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Riemann zeta function

Set A(s) := ﬂ_%r(%)C(s). Then A(s) has a meromorphic continuation
N——
Coo(s)
and satisfies

A(s) = A(1 —s).
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Riemann zeta function

Set A(s) := ﬂ_%r(%)C(s). Then A(s) has a meromorphic continuation
N——
Coo(s)
and satisfies

A(s) =NA(1—5s).
Special values:

¢(2k) i1 Box2?k1
k= (DT =g €Q

where k is any positive integer.
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Riemann zeta function

Set A(s) := ﬂ_%r(%)C(s). Then A(s) has a meromorphic continuation
N——
Coo(s)
and satisfies
A(s) =NA(1—5s).

Special values:

where k is any positive integer.

Integers for which neither (o (s) nor (oo(1 — s) has a pole are precisely
even positive integers.
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Modular forms
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Modular forms

Let Sk(N, x) be the space of holomorphic cusp forms of weight k, level N
and nebentypus Y.
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Modular forms

Let Sk(N, x) be the space of holomorphic cusp forms of weight k, level N
and nebentypus x. If f € Sg(N, x), then

b

E N =@+ ), zen |2 o)

cz+d

f(
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Modular forms

Let Sk(N, x) be the space of holomorphic cusp forms of weight k, level N
and nebentypus x. If f € Sg(N, x), then

LD =@+ @), zem|25] €

Fourier expansion:

© .
f(Z) _ Z aneZmnz
n=1
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Modular forms

Let Sk(N, x) be the space of holomorphic cusp forms of weight k, level N
and nebentypus x. If f € Sg(N, x), then

LD =@+ @), zem|25] €

Fourier expansion:

© .
f(Z) _ Z aneZmnz
n=1

> a
L(s,f):= n—'s'
n=1
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Modular forms

Let Sk(N, x) be the space of holomorphic cusp forms of weight k, level N
and nebentypus x. If f € Sg(N, x), then

az+b
cz+d

ab

f( ) = x(d)(cz + d)¥F(2), z€ by, [C d] € To(N)

Fourier expansion:

© .
f(Z) _ Z aneZmnz
n=1

Ls, )= 2= ] Lols.f)

n=1 p prime
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L-function for modular forms
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L-function for modular forms

A(s, f) := (2m)°T(s) L(s, f)
Loo(s,f)
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L-function for modular forms

A(s, f) := (2m)°T(s) L(s, f)
Loo(s,f)

Analytic continuation and functional equation with s — k — s.
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L-function for modular forms

A(s, f) := (2m)°T(s) L(s, f)
Loo(s,f)

Analytic continuation and functional equation with s — k — s.

Theorem (Shimura, '77)

Let f € Sk(N, x) be a primitive form. Then there are two complex
numbers cy(f) such that, for any integer 1 < m < k — 1, we have

L(m,f) —
m € Q(f,x) cQ.
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L-function for modular forms

A(s, f) := (2m)°T(s) L(s, f)
Loo(s,f)

Analytic continuation and functional equation with s — k — s.

Theorem (Shimura, '77)

Let f € Sk(N, x) be a primitive form. Then there are two complex
numbers cy(f) such that, for any integer 1 < m < k — 1, we have

Lm D o) c@.

Integers for which neither Lo (s, ) nor Loo(k — s, f) have a pole are
1,2, k—1}.
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Deligne’s conjecture
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Deligne’s conjecture

Conjecture. (Deligne, '79)

Let M be a “motive” and L(s, M) be the motivic L-function. Then there
exist two complex numbers c+(M) such that for any “critical point” m we

have
L(m M) —

—C:t(M) € Q.
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Deligne’s conjecture

Conjecture. (Deligne, '79)

Let M be a “motive” and L(s, M) be the motivic L-function. Then there
exist two complex numbers c+(M) such that for any “critical point” m we
have

L(m M) —
(M) € Q.

Shimura, Garrett, Harris, Harder, Clozel, Mahnkopf, Blasius, Raghuram
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Siegel modular forms
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Siegel modular forms

1
GSps = {g € GL4 : 'gJg = pu(g)J, u(g) € GL1,J = [_12 2}}

Sps = {g € GSp4 : p(g) = 1}.
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Siegel modular forms

12}}

GSp, :={g € GL4 : 'glg = u(g)J, (g) € GL1,J = [_12

Sps = {g € GSp, : u(g) = 1}.

Siegel upper half plane: hy := {Z € M»(C) : Im(Z) > 0}.
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Siegel modular forms

1
GSp, = {g € GL4 : ‘glg = u(g)J, 1(g) € GL1,J = [_1 2}}

2
Sps = {g € GSp, : u(g) = 1}.

Siegel upper half plane: hy := {Z € M»(C) : Im(Z) > 0}.

Siegel cusp form: 5,(2)(Sp4(Z)) space of holomorphic functions
F : by — C satisfying

F((AZ + B)(CZ + D)) = det(CZ + D)/ F(Z) for al [Z‘_ g] € Spa(Z).
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GSp, x GL; L-function
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GSp, x GL; L-function

5P (Spa(2)) > F
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GSp, x GL; L-function

5,(2)(Sp4(Z)) > F — mf = ®m, cuspidal automorphic representation of
GSp4(Ag).
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GSp, x GL; L-function

5,(2)(Sp4(Z)) > F — mf = ®m, cuspidal automorphic representation of
GSp4(Ag).

Let 7 be any irreducible, cuspidal, automorphic representation of
GL2(Aq).
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GSp, x GL; L-function

5,(2)(Sp4(Z)) > F — mf = ®m, cuspidal automorphic representation of
GSp4(Ag).

Let 7 be any irreducible, cuspidal, automorphic representation of
GL2(Agq). Consider the family

L(s,m¢ X T)
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GSp, x GL; L-function

5,(2)(Sp4(Z)) > F — mf = ®m, cuspidal automorphic representation of
GSp4(Ag).

Let 7 be any irreducible, cuspidal, automorphic representation of
GL2(Agq). Consider the family

L(s,mp xT) = H Lp(s,mp X Tp)

p<oo

Ameya Pitale ()

Special values of L-functions June 4, 2009 7 /10



GSp, x GL; L-function

5,(2)(Sp4(Z)) > F — mf = ®m, cuspidal automorphic representation of
GSp4(Ag).

Let 7 be any irreducible, cuspidal, automorphic representation of
GL2(Agq). Consider the family

L(s,mp xT) = H Lp(s,mp X Tp)
p<oo

where, for almost all p

1
degree 8 polynomial in p—s

Lp(s,mp X 7p) =
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Why study the L(s, 7 x 7) ?
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Why study the L(s, 7 x 7) ?

Analytic continuation and
functional equation
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Why study the L(s, 7 x 7) ?

Analytic continuation and Langlands functorial transfer
functional equation of 7 to GL,4
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Why study the L(s, 7 x 7) ?

Analytic continuation and Langlands functorial transfer
functional equation of 7 to GL,4

Deligne's conjecture on special values.
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Integral representation
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Integral representation

For ® € ¢ and W € 7 construct an integral

Z(s, g, T) :/CD\IIdh

Ameya Pitale () Special values of L-functions June 4, 2009 9 /10



Integral representation

For ® € ¢ and W € 7 construct an integral

Z(s, 7, T) = /cbwh: 11 /CD,,\IIpdhp =[] z(s.7p, 7p)

p<oo p<oo
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Integral representation

For ® € ¢ and W € 7 construct an integral

Z(s,mg,7) = | dWdh = oV, dh, = Z(s,mp, Tp)
p¥padhp p>Tp

p<oo p<oo

Can you find functions ®,, W, such that

Z(s,mp, 7p) = Lp(s, mp X Tp)
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Integral representation of L-function

Theorem (P.-Schmidt, '08-'09)

Let F € S,(Z)(Sp4(Z)) and T be any cuspidal automorphic representation of
GL2(Aq). Then it is possible to choose functions ®, and W, such that

Z(s,mg,7) = L(s, 7 X T).
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Integral representation of L-function

Theorem (P.-Schmidt, '08-'09)

Let F € Sl(z)(Sp4(Z)) and T be any cuspidal automorphic representation of
GL2(Aq). Then it is possible to choose functions ®, and W, such that

Z(s,mg,7) = L(s, 7 X T).

Theorem (P.-Schmidt, '08-'09)
Let F € 5,(2)(Sp4(Z)) and f € §/(N, x) for any N, x. Then

L(é—l,T{'FXTf) —
S8 (F, F)F, Alg() < %
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