211 LECTURE 25

Today we study inhomogeneous equations 2’ = Az + f. The solution set always
has the form z, + z, where z, is a particular solution and z, is the general solution
to the associated homogeneous problem.

As usual, this means that the key to the inhomogeneous equation is to start by
solving the homogeneous version. Suppose that y;(t), ...y, (t) is a fundamental set of
solutions for the homogeneous equation ' = Az. We form the matrix

Y(t) = [yl(t)a s >yn<t)}

called a fundamental matrix for 2’ = Ax.

Notice that Y’ = AY. (direct computation). Thus we have.
Theorem. A matrix valued function Y'(¢) is a fundamental matrix for 2’ = Az if
and only if

e Y’ =AY, and
e Y (ty) is invertible for some (and hence any) to.
Fundamental matrices have two applications.
Application One: exponentials of matrices
Theorem. If Y(¢) is a fundamental matrix for the system z’ = Ax, then the expo-
nential e of A can be computed as
et =Y(t)-Y(0)

The proof: Use the uniqueness theorem. Both e and Y ()y(0)~! are solutions to
the (matrix) initial value problem X'(t) = A- X(t), X (0) = I.
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Example A = (_2 _2). ..

Application Two: Variation of Parameters

The general solution to ' = Ax is given by z(t) = e'v, where v is a vector of

constants. (Note: Y (t) = e is a fundamental matrix.) We will vary the constants
v, and look for a solution of ' = Az + f in the form z,(t) = Y (t)v(t), where v(t) is
a vector of functions to be determined.

Since z,(t) is a solution, we see that

Y(t)+ f(t) = Afcp(t)
7, (1)
= Y’(t)

— AY (t)o(t) + Y ()0 (1)
1



For this to match, we need to have Y (t)v'(t) = f(t). Of course, Y (¢) is invertible, so
we need v/(t) = Y (t)1 f(t). Thus

mﬂ:/y@Aﬂwﬁ

And therefore our particular solution must be

nlt) =Y [ Y010 d.

And we can then write out our general solution as

mw:Y@C+Y@Z/Y@*ﬂﬂﬁ

for a vector of constants C, because Y (t)C is the general solution of 2’ = Ax.

Example: We solve
, (5 6 et
r = <_2 _2> T+ <€t

...do the computation. .. The answer is

_[2e" + 9tet 2¢e% 3et
y(t) = (et + 6te! ) +C (e2t ) +C <2€t) '



