A Bound on the Distance from Approximation
Vectors to the Plane

T. Cheslack-Postava, A. Diesl, M. Lepinski, A. Schuyler
August 12, 1999

Abstract
In this paper, we will begin by reviewing triangle sequences. One
interpretation of these sequences is as a sequence of approximation vectors
approaching the plane x + ay + 8z = 0. This paper establishes an upper
bound on the distance from the n'" approximation vector to the plane
x4+ ay+ Bz =0.

1 Introduction

This paper will start with an overview of triangle sequences as outlined in work
by Garrity [2]. We begin with a geometrical interpretation of triangle sequences.
We define an iteration 7" on the triangle:

A= (z,y):1>x>y>0.
This triangle is partitioned into an infinite set of disjoint subtriangles
Np=(zy)elrN:1—z—ky>0>1—z—(k+ 1)y,

where k is any nonnegative integer.
Define the map T : A — AU (2,0) : 0 < x <1 by

T(a, f) = (5’ 10‘%) ’
e @

where (o, 8) € A

The triangle sequence is recovered from this iteration by keeping track of
the number of the triangle that the point is mapped into at each step. In other
words, if T¥=1(a, B) € A, , then the point (a, 3) will have the triangle sequence
(al,ag,ag, ce )

We will recursively define a sequence of vectors as follows:
SetC_5 = (1,0,0), C_; = (0,1,0), Cp = (0,0,1) and

Cn = LUn-3— Cn—Z - ancn—l



Let the components of C,, be denoted by C,, = (pn,Gn, ). These vectors C),
can be thought of as integer vectors approximating the plane = + ay + 8z = 0.
We thus refer to the C,, vectors as approximation vectors. We define positive
numbers d,, in the following manner:

dn = (Laaﬁ) . Cn

These numbers are an indication of close the approximation vectors are to the
plane z+ay+ 3z = 0. (In fact, these numbers differ from the Euclidean distance
to the plane by a constant factor). The rest of the paper concerns itself with
bounding d,, from above. Let X,, = C, x C,41 as defined in [1]. We shall
denote the components of X, as (xn,Yn, 2n). In the next section we establish
the bound of:

1
dn <
Tn+1

2 A Bound on d,
Let N,, be the matrix,

Tn—1 Yn—1 Zn—1

Tn —Tn—-1 Yn —Yn-1 Z2Zn — 2n-1
Tn—2 Yn—2 Zn—2

We set M,, = (Cp—2,Cri—1,Cy). Recall from [2] that det(M,,) = Cr—a- (Cp—1 X
Cp)=1.

Lemma 1 M;!= N,

Proof: We know that

Tn—1 Yn—1 Zn—1 Pn—2 Pn—-1 Pn
NnMn = | Tn —Tn-1 Yn —Yn—-1 2Zn — Zn-1 dn—-2 Q4n—-1 (Qn
Tn—2 Yn—2 Zn—2 Tmn—2 Tn-1 Tn

By performing the above multiplication, we get

Cn—Z : Xn—l Cn—l : Xn—l Cn : Xn—l
NnMn = Cn—2 : Xn - Cn—Q : Xn—l Cn—l : Xn - Cn—l : Xn—l Cn : Xn - Cn : Xn—l
Cn72 : Xn72 Cnfl : Xn72 Cn : Xn72

Since for all k£, we know that X = Cj, x Ck41, then

CrL-Xp=0
Cr-Xp_1=0
Cp  Xpp1=1



Additionally,

Cn72 . Xn = Up—-2" (and + aan72 + anl)
On—Z . Xn = Up-2" Xn—S + anCn—Q : Xn—2 + Cn—2 : Xn—l
Cho-X,=1

and

Cn . Xn—2 - (Cn—?) - Cn—2 - anCn—l) . Xn—2
Cn ' Xn72 = Cn73 . Xn72 - Cn72 . Xn72 + anCnfl ' Xn72
Chn - Xpno=1

Therefore,

F

=

I
o o
o = O
— o O

Hence, N,, = M, !

Lemma 2 The following three equalities are true:

1=dprn_o+dn2Tn_1+dn_1Tn — dp_1Tn_1
@ = dnyn—Q + dn—Qyn—l + dn—lyn - dn—lyn—l

B=dpzn—2+dp_ozn_1+dn_12n — dp—12n—1

Proof: We know that

(L aaﬁ)Mn = (dn—Qadn—lvdn)

Therefore, since ]\4,1_1 = N,,

Therefore,

Lemma 3

(17 «, ﬁ) = (dn727 dnfla dn)Nn

1=dprn_o+dn2Tpn_1+dn_1Tn — dp_1Tn_1
o = dnyn—2 + dn—Qyn—l + dn—lyn - dn—lyn—l

ﬁ = dnzn—Q + dn—QZn—l + dn—lzn - dn—lzn—l

o= Yn—1 + ﬁnyn—2 + UnYn — AnYn—1
Tp—1+ /ann72 + nTpn — OpTn—1
Zp—1+ ﬂnzn—Z + On2p — pZp—1
Tp—1+ ﬁnxn72 + anTn — ApTp—1

8=




Proof: From Lemma 2, we know that

1=dp2Tpn_1+dpnTp_2+dn_12Tn — dp_12Tn—1

By recalling that o, = % and 3, = dff—j we can divide through by d,_s to

P Y
get

=Tp_1+ BnTn_2 + WnTp — 0pTp_1

dn72
Or equivalently,

1
dp_o = 1
2 Tn—1+ ﬁnxn—2 + anTn — ApTn—1 ( )

Also from Lemma 2, we have that
a=dyp2Yn—1+ dp¥Yn—2 +dn_1Yn — dn_1Yn—1
ﬁ = dn—2zn—1 + dnzn—2 + dn—lzn - dn—lzn—l
Factoring out a d,,_o from the right hand sides yields
o = dn—Q(yn—l + Bnyn—2 + anYn — Oényn—l)
B = dn72(2n71 + ﬁnznf2 + apzp — anznfl)
Substituting in for d,,_s from Equation (1), we get

o= Yn—1 + Bnln—2 + nYn — QnlYn_1
Tn—1+ /Bn‘rn72 + QnTn — ApTp—1
Zn—1+ 57127172 + QpZn — QpZn—1
Tn—1+ ﬁnxn—2 + anTn — pTn—1

B=

Theorem 1 d,, < —1

Tn+1

Proof: From Lemma 2, we know that
An41Tn—1 + dp_12n +dpxps1 — dpx, =1
Since dp,+1 > 0 and x,—1 > 0, we can write the inequality:
dp—1Zn + dpnTpi1 — dpz, <1

Since the d,, terms are decreasing, we can substitute d,, for d,_; and maintain
the inequality:
dpnTn + dnTpi1 — dpz, <1

This implies that
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