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Abstract

In this paper, we will begin by reviewing the triangle iteration. We
will then investigate the question of when a triangle sequence corresponds
to a unique ordered pair (o, 8). It will be shown that certain classes of
triangle sequences, most importantly those that are bounded, do yield
unique ordered pairs. As a corollary to our work on uniqueness, we will
also show some clean relations dealing with the geometry of the partition
triangles.

1 Introduction

This paper will start with an overview of the standard triangle iteration as out-
lined in work by Garrity [1]. We will begin with the geometrical interpretation
of triangle sequences. We define an iteration 7" on the triangle

A={(z,y):1>z>y >0}
This triangle is partitioned into an infinite set of disjoint subtriangles
Np={(z,y)er:1—z—ky>0>1—z—(k+ 1)y},

where k is any nonnegative integer.
Given («, 8) € Ak, define the map T : A — AU{(z,0):0 <z <1} by

T(a, B) = (ﬁ7 10‘]‘;6) _
a @
The triangle sequence is recovered from this iteration by keeping track of
the number of the triangle that the point is mapped into at each step. In other
words, if TF=1(a, B) € A, , then the point («, 3) will have the triangle sequence
(a17a27...).
We will recursively define a sequence of vectors as follows: Set C_o =
(1,0,0), C—; = (0,1,0) and Cy = (0,0,1). Let the components of C,, be denoted
by C,, = (pn, qn,7s). Then let

Cpn=0Ch3—Ch_g2—a,Cp_y.



These C), vectors can be thought of as integer vectors approximating the plane
T+ ay+ Bz = 0. We thus refer to the C,, vectors as approximation vectors. We
define positive numbers d,, in the following manner:

dn=1,0,0) - Ch.

These are interpreted as the distance from the vector C,, to the plane x + ay +
Bz = 0. It is then easy to see that the following recursion relations hold:

dn = dn,3 - dn,Q — andn,1
Pn = Pn-3 —Pn-2 " UnPn-1
dn = (Gn-3 —dn-2 — GnQn-1
'm = Th—3 —Th—2 —apTp_-1

This paper will focus on the problem of discovering when a particular se-
quence (aj,as,...) corresponds to a unique pair (¢, ), which has implications
in determining if o and 3 are cubic irrationals. We consider only the case of
infinite triangle sequences because it is trivial to show that all finite triangle
sequences correspond to an infinite number of points, and are thus not unique.
The proof of this assertion will appear in section 2, after appropriate notation
has been introduced.

There are two main ways to frame the question of uniqueness. The first
relies on vector algebra. We know that the vectors C,, are approaching the
plane z + ay + 8z = 0. It is also easy to see that the C,, vectors are determined
completely by the sequence (ay,as,...). Thus, if it can be shown that the
cross product C, x C,11 of two successive approximation vectors approaches
the vector (1, a, 3), then the sequence is unique. In other words, if

lim Cn X Cnsr =(1,a,0),

n—00 ||Cp X Cp1]|
then the numbers « and 8 will be uniquely determined by the triangle sequence
(a17a27...).

The second approach to understanding the uniqueness problem relies on the
geometry of the actual triangle iteration. We consider the original partitioning
of the triangle into an infinite disjoint union of subtriangles:

A= G Ay
k=0

It is clear from the definition of triangle sequences that /Ay consists of all points
(a, B) whose triangle sequences have first term equal to k. In other words,

AN ={(z,y) € A :ay =k}



We can further partition each A\ in a way similar to that in which we partitioned
A. Define Ay in the following way:

Ak,l = {(x,y) S Ak : T({E,y) S Al}

Thus Ay, is the set of all points in Ay that map to A;. We can think of this
set in the following way:

Apy=A{(z,y) € A:a; =k and ag =}

We can further partition the triangles in the same way. We define Ay, 4,.... an
to be the set of points (o, 8) whose triangle sequences have (a1,as,... ,a,) as
their first n terms. This gives us a method for investigating uniqueness. If we
can say that the set of points with the infinite triangle sequence (aq,as,...)
consists of only one point, (a, ), then we can say that («, ) is the unique
point with that triangle sequence. One way of investigating the set Ay, 4,.... is
to look at the limit of the sets Ag, q4,,... 4, @s 1 approaches infinity.

Section 2 of this paper uses a geometric argument to show that there do,
in fact, exist certain infinite triangle sequences which correspond to an infinite
number of points (a, 3). This will be demonstrated by showing that, in certain
cases, the set Ag, q,,... consists of an entire line segment.

Section 3 is devoted to a development of the vector approach to the unique-
ness problem. We will define new notation for cross products of successive ap-
proximation vectors. We will then prove a new recursion relation and develop
algebraic conditions that guarantee uniqueness.

Section 4 uses the algebraic conditions developed in section 3 in order to
prove uniqueness of certain bounded triangle sequences. Specifically, we prove
that an infinite triangle sequence (a1, as,...) corresponds to a unique ordered
pair (o, 3) for the case a; = A for all 7 and some positive integer A.

Section 5 explores the connections between the vector algebra and the geom-
etry of the partitioning of the triangles. We show that there is a clean relation
between the cross product vectors and the vertices of the partition triangles
ANayas,... an- We will also show that there is an interesting relationship between
the vertices of Ay, 4,.... .q,, and the vertices of Ay, 4, ;... a,- These results are
interesting in their own right, but will be mainly used as technical lemmae in
proving the main theorem of section 6.

Section 6 deals with the case of proving the uniqueness of a larger class
of triangle sequences, including the entire bounded case. Specifically, we show
that, for any infinite sequence in which the integer C' appears infinitely many
times, that sequence corresponds to a unique pair (a, 3). We use both geometric
and algebraic arguments to prove this result.

2 Existence of Non-unique Triangle Sequences

In this section we show, using arguments based on the geometry of the triangle
iteration, that there exist infinite sets of points that all have the same infi-



nite triangle sequence. We begin with some notation to describe the partition
triangles.

Definition 1 Define T, , («,3) to be the unique point (x,y) € Nq, ... a, Such
that T™(z,y) = (o, B).

Proposition 1 Given any finite triangle sequence (ai,... ,ay) there exists a
line segment such that all points on that segment have the sequence (a1, ... ,a,).

Proof:
The set T, , (I), where I is the interval (0,1), is precisely the set of all
points with triangle sequence equal to (as,... ,ay).

QED

Definition 2 For any finite sequence of nonnegative integers, aj .. . an,
let d(ay,...a,) = min{length(T, " , (I)), length(T," . . .1(I))}, where
I is the interval (0,1).

In the figure below, we have

A Ta_lTL..an (I) a = Ta:?‘an-i-l(LO)
B = T(;ln an-i-l(I) b = T(J:?.an(170)
C = 1.7 4, 11(1,0) T, (1,0) ¢ = T,", (0,0)
m = Ta:n an+1(li1 ) 0) n = Taj?.anJrl(xv 0)

Note:0<l+%<x<1

Figure 1: Triangle created by the consecutive partition lines 7" , (/) and
" (I).

ai...an+1



Lemma 1 For any small € > 0 and any sequence a; .. .a, of nonnegative inte-
gers, there exists a nonnegative integerl such thatd(ay .. .an,1) > d(ay ...an)— €.

Proof:

Case I: Consider the case where the angle at ¢ is obtuse. Then all line
segments from b to a point on B will be longer than A. Since the endpoints of
consecutive partition lines are getting closer to ¢, we have:

dar...anl) = length(T, 7Y, (I))
length(T," . (I))
d(ay...a,) —€

IV v

Therefore the lemma holds when ¢ is obtuse.

Case II: Consider the case where the angle at ¢ is acute. Consider a line
segment, N, in A,, ., with the following properties:
(i) One endpoint is at 7" , (1,0) (point b in Figure 1).
(ii) The other endpoint is at T,," , . (x,0) for some x € (1,0) (on line B
in Figure 1).
(iii) The length of the line segment is at least length(T," , (I)) —e.
(iv) Given any m on the segment ¢, M > N.

Properties (i) and (ii) will clearly be able to be satisfied. Since our line
segment, IV, gets longer as the endpoint n approaches ¢, we know that we can
satisfy property (iii). By the above reasoning we also know that we will satisy
property (iv) when m gets sufficiently close to c.

Choose | € Z so that 57 <x. ThenT,", . (537,0), (point m in Figure

1) lies between ¢ and n. So the line segment from b to m has length at least
length(T; " , (I)) —e = A —e. But this line segment is also T(;l(n“) (D).

il

Then, since length(T. " (1)) > length(T ") (I)), we have:

aj...an,l+1 aj...an,l

length(T,, "1 (1))

length(T;l’f_an (1) —e¢

d(ay...an) —¢€

d(ay ...ap,l)

AVANAY]

QED



Theorem 1 There exist distinct points (a1, 1) and (az, B2) in A with identical
infinite triangle sequences.

Proof:
Consider a triangle sequence constructed in the following manner:
Choose a; so that d(a;) > 1— i.
Choose as so that d(ai,as) > d(a;) — é >1-1-3.

Choose ay, so that d(a1...an) > d(a1...an—1) — 557 for n > 2.
Our lemma guarantees that a sequence may be constructed in this way.

Then for all n, d(ay...a,) >1— 3 —§ —...— 557 > 5. Therefore there
is some line segment of length % which is inside any triangle A, 4,. Thus

every point on this line segment has the infinite triangle sequence (a1, as,...).

QED

3 Properties of Cross Products of Approxima-
tion Vectors

3.1 Motivation

We know that the approximation vectors C,, approach the plane given by x +
ay+pz = 0. Thus, it is reasonable to suppose that the cross-products C,, x Cy, 41
would approach the vector (1,a, ), which is normal to the plane. Since the
approximation vectors are completely determined by the sequence, it is easy to
see that the relation

Chn x Cpq1

lim T~ <~ 1 (17()’5))
n—o0 ||Cpp X Cpl]

implies that the pair (a, 3) is completely determined by the sequence and thus
that the sequence is unique. The above limit relation is, in fact, equivalent to
the uniqueness of the sequence.

As was shown in section 2, since a triangle sequence does not necessarily
uniquely determine the pair (o, 3), it is not always true that the cross product
approaches the normal vector (1, «, 3). However, it is still useful to investigate
the properties of these cross products as an approach to answering questions of
uniqueness.



3.2 Notation and Results
Definition 3 Let X,, = C,, X Cp1. Set Xy = (T, Yn, 2n)-

Lemma 2 XnJrl =X, 2+ anJranfl + X,
Proof:

Xnt1 = Cpy1 xCrya

Chni1 X (Cre1 — Cp — ap2Cnqi)

Crni1 X Cro1+ Cp X Cryq

= (Cpo2—Ch1 — ap41Cn) X Cpmy + Cp X Crgq
ChooXxXCh1+ap4+1Ch_—1 X Cp, +Cp X Cpq1
= Xpotanr1Xn1+ X,

QED

Lemma 3 X, X X;,4+1 =Cpht1

Proof:
We know that
Tn = 4nTn+1 — Gn+1Tn
Yn = TnPni+1 — TntiPn
Zn = Pnn+1 — Pn+1qn

Let us refer to the third component of X,, X X,,+1 as w,11. Then we know that

Wn4+1 = TnplYnt+1l — YnTnti

(@nTn41 — @na17n) (Tnt1Pnt2 — Tnt2Pnt1) — (TaPnt1 — Pnt1Pn) (@nt1Tn+2 — Gnt2Tni1)

= Tn+1(pn+2ann+1 — qnPn+1Tn+2 — TnQn+1pn+2) + TnTn+2qn+1Pn+1
Tt 1(Tnt1Pnnt2 = Prndn17n+2 — TnGnt2Pnt1) — TnTn+2qnt1Pnt1
— Tn+1(pn+2‘]n,rn+1 + Pndn+1Tn+2 + Tndn+2Pn+1 — "Tn+1Pndn+2 — @nPn+1Tn+2 — TnQn—Q—lpn—i—Q)

Therefore, since det(Cy,, Cpp1,Cniz) =1, Wnt1 = Tpt1-

Now, since X,, and X,,41 are both perpendicular to C, 41, we know that
X, X X1 = kCy4q for some k. However, since w,,+1 = rp+1, we know that
k =1 and hence that X,, x X;,4+1 = Cpy1.

QED



Corollary 1 det(X,_2,X,—1,X,) =1
Proof:

det(anbanlaXn) = Xn72 : (anl X Xn)
Xn—2 : On
(Cn—Q X Cn—l) . Cn
det(cnf% Cnfly Cn)

= 1
Corollary 2 |#2=1 _ In| = _ 7|
Tp—1 Tn TnTn—1
Proof:
From Lemma 3 we know that
|xnyn—1 - ynxn—1| = ‘T'n‘-

Dividing this expression by z,x,_1 yields

Yn—1 _ yl _ |rn‘

Tp—1 Tn, Tndn—1

Definition 4 Let o, be defined so that d,,_3 — dy_9 — atpdy_1 = 0.

Definition 5 Let Cp, = Cy_3 — Cr—o — @ Ch1.
Definition 6 Let ¢, = o, — ay,.
From these definitions it should be clear that

anp < ap < an+1

0<e, <1

Cn . (Lavﬂ) =0
Additionally, if we let,

C, x Cn+1 =X, = (fmgnagn)'

Then,
_ Un
o= ——
Tn
and
p=2n

QED

QED



Lemma 4 X'n =X, + anenXn_1+ €, Xn_2

Proof:

X, = én X CN’n—‘rl
= (Cn—?) - Cn—2 - ancn—l) X (Cn—Q - Cn—l - an-‘rlcn)
= Cn73 X Cn72 - Cn,;), X Cnfl - an+10n73 X Cn + Cn72 X Onfl

an+1Cn—2 X Cn - anCn—l X Cn—2 + anan+lcn—l X Cn
We now compute the following:

Cn—3 X Cn—l = Cn—S X (Cn—4 - Cn—S - an—lcn—2>
= Xy u4—ap1X53

CrhzxCp = Cuh_3x (On—3 —Ch_2 — ancn—l)
- _Xn—3 - an(cn—S X Cn—l)
= —Xp3+tapnXn_4+ 00,1 Xp_3

ChoaxC, = Ch_aX (Cn—3 —Ch_2 — anCn—l)
—An—-3 aan72

Therefore we have that,

X, = Xps3+Xp 4+an1Xn_3—ni1(—Xn_3+anXp_s+anapn_1Xn_3

Xn—ot api1(—Xn—3 —anXn_2) + @nXn_o + @nani1Xn_1

= uopp1Xn_1+ (o +1—api1an) X2
+(14 an-1 — @nt1006n-1)Xn—3+ (1 — apt1a,)Xn—s

= (apan41Xn-1 — (@py100)(Xpn—o + an—1Xn_3+ Xpn—4a)
+(Xn—o+ an-1Xn—3+Xn_a)+anXn—o+ Xn_3+ e, Xn_o
Unt1€nXn—1+ Xpn—1+anXpn—o+ Xp_s+ e, X2

= Xp+taprienXn_1+e, Xpn—2

QED

< [ |+]7Tn—1]

TnTn—1

Lemma 5

Yn—1
Un=i g
Tn—1

Proof:
We know that,

_ gl _ Yn + Qnt1€nYn—1 + €nYn—2

« — .
T T + AUp41€pTn—1 + Enln—2



Hence,

Yn—1  Yn + Qnt1€nYn—1 + €EnYn—2

Tp—1 Ty + Qpi1€nTp—1 + €Tp—2

(xnyn—l - ynzn—l) + (yn—lxn—Q - zn—lyn—Q)En
Tin1(Tn + Anp1€nTn_1 + €nTp_2)

Yn—1 ‘
—_— -«
Tn—-1

Therefore, since a,, > 0, ¢, > 0 and x,, > 0, then

Yn—1 ’ Irn—len - Tn‘
—« < /T 7
Tn—1 Tndn—1
Yn—1 ’ < |Tn‘ + |7'n71|
Tp—1 o LnTn—1

QED

Lemma 6 |in—1 75| S IQ71|+‘(]n71‘
Ty —

TnTn—1
Proof:
The proof of this lemma is similar to the proof of the previous lemma.
QED
Lemma 7 If lim,,_, o % = 0 and lim,_ % = 0 then the triangle
Sequence 1S unique.
Proof:
Since limy, . = |;"‘71 = 0, we know that
) T
lim M -0
n—00 Tp_1Tp_2
) T
= lim M =0
n—=00 Tpdn—1
. Tn| + |Th—
:>11r)f17‘n| i 1|:O
n—oo  Ipdn-—1
Similarily, since lim,, % = 0, we know that
lim | 0
n—=00 Tp - 1Ln—2
— lim | _ 0
n—oo {L’nmn71
. + |Gn—
= lim |Qn| |QTL 1| -0
n—oo  TpTn-—1

10



Therefore by the two previous lemmas,
lim 22
n—o0 xn

lim Z—nzﬂ

n—00 L,

=«

Hence, the triangle sequence is unique.

QED

4 Uniqueness of Certain Bounded Triangle Se-
quences

4.1 Review of Key Ideas

In section 3, we demonstrated that the relations

im "l g
=00 Tpln—1
tim 2l g

n—00 Tpln—1

are equivalent to uniqueness. Now we will use this formulation to prove the
uniqueness of certain bounded infinte triangle sequences in the two main theo-
rems of this section.

4.2 Proof of the Theorem

We prove the following theorems by finding lower bounds on the growth of
TpZp—1 and upper bounds on the growth of ,, and ¢, in order to show that the
appropriate limit relations hold.

Theorem 2 The infinite triangle sequence given by a; = A for all i is unique.

Proof:
First we shall bound r,, and ¢,, from above. We know that,

Tn4l = Th—2 — Th—1 — Ap41Tn

|rn+l| S |rn71| + |7An71| + A|r7’b|

Additionally,

dn+1 = 4n—-2 — gn—1 — An414n

11



|qn+1| S |qn71| + |qn71‘ + Alqn‘

Consider the case where A > 1. We will show that |r,| < (A +1)".

Iro|l = 1 <(A+1)°
Iri] = A <(A+1)!
Iro| = A2 — 1< (A +1)?

Suppose that |rg| < (A + 1)¥ for all k < n. Then,

[Tng1| < |rn—a] + [rn—1| + Alry|
<A+ 24 (A+ D)+ AA+ D
=A+D"((A+1D) 2+ (A+1) 1+ 4)
< (A + 1)n+1
Note that the last of the above steps is justified since A > 1 implies that

(A+1)"2+ (A+1)"! < 1. Therefore, by induction, |r,| < (4 + 1)" for all n.
Similarily we will show that |g,| < (A +1)".

ol =0 < (A+1)°
1] =1 <(A+1)!
lg2] = A+ 1< (A +1)2

Suppose that |g| < (A + 1)* for all k < n. Then,

|gnt1] < lgn—2| + [gn-1] + Algn|
<A+D)" P4 (A+ )" AA+ D"
—(A+D)"(A+1D) 24+ (A+1) 1+ 4)
< (A4 1)

Therefore, by induction, |g,| < (A + 1)" for all n.
Consider the case where A = 0. We will show that |r,| < (A + 2)" = ().

0

3
ol =15 (3)
1

3
ni=o< (3)
3 2
nl=12 (3)

12



Suppose that |ry| < (2)* for all k < n. Then,

[Tn41]| < |rn—a] + |7Tn-1]

ORI
SOROKIEN
(3"

Therefore, by induction, |r,| < (£)" for all n.

Similarily, we will show that |g,| < (4 + 2)" = (3)".
wl=0< (3)
| = 1< (2)1
2| = 1< (2)2

Suppose that |gx| < (2)* for all k < n. Then,
|Qn+1| < |Qn 2| + |Qn 1|

ORI
G060
Therefore, by induction, | << 3> for all n.

n+1
This means that for all A > 0 we have that

3 n+1
s < (A+ 2)

3 n+1
|Qn+1| S (A + 2)

Next we will bound ,, from below. We will show that x,, > C(A + 2)"/2.

3
2
3

IA

2
(2)

370:1
r1=1+A4A

$3:3+3A—|—A2

13



Therefore,

Suppose that

rp > (A+2)Tp-2
Tpt1 > (A+2)z—1

We will show that xgyo > (A+2)xzg. Since the z,, are increasing, we know that,

Tpto = Tp1 + Axp + Tp—1
= (xk + Axp—1 + xp—2) + Azp + T
( )$k+<$k 1+ Avp_1 + x4 2)
> (A4 Dag + (vk—1 + Azp—2 + Ti—3)
= (A+ Dz + zx
=(A+2)zy

Therefore, by induction we have that x,12 > (A + 2)x,, for all n. This implies

that 2, > C(A+2)"/? for all n.
Finally we will show that — |;|7
bound.

Recall that,

[gn|
TnTn—1

- and approach 0 as n grows without

zn > C(A+2)"/?
Tn_1 > C(A+ )( n/2-1/2) > D(A+2)"/2

Therefore, we have that

. |ral (A3
1 — < lim ——=— =
nLH;o TnTp—1 nLOO CD(A+2)" =0
A 2
lim |Qn| < 1 ( + 2)

n—o0 LpLp_1 nL»H;o CD(A + 2)” -
Thus, by Lemma 7, the triangle sequence a; = A is unique for all A > 0.
QED
This establishes uniqueness for the very particular case where a; = A for
all 5. Although we have made only partial progress toward an extension of

this method, we do believe that it can be extended to prove uniqueness of all
bounded triangle sequences.

14



5 Relationships Between Cross Product Vectors
and Vertices of Partition Triangles

5.1 Overview

In order to understand the uniqueness question through the geometry of the
iteration, we need to investigate the partition triangles Ag, . ... In particular,
we need to study the vertices of these triangles. In the following section, we
begin by stating and proving a lemma that relates the vertices of A,, .. 4, to
those of A, .. 4. This result is interesting in its own right, but it is most
useful to us as a tool in proving the main theorem of the section. This main
theorem shows that there is a clean relation between the vertices of Ag, . 4,
and the coordinates of the vectors X,, associated with the sequence (a1, ... ,ay).
Finally, as a corollary to this theorem, we will construct a formula for the area
of Ny, an-

5.2 Proofs of the Relations

The main theorem of this paper concerns a direct relationship between the
vertices of the partition triangles and the coordinates of the cross product vectors
in three dimensions.

Lemma 8 (Reversing)

Let ANg, ay.....a, be the set of points whose triangle sequences have first n
terms equal to (ay,asg, ... ,an). Suppose the vertices of Ny as.... .a, ar€ Written
as

- Yoo <00
Taltlaz,...,an(ovo) = (96700’ JUTJO)

_ Y10 <10
Talflag,... ,an(l?o) = (710’ xil())

—-n Y11 211
Tal?a27...7an(17 1) = (711; 711)

Then the vertices of A, _.ay are equal to

A1,
- Yoo Y11 — Y10
an’:”anflw--ﬂll (0’0) = (%77)
—n _,Too T11 — T10
Ta::anA,... ,a1 (1,0) = (1.710’ T)
- 200 + oo 211 — 210 + 11 — Z10
Tan”}anflmw ,a1(17 1) = ( )

)
210 + Z10 210 + Z10

15



Proof:

In order to prove this lemma, it is necessary to ensure that this notation for
the vertices is well-defined. It is easy to see that the vertices of the partition
triangles will always be of the form (u, v) where u and v are rational. Write (u, v)
in the form (£,2) where z,y and z are integers and x is as small as possible.
This will ensure that (x,y,z) = 1 (unless ,of course, either u or v is zero).

The proof of the reversing lemma will proceed by induction on n, the length
of the sequence. We will begin by establishing the base cases where n = 0 and
n = 1.

Casen =20
It is natural to consider the case n = 0 to be the entire triangle. We will
denote this triangle by A. The vertices of A are

(0,0)

(1,0)

It is easy to compute that

11— 1-1
0+ ’ 0+ —(1,1)
0+1 0+1

This proves the lemma for the case n = 0, since A is the reverse of itself.

16



Casen =1
The vertices of A,, are

1 1
ay + 2’ a; + 2
It is again easy to compute that

(115) -0

1 (a1 +2)—(ar+1)\ 1 1
a + 1’ a; +1 T \ar+17a; +1

( 0+1 1—1+(a1+2)—(a1+1)>:< 1 1 )

1+ (ay +1)° 1+ (a1 +1) a1 +2 a; +2

This proves the lemma for the case n = 1, since A,, is the reverse of itself.

Now we assume that the theorem holds true for all triangle sequences of
length k& with 0 < k < n—1 and show that the theorem holds true for sequences
of length n. The structure of the proof will be as follows. We will begin with
the coordinates of the vertices of A, . 4, , and construct the coordinates of
the vertices of both A, . o, and A, . o,. We will then demonstrate that the
appropriate relation occurs between the coordinates of the vertices of the two
triangles.

In order to construct the vertices, we need the following relation, which
follows easily from the definition of the mapping T'.

Tfl(g f)z z Yy
B \a x ky+z+x ky+z+a

This notation refers to the preimage of the point (£, 2) in triangle k.

We also need to check that the operations of reversing and applying T}~ !
preserve the reduced fractional form of the vertex coordinates. This means

17



that we need to check that, under one of these operations, a pair (%7 Z) with

z

(z,y,2) = 1 will produce another pair (%7 97:) with (2/,y',2') = 1. We need a
couple of propositions.

Proposition 2 If (z,y,z) = 1, then Tgl(%,é) = (m,ﬁ) 18 in re-
duced fractional form.

Proof:

Suppose (7573, ﬁ
an positive integer m # 1 such that m|x, m|y and m|(ky + = + z). This implies
that m|z, which contradicts the assumption that (z,y,z) = 1. This proves the
proposition.

) is not in reduced fractional form. Then there is

QED

Proposition 3 If the points

Yoo Zoo)
b
Zoo oo

(yw Zw)
10’ 10
(yu 211)
r11’ 211
are in reduced fractional form, then
(yoo Y1 — y10>
Yo' Yo

(ﬂ?oo 11 — 3710)
b
T10 Z10

<Zoo + Zoo 211 — 210 + T11 — I10>
)
z10 + %10 z10 + 10

are in reduced fractional form.

Proof:
It suffices to show that

(400, Y10, Yy11—Y10) = (T00, T10, Z11—210) = (200+Z00, 210+Z10, 211 —210+T11—Z10) = 1
This is equivalent to showing that

(400, Y10, ¥11) = (%00, T10, T11) = (200 + Z00, 210 + 10,211 + 11) = 1

18



We claim that

Too T10 T11
det | yoo w10 w1 | =1
200 210 <11

This implies that
200 10 T11

det Yoo Y10 Y11 =1
Too + 210 Zo1+ 201 11+ 211

which proves the lemma.
To prove the claim, we use induction on n, the length of the sequence. We
in reduced fractional form as follows:

k k
(y(()o) Z(()o) >

k) (k

Jr5(()0) xéo)

k k
(ygo) Zgo) )

K (k

x(w) xgo)

k k
<y§1) Z§1)>
k) (k
$§1) mgl)

k k k
e xgo) x§1)

00

k k k k
o | o
200 %10 *11

We start with the case k=0. The vertices of A are:

(+9)
(3:7)
(+1)

det M = det

s 0k

and let

=

Then

O O =
O~
== =
Il
(S

19



Now, suppose that det A"~ = 1. The matrix for T,-1 is as follows:
a

1 a, 1
T =1 0 o
0 1 0

an

Thus det[T}; ] = 1 Since M = [T, ']M ™Y this implies that det M (™ =1
This proves the claim, and thus completes the proof of the proposition.

QED

Now, we are ready to construct the proof of the reversing lemma. Let
ANa,,... a,_, have vertices equal to

(yoo Zoo)
b

Zoo 00

(ym 2’10)
b

10 T10

(yn 211)
)

T11 Z11

Now, if we apply the mapping 7, 1 to each of these points, we recover the
vertices of Ay, . 4, ,, which are calculated to be:

( Z0oo Yoo )
a1Yo0 + 200 + Too  a1Yoo + Zoo + Too

( Z10 Y10 )
ai1yio + 210 + T10 a1y10 + z10 + T10

( T11 Y11 )
a1y + 211 + 11’ a1y + 211 + 11

These are the vertices of a triangle whose sequence has n—1 terms. We then
apply the reversing lemma to the vertices to yield the vertices of A, | . o,

shown below.
(:Boo Ty — af1o>
b)
Z10 Z10

(Chyoo + 200 + Zoo @1Y11 — @1Y10 + 211 — 210 + T11 — $10>
b
a1y10 + 210 + %10 a1y10 + 210 + Z10

<y00 + a1yoo + 200 + Too Y11 — Y10 + a1y11 — a1yio + 211 — 210 + T11 — 9310)
Y10 + a1y10 + 210 + 10 Y10 + a1y10 + 210 + T10

20



Applying Ta_n1 to these points yields the vertices of A, . 4;:

( Z10 Zoo )
b
an%oo + T11 AnToo + T11

( a1y10 + 210 + T10 a1Yoo + 200 + Too )
b
ana1Yoo + An200 + GnZoo + @1Y11 + 211 + T11° @r@1Y00 + GnZoo + AnZoo + a1y11 + 211 + T11

( Y10 + @1Y10 + 210 + T10
an¥oo + na1Y00 + nZ00 + AnZoo + Y11 + a1y11 + 211 + 11’
Yoo + @1Yo0 + 200 + Too )
GnY00 + An@1Yoo + An2o0 + AnZoo + Y11 + a1Y11 + 211 + T11

Now we will similarly construct the vertices of Ay, . 4, -
First, we use the reversing lemma to calculate the vertices of A, | . 4, to

be:
(ZJOO Y11 — y10>
le, Y10

(1500 11 — $10>
)
Z10 T10
<Zoo + oo 211 — 210 + 11 + 5010)
)
z10 + %10 Z10 + 10

Applying Ta_n1 yields the vertices of A, 4yt

( Y10 Yoo )
anYoo + Y11’ anYoo + Y11

( T10 Too )
b
anZoo + T11 GpZoo + 11

( z10 + X10 200 + Zoo )
b
An 200 + GnZoo + 211 + 11~ AnZo0 + AnToo + 211 + 11

Now we apply the reversing lemma to calculate the vertices of Ay, . q4,:

(yw Zlo)
)
10 %10
(anyoo + Y11 anZoo + 211 )
b
anXoo + T11 AnToo + T11

( anYoo + Yoo + Y11 AnZoo + 200 + 211 )
b
anZoo + Too + 11 GnToo + oo + T11
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Finally, we apply Ta_l1 to yield the vertices of Ay, . q,.:

Y10

( - )
b
a1Y10 + T10 + 210 @1Y10 + 10 + 210

( anZoo + T11

anYoo + Y11 )

b
a1apYoo + a1Y11 + An200 + 211 + GnToo + T11° @1@RrYoo + A1Y11 + AnZoo + 211 + AnToo + T11

( Zoo + anToo + T11

bl
a1Yoo + a16,Yoo + a1y11 + Too + AnToo + 11 + 200 + GnZoo + 211

Yoo + a@nYoo + Y11 )
a1Yoo + a1anYoo + a1y11 + Too + GnToo + 11 + 200 + AnZoo + 211

But, this is what you get if you apply the reversing lemma to A, . -
Thus the lemma is true for sequences of length n and is thus true by induction

for all sequences.

QED

Now we are ready to prove the main theorem of this exposition:

Theorem 3 Let X,, = C,, xCpt1 = (Tn, Yn, 2n). Then the vertices of Ng, ... a.

are given by:

To" o (0,0) = (y‘l

)
Tp—1

—n yn
Tal,... Jan (07 1) = <

3
Tn

Zn—1 >
Tn-1
Zn

In

T*’n

at,...

Yn—2 + Yn
W)= <

Proof:

3
Tn—2+ Tn

Zn—2 + 2n
Tn—2+ Tn

This theorem is proven by induction on n, the number of terms in the se-

quence. We consider first the case n = 1.
The vertices of A,, are:

(1,0)

1 1
a1—|—1’a1+1

1 1
a1+2’a1+2

22
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We also know that:

X 1= (2-1,9Y-1,2-1) = (1,0,0)
Xo = (20,%0,20) = (1,1,0)

X1 = (21,91,21) = (a1 +1,1,1)

Yo <o 10

—, —)=(=,=]=(,0

(2.2)- (1) =00

oAy _ (L1

xl’xl o (L1+1,a1+1
<y1+y1 Zl+21>_< 0+1 0+1 >_( 1 1 )
T_i4x o+ m (a1 +1)+1" (a1 +1)+1 ar+2 a3 +2

Now we assume that the theorem holds for the vertices of all triangles with
sequences of length k£ with 1 < k < n — 1. Suppose the vertices of A, .

are
(yn2 Zn—2 )
b
Tp—2 Tp—2
(ynl Zn—1 )
b
Tpn—1 Tp—1

(yn?) + Yn—1 Z2Zn-3 + Zn—1 >
Tp—3+ Tn-1 ’ Tn—3+ Tn-1

‘We check that:

< 3An—1

yeoes

lemma and the map T L
First, the reversing lemma gives us the vertices of A, | .. o

(yn2 y"3>

Yn—1 ’ Yn—1

(an an)
Tn—1 ’ Tn—1

(Zn2 +Tp_2 2Zn-3+ wnB)
b
Zpn—11Tn-1 Zn—1+ Tn-1
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Next, we apply the map Ta_n1 to give the vertices of A, . 4,

( Yn—1 Yn—2 >
Yn—1 + AnYn—2 + yn—3’ Yn—1 + AnlYn—2 + Yn—3

< Tn—1 Tn—2 >
b
Tn—1+tanTn—2+ Tpn-3 Tp-1+ apTp—2+ Tn-3

( Tp—1+ Zn—1 Tp—2 + Zn—2 )
)
Tp-1+ anTp—2 + Tn—3 + Zn—1+anzn—2+ Zp—3 Tp—1 + anTn—2 + Tn—3 + Zn—1+apn2n—2+ Zn—3

By using the recursion relation X,, = X,,_1+a, X,,—2+ X,,_3 we can simplify

this
( Yn—1 Yn—2 )
YUn  YUn

Tp—1 Tp-2
Ty | Tn

(xn—l + 2Zp—1 Tp—2+ Zn—2)

)
Tp + 2n Tn + 2n

Finally, we apply the reversing lemma to these points to yield the vertices

of Aq,,... ,a,- They are
(ynl an)
b
Tp—1 Tp—1

Yn Zn
Tn Tn

(yn2 + Yn 2Zn—2 + zn )
Tn—2+ Tn ’ Tn—2+ Tn

This shows that the theorem is true for sequences of length n. This proves
the theorem for all n.

QED

Corollary 3 The area of Ny, ... ., 1S equal to m

Proof:
We know from the previous theorem that the vertices of A,, . ,, are:

n
(ynl an)

b
Tp—1 Tp—1
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Yn Zn
Tn Tn

(yn—Q + Yn Zn—2 + Zn )
Tn—2+ Tn ' Tn—2+ Tn

Therefore, we can calculate the area as one-half of the length of the cross-
product of two edge vectors. The edge vectors are calculated to be:

_ Yn—2 + Yn Yn 2Zn—2 + zn Zn
E = —— : ;0
Tp—2 + Tp Tpn Tp-—2+ Tp T

B, — (yn_1 _ Yn Zn-1 _Zn,o)

9
Tp—1 Tn Tp-1 Ty

Combining the fractions yields:

By = Yn—2Tp — Tn—2Yn 2Zn—2Tn — Tp—22n
1 — ) ’
Tn (.13”_2 + xn) Tn (xn—Q + -Tn)

Yn—1Tpn — Tp—1Yn Zn—1Tn — Tp—12n
El = ) 70
TnTn—1 LnTp—1
Now, we know that y, 12, —Tp_1Yyn = —r, and that z, 12, —Tn_12n = Gn-
We can also calculate the other two numerators by using the recursion relation

Xn = XAp-1+ aan—Z + Xn—3

Yn—2Tp — Tpn—2Yn = yn—2(1'n—1 + anTp_2 + 55n—3) - xn—Q(yn—l + anYn—2 + yn—S)
= (yn—an—l - xn—Qyn—l) + (yn—an—?) - xn—2yn—3)

—Tp—1+Tn-2

Similarly, z,_o%, — Tn_22n = Gn—-1 — Gn—2-
Thus we can rewrite F; and F5 in the following way:

—Tn—1+"Tn-2 dn—1 — 4n—-2
El = ) aO
T (-Tn72 + (En) T (xn72 + mn)

—Tn An
E2 = < 3 70
TpTpn—1 TnpTn-—1

25



Therefore,

E1><E2 =

(Qn)(_rnfl + 'r'n72) - (_Tn)(Qn - Qn2))

$%$n_1 (-rn + xn—Q)

(TnQn—l - ann—l) + (ann—Q - ann—2)>
22201 (Tn + Tn—2)

(xn—l) + ((Qn—S —Qqn—2 — anQn—l)T’n—Z - (Tn—?) —Tn-2 — anrn—l)Qn—Z)

22201 (Tn + Tn—2)

x%xn—l(xn + xn—Q)
Tp—1+ QpTn—2 + xn?;)
2
22,1 (xp + Tn_2)

(0 0 Tn—1 + (rn—2Qn—3 - rn—Bqn—Q) + an(rn—lqn—Q - Tn—2Qn—1)

Tn
0,0
" a2, (x, + xn2)>
1
(00 )
$n$n,1($n + xn72)

Thus, Area of Aq,.... .a, = 5||[E1 % Bs| = :

an 2 2xn Ty —1(Tn+Tn_2)

QED

Corollary 4 The set of all points («, 5) with triangle sequence equal to (a1, as, . . .

consists of at most a line segment.

Proof:

It is easy to show that if you have any two points (a1, 51) and (aq, 2) that
have the same triangle sequence, then every point on the line segment connecting
them will also have that same triangle sequence. Now, suppose there are three
non-collinear points that all have the same triangle sequence. Clearly all points
on the triangular perimeter defined by these three points will have the same
triangle sequence. Then, given any point in the interior of this region we can
construct a line segment containing this point with endpoints on the perimeter.
This implies that there exists a region with nonzero area in which every point
has the same triangle sequence. However this contradicts corollary 3.

QED

6 Uniqueness of Triangle Sequences in Which
the Integer C' Appears Infinitely Often

This section uses a geometric argument to show that, in the case that any
integer C' appears infintely often in a triangle sequence (a1, as, . .. ), the partition

26

)

)



Figure 2: Triangle corresponding to Lemma 9

triangles Ag, ... 4, converge to the unique point with that triangle sequence. We
begin with a couple of definitions.

Definition 7 For any vector, V = (v, v2), let || V ||= max(|v1], |va]).
Definition 8 For any two points A and B, let AB be the vector from A to B.

Definition 9 Let the distance between two points A and B be defined as || AB II-

Lemma 9 Let AABC be a triangle and let M and N be two points such that M
lies on the line segment between B and N. Then || AM 1=l AN I=1] AM II<Il
ARB |.

Proof:

Since B, M and N are colinear and since M lies between N and B, then
BM = aMN for some a > 0.

Let mq be the largest component of the vector AM. Without loss of gener-
ality, assume let m; be non-negative. Then || AM |l= mi. Now let 21, n; and
b1 be the corresponding components of MN , AN and AB respectively. Then,

| AM ||>]| AN ||= mq > ny

Therefore, since AN = AM + M ?V, we know that z; < 0. Additionally, since
AB = AM — aMN, we know that by > my. This implies that I AB 1=l AM Il

QED
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Lemma 10 Let AABC be a triangle with | AC ||<|| AB ||, then for any point
M on the line segment between B and C, || AM ||<|| AB |.

Proof:
Casel: || AM ||>| AC |
This case follows immediately by letting N = C in the previous lemma.
Case2: || AM ||<|| AC |
Since | AC ||<|| AB || and || AM ||<|| AC ||, then || AM |<| AB || as

desired.
QED

Definition 10 Let so(n) be the length of the side connecting T,™ , (0,0) and
T . (1,0).

ay...an

Lemma 11 For any n > 3 one of the following is true:

Proof:
Let

Analogously let,

A=T.", ,(1,0)
B'=T,", (0,0
c'=1,", (1)
A" =T;" .  .(1,0)
B"=T,",. ,(0,0)
c’=T,", (1,1

Where T." ,  is the identity transformation. Note that B = A" and B" = A”.

Case 1: || AB (1> AC |

By Lemma 10,
so(n) <[| AB ||= so(n — 1)

Note that so(n) is the length of a line segment connents to A to a point on the
line segment between B and C.
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Case 2: || AC'[|>|| AB || and || BC ||>| AC |

Since BC is the longest side of AABC and so(n) lies within AABC, then
so(n) <|| BC ||. Note that A and C are both points on the line segment
connenting B’ and C’ and that C' lies between B’ and A. Therefore, by Lemma
9, since || BC [|=[| AC'],

—_— —
so(n—2) =|| A'B" ||| A'C ||=| BC ||> so(n)
Case 3: || BC ||<|| AC ||, | AB ||<|| AC || and || B'A" ||>|| B'C" .
Recall that the side between B’ and C’ contains the points A and C. There-
fore,
so(n —2) =|| B'A" ||| B'C" ||>|| AC |
We know that AC is the longest side of AABC, in which so(n) lies. Therefore,
so(n —2) 2| AC |2 so(n)
Case 4: || BC ||<|| AC' ||, | AB ||<|| AC || and | B'A" ||<|| B'C" .

Note that A’ and C’ are points on the line segment connecting B” and C”
. . —_— e
with C’ between B” and A’. Therefore by Lemma 9, since | B'C’ ||>|| B'A’ ||,

so(n —3) =[| A"B" || =|| A"C" ||=|| B'C" |

Since AC is the longest side of AABC and since the side between B’ and C’
contains the points A and C, then

so(n—3) 2| B'C" |2|| AC ||= so(n)

QED

Definition 11 Let F, = max(—"2=4 Irn—s| lraa] y,

Tn—4Tp—5' Tn-3Tn—4’ Tpn—2Tn—3

Definition 12 Let G,, = max( lan—s| lan—s| lan—2| ).

Tn—4Tp—5' Tn-3Tn—-4’ Tpn—2Tn—3

. 2
Lemma 12 Ifa, = C and a,—1 > C then IJ;ZLI < gQIigiiFn

Proof:
To prove this lemma, we will bound |r;,| from above in terms of max(|r,—sa|, [rn—3l, |Tn-4|)
and bound x,z,_1 from below in terms of x,_sx,_3. We will then use these

two bounds fact that F,, < 2aXUrn—zllrnsllrn-al {, },5ynd ‘Zi"ll from above

Tn—2Tn—-3 LnLn—

in terms of F,,.
Recall that

|’rn| = |rn—3 —Th—-2 — ApTn-1
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By making the substitution, r,_1 =r,_4 — rn_3 — Ap_17n_2, We get,
|| = |rn—s — rn—a — GpTn—a + apTpn—3 + Anap_17n—2] (1)
By using the triangle inequality and that a, = C, we get,
Irn] < (Cap—1 +2C + 2) max(|rn—al, |rn—3l, |rn—4a])
Additionally,
TnTn—1 = (Tn-3 + AnTpn—o + Tp_1)Tn_1
By making the substitution, z,,_1 = &p_4 + @n_1Tn_3 + Tpn_2, We get
TpZn-1 = (Tn—a+ an—1+ Dapn_3+ (an + 1)xn_2)
(Tp—a+ apn1Tp_3+xn_2) (2)
By dropping the z,,_4 terms and using that a,, = C, we get
TnTn—1 > (an—1+ Dxp_3+ (C+ Dap_2)(@n_1Tn_3 + Tn_2)
By dropping the 22 _5 terms we get
TpTp—1 > (Capn—1+2ap-1 4+ C+2)xp_2x,_3
Therefore,

|70 _ (Can—1 +2C + 2) max(|rp—2l, |Tn—3|, |rn-al|)
TnTp—1 (Canfl + 20/”,1 + c + 2)xn72‘rn73
C’an_l + 20 + 2

<
~ Cap_1+2ap_1+C+2

n

Since the derivative of the above expression with respect to a,_; is always
negative in the region a,,_1 > C + 1, then the above expression achieves its
maximum in the region a,_1 > C' + 1 when a,_1 = C + 1. Therefore,

|70 <02+30+2
TnTn_1 — C2+4C+4""

QED
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2
n 2
Lemma 13 Ifa, = C and a,—1 > C then w‘ztl < ggiigj;lGn

Proof:

The proof holds for ¢, because in the proof of the previous lemma, nothing is
used about r,, except that it satisfies the recurrence, r,, = 1,3 — Tn_2 — @nTn_1
which ¢, satisfies as well.

QED

2
n 2
Lemma 14 Ifa, =C, ap—1 > C and a1 > C, then J:J:lnln < gQiigi4Fn

Proof:
By replacing n with n + 1 in Equation 1, we get

|rn+1| = | — Qp4+1Tn—3 + (an—i-l + 1)rn—2 + (anan+l - 1)Tn—1|

By making the substitution, r,—1 =74 — Th—3 — @n_17n—2, We get,

|71n+1‘ = |(anan+1 - 1)7077,74 + (]- — Qp41 — Can+1)rn73
+ (an+1 + 1 + an_1 — Can+1an—l)rn—2| (3)

By using the triangle inequality and that a,, = C, we get

|rn+1| = (2can+1 + an—lcan+1 + 2an+1 +an—1+ 3) max(|rn_2|, |Tn—3‘7 |rn—4|)

Additionally, by replacing n with n + 1 in Equation 2, we get

Tn+4+1Tn = (xn73 + (an + 1)$n72 + (an+1 + 1)$n71)($n73 + anTp—2o + mnfl)

By making the substitution, z,,_1 = £p—4 + Gn_1Tn_3 + T2 We get

Tpp1Tn = (@1 + 1) T4+ (an—1 +an_10n41 + 1) T3+ (ang1 +an +2)T,2)
(xn—él + (an—l + 1)-/L’n—3 + (an + l)xn—Q) (4)
By dropping the z,,_4 terms and using that a,, = C, we get

Tn+1Tn 2 ((anfl + Ap—10n+41 + ].)Cl,'n,g + (an+1 + C + 2)1'77,72)((@7171 + ]-)xn73 + (C + 1)1'7172)

By dropping the x2_; terms we get

Tn4+1Tn Z (Can_lam_l + QCCLn_l + Can+1 + 02 + 5C + Qan_lan+1 + 3an—1 + 2an+1 + 5)5En_2$n_3

Therefore,

|7 ] < 2Cap41 +an-1Cant1 +2an41 + an—1+3 7
Tpt1Ty — Cap_1an41 +2Can_1 + Caps1 + C? +5C + 2ap_1an41 + 3apn—1 + 2ap41 +5
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Since the derivative of the above expression with respect to a,_1 is always
negative when a,_1 > C'+1 and a,11 > C, then the above expression achieves
its maximum in the region bounded by a,_1 > C + 1 and a,41 > C when
an—1 = C + 1. Therefore,

70| < 3Can41 + C?apq1 +C +2ap11 +4
Tna1Tn — C2apy1 +3C2%2 +4Cap1q + 10C + 4ap1 + 8

n

Since the derivative of the above expression with respect to a,1 is always pos-
itive when a,, 41 > C, we can replace the right hand side of the above inequality
with its limit as a,+1 — oo. Therefore,

2
70| < C +3(J+2Fn
Tpi1Ty — C2+4C + 4

QED

n C%43C42
Lemma 15 Ifa, =C, ap—1 > C and any1 > C then JZJ;L < 02140146%

Proof:
The proof of this lemma is identical to the proof of the previous lemma with
all references to r; replaced by references to g;.

QED

Lemma 16 Ifa, =C, ap,—1 > C, apy1 > C and apyo > C then

[Pnt2] C?+3C+2
Tp2Tnt1 < C24+4C+4 Fy

Proof:
By replacing n with n 4+ 1 in Equation 3, we get

[rnt2| = [(any2ant1 — 1)rngs — (any2 + Gng2an — D)rp2 +
(an+2 + 1-— Ap+4+20n4+10n + an)rn—1|

By making the substitution, r, 1 =r,_4 —rpn_3 — ap_17n_2, We get,
|rn+2‘ - |(an+2 +1-— an+2an+1c + C)rn—4 +

(@ny20n41 — g2 — 2+ apy20,41C — C)rp_3 —
(an+2 + Ap+4+20np4+1 — 1 + Ap420n—1 + Ap—1 — an+2an+1anflc + Canfl)rn72|

By using the triangle inequality and that a,, = C, we get

|rn+2 S (an+2an+1an—lc + 2an+2an+1o + Can—l + 2C + 2an+2an+1

+ Ap4+20n—1 + Ap—1 + 3an+2 + 4) max(|rn_2|, |Tn—3|7 |rn—4|) (5)
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Additionally, by replacing n with n + 1 in Equation 4, we get
Tni42Tnt1 = ((an+2+1)1’n73+(anan+2+an+1)$n72+ (anJrl +an+2+2)xn71)
(mn—3 + (an + l)xn—Z + (an+1 + l)xn—l)
By making the substitution, z,,_1 = xp_4 + @n_1Tn_3 + Tn_o, We get
TpioTni1 = ((Any1H+ani242) Ty a+((anp2+-14-anp10n—1+0n 12001420, 1) Ty 3+

(an+1 + ApQp42 + Ap+2 +a, + 3)xn—2)((an+l + 1)3771—4 +
(1 + Up410n—1 + an,1)$n,3 + (an +2+ an+1)xn72)

By dropping the z,,_4 terms and using that a,, = C, we get
Tn42Tn+41 > ((an+2+1+an+1anfl+an+2an71+2an71)-Tnf?)"'(anJrl+Can+2+an+2+c+3)xn72)
((1 + An4+1an—1 + an—l)xn—B + (C + 2 + an—&-l)xn—Z)
By dropping the x2_, terms we get,
Tnt2Tnyl > an,l(CanJrganH+26’an+1+2Can+2+3C+2an+2an+1+2ai+1+3an+2+8an+1+7)

+ (Capt2an41 + C?apyo+ C?* +6Capyo +2Can11 + 7C +

aiﬂ + 20 42Gn+1 + Dapto + Taptr + 1)y _0x,—3  (6)

Now let

J = anfl(can+2an+1 +C+ An42 + ]-) +
(20an+2an+1 + 2C + 2an+2an+1 + 3CLn+2 + 4)

and

K= (an_l(Can+2an+1+2C’an+1+20an+2+3C+2an+2an+1+2ai+1+3an+2+8an+1+7)
+ (Capyoans1 + C%apyo + C% +6Can o2 +2Can, 1 + 7C +

aiﬂ + 2ap420n41 + Dapyo + Tapsq + 11)
Then Equation 5 can be rewritten as
|rn+2| < Jmax(|7"n_2|, |Tn—3|7 ‘Tn—4|)
and Equation 6 can be rewritten as
Tpi2Tni1 2> Kxp 22,3
Therefore,

|Tn+2‘ < iFn

Tn42Tn+1 K
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Since the derivative of %Fn with respect to a,,_1 is always negative when a,,_1 >
C+1, apy1 > C and ay 42 > C, then the above expression achieves its maximum
in the region bounded by a,—1 > C + 1, apy1 > C and an42 > C, when
an—1 = C + 1. By making the substitution a,—; = C + 1 in the expression J
we get

Ji = any2(C?api1 +3Cani1 + (C + 2an41 +4) + C? +4C +5)
By making the substitution a,,—1 = C' 4+ 1 in the expression K we get
K1 = ap12(C?any1 +3C* +4Cay 11 + 11C + a1 + 8) +
(202,41 +4C* +2Ca2 | +12Cap 41 +17C + 3a2 4 + 15a,41 + 18)
Therefore we have

|7’n+2| < J1 F
— n
Tnt2Tny1 Ky

Since the derivative of I‘%Fn with respect to a, 42 is always positive when a,,+1 >
C and a, 42 > C, then we can replace the right hand side of the above inequality
with its limit as a,+2 — o0o. Therefore,

‘Tn+2| < an+1C’2 —|—3an+1c+2an+1 +C+4
Tp42Tpnt1 an+1C2 + 4an+1C +4ap4+1 + 3C?2 +11C +8

Since the derivative of the above expression with respect to a,y1 is always
positive when a,4+; > C, then we can replace the right hand side of the above
inequality with its limit as a,, 41 — o0o. Therefore,

rngel C?+3C+2
Tn4+2Tn+1 - C? + 4C +4

QED

Lemma 17 Ifa, = C, an—1 > C, any1 > C and apq2 > C then aniz] <

Tn42Tn4+1 —
02+3c+2G
C?fiaC+4

Proof:
The proof of this lemma is identical to the proof of the previous lemma with
all references to r; replaced by references to g;.

QED
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TnTpn—1" TnTn—1

Lemma 18 so(n) =|| (Tin n ) I

Proof:
From Lemma 3 we know that:

_ Yn—1 ~<n-—1
T (0,0) = ( )

)
Tp—1 Tp—1

_n Yn Zn
Tal...an(lvo) = (7)

LTp Tp

Therefore,

sof) =l (7= ) = (520 ) |
0 ZEnfl’ Tp—1 ZL’n, In

|| <ynmn1 — TpYn—-1 ZnTpn—1 — xnznl) ||

bl
TpnTn—1 TnTn—1

—||( ™ _n )n
Tndn—1 ’ TnTn—1

QED

Lemma 19 If a, = C, apn—1 > C, apny1 > C and apyo > C then so(i) <
%max(so(n —2),s0(n—3),s0(n—4)) foralli € {n,n+1,n+ 2}.

Proof:

From Lemma 18 we know that,

|rn—2| |rn—3| |rn—4|
Tpn—2Tn—3 ' Tpn—3Tn—4a ’ Tpn—4Tp—5 ’

|Qn—2| |Qn—3| |Qn—4|
Tpn—2Tn—3 ’ Lpn—-3Tn—4a ’ Tpn—4Tn—5

50(7) = max ((Ti 7<7|qi‘ ))
TiTi—1 TiTi—1

From Lemmas 12 through 17, we know that for all ¢ € {n,n + 1,n + 2},

max(so(n — 2), so(n — 3), so(n — 4)) = max

and

|Ti| < 02 +30+2 |T’n_2| |7’n_3| |7’n_4|
<= max( , ,
iy~ C? 440 +4 Tp_2Tn_3 Tpn-3Tpn—4 Tn_4Tp_5
|QZ| < 02 + 3C +2 a ( |qn72| |qn73| |Qn74|
zriwi—y — C?+4C +4 Tp_2Tn-3 Tp_3Tn—a Tn_aTn_5
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Therefore, for all i € {n,n + 1,n + 2},

2
2
soli) < C*+3C+

SEric+1 max(so(n — 2), so(n — 3),so(n —4))

QED

Lemma 20 If lim, . so(n) = 0 then the triangle sequence (a1,as,as,...) is

unique.
Proof:
From Lemma 18, we know that sg(n) = max (%, %) Therefore,
so(n) > _ral
LpnTn—1
so(n) > |0
LnTn—1
This that lim,,_,o so(n) = 0 implies
lim sg(n) =0
n—oo
lim so(n) =0

n—oo
Hence by Lemma 7 we know that the triangle sequence is unique.

QED

Theorem 4 If any number occurs infinitely many times in a triangle sequence,
then that triangle sequence is unique.

Proof:

Given a triangle sequence (a1, as,as,...), let C' be the smallest term that
occurs infinitely many times in the sequence.

Case 1: The sequence contains only finitely many terms a; such that a; # C.

Then there must exist an ay such that for all a; where ¢ > N the terms in
the sequence are C. By some Lemma 2, i the sequence (C,C,C,...) is unique.
Therefore the triangle sequence (a1, az,as,...) is unique.

Case 2: The sequence contains infinitely many terms a; such that a; # C.

By assumption, C is the smallest term that appears infinitely often in the
sequence. Therefore there are only finitely many terms less than C' in the
triangle sequence. Let a,, be the last term in the sequence that is less than C.

Since there are infinitely many C terms in the sequence and infinitely many

terms greater than C, it is possible to select an infinite sequence of (N1, N3, N3, . ..
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such that Ny > m + 1, and for all ¢, any, = C and an,—1 > C. Note that since
N1 > m+ 1, it follows immediately that ay,+1 > C and an,+1 > C. Let

M = HlaX(So(NO — 2), So(NO — 3), SQ(NO — 4))
We will show that for all n > N;,
C2+3C+2\'
<|=———++—| M
so(n) < (02 +4C + 4)
First consider the base case where i = 0. By Lemma 11, for all sq(n) > Np,
so(n) <M
Now assume that for all n > N,
c? 430 +2\"
P
so(n) < (02 +4C +4>

Therefore, we know that

0?2 +30+2\F
C?2+4C +4

max(so(Ne+1 — 2), $o(Ni41 — 3), So(Ng41 — 4)) < (
So by Lemma 19 we know that
C?+30 + 2\ "
C2+4C + 4
C?+30+ 2\ I
C2+4C +4
C?43C +2\""!
C?2+4C + 4
Hence by Lemma 11, we know that for all n > Ny,

C? 4 3C + 2\
< | =————— M
f0(m) < ((12 +4C + 4)

Therefore, by induction we have that for all ¢ and for all n > N;

C? 430 +2\°
< -
so(n) < (C2+4C+4) M

50(Nk41) < (
$0(Ng41 +1) < (

$0(Ng41 +2) < (

Therefore we know that

lim sp(n) < lim

n— o0 1—00

C? +3C+2\°
C?2+4C +4

C%43042

Therefore since G617

<1,
lim sop(n) =0

Thus, by Lemma 20, the triangle sequence is unique.
QED
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