")|
+0 A arxs +0 n= n
> IA(n)ars(n)| { —

x=x/VT<n<x+x/vVT
(0.8)
where b=1+1/logx and T >> exp(+/logx).

Tim Gillespie, Guanghua Ji A Prime Number Theorem for Rankin-Selberg L-functions



e Step 4.

Now assuming  is self-contragredient but not necessarily o, we
need the following Tauberian theorem due to lkehara [11]

o If f(s) is given for Re(s) > 1 by

an
f(s) = —
(=32
n>1
with a, > 0, and if
(s)="1(s) - !
g8 = s—1

has analytic continuation to Re(s) > 1, then
Sy
n<x

Using this we control both the error terms in Perron’s formula, and
proceed as in step 1 with the integral. [
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By Cauchy's inequality

) [A(n)azscz (1) (09)
x—x/VT<n<x+x/VT

1/2
< { > A(”)awx%(”)} (0.10)

X—x/\/?<n§x+x/\/?

1/2
X > /\(”)aaxa(")} <\ (=)
{Xx/ﬁ<n<x+x/ﬁ ﬁ
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Method of Proof

e For the non-classical case we prove a lemma calculating the
maximum number of twisted equivalent pairs using the fact that
the representations are inequivalent and apply the previous result
when E = F = Q.
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Original Hope: The Case E # F in the large

Now let E and F be arbitrary finite Galois extensions, write

m fp—1

I TG - anln) Pz

p prime v|p i=1 a=0
where wy, is a primitive f,-th root of unity. Similarly

n -1

ts,o)= JI TITTTIG - eotw)Bugp )

p prime w|p j=1 b=0
Define L(s,m x g, o) by the formula

m n fp—1lfp—

CTITTIIITT I 1o G St

P v|p wlpi=1j=1 a=0 b=0
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